QUANTITATIVE AND QUALITATIVE KAC’S CHAOS ON THE
BOLTZMANN’S SPHERE

KLEBER CARRAPATOSO

ABSTRACT. We investigate the construction of chaotic probability measures on the
Boltzmann’s sphere, which is the state space of the stochastic process of a many-particle
system undergoing a dynamics preserving energy and momentum.

Firstly, based on a version of the local Central Limit Theorem (or Berry-Esseen
theorem), we construct a sequence of probabilities that is Kac chaotic and we prove
a quantitative rate of convergence. Then, we investigate a stronger notion of chaos,
namely entropic chaos introduced in [3], and we prove, with quantitative rate, that
this same sequence is also entropically chaotic.

Furthermore, we investigate more general class of probability measures on the
Boltzmann’s sphere. Using the HWI inequality we prove that a Kac chaotic probability
with bounded Fisher’s information is entropically chaotic and we give a quantitative
rate. We also link different notions of chaos, proving that Fisher’s information chaos,
introduced in [8], is stronger than entropic chaos, which is stronger than Kac’s chaos.
We give a possible answer to [3, Open Problem 11] in the Boltzmann’s sphere’s
framework.

Finally, applying our previous results to the recent results on propagation of chaos
for the Boltzmann equation [13], we prove a quantitative rate for the propagation of
entropic chaos for the Boltzmann equation with Maxwellian molecules.
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1. INTRODUCTION

1.1. Motivation. In his celebrated paper [9], Kac introduced the notion of propagation
of chaos in order to connect a stochastic process of a system of IV identical particles
undergoing binary collisions to its mean field equation.

Our interest in this paper is to investigate chaotic distributions supported by the
phase space of the stochastic process of the N-particle system as we shall explain. We
refer to [3] for a detailed introduction on this topic and on Kac’s paper [9].

Consider a system of N identical particles of mass p > 0 such that its evolution is
described by a jump process with binary collisions that preserves energy and momentum.
Let us denote by 4, j the particles undergoing the collision, with pre-collisional velocities
Vi, V5 € R? and post-collisional velocities vy, v;-‘ € R%. We have then the conservation of
momentum

pv; + pvj = pu; + pvj,
and the conservation of energy

Poowa P p p
5\% ? + 5””;’2 = §|v,-]2 + §|Uj|2-

If the system has initial energy & = %ZfL plvi|> € Ry and initial momentum
M =pm= Zfil pv; € R%, then both energy and momentum will be unchanged under

the dynamics. The phase space of this process is then the manifold S (\/E ,m) C RN
defined by

N N
SN(VE,m) = {V = (v1,...,vy) € R ’ ;;phﬂ? =¢, ;pvi = pm} ,

which is the intersection of a sphere of radius \/2€/p and a hyperplane. This space
SN (VE,m) is in fact a sphere in R¥? of dimension d(N—1)—1 with radius /2 /p — |m[2/N
and center (m,...,m)/v/N. We remark that we need |m|> < 2NE/p in order to
SN(VE,m) be non empty.

Now choosing units such that the mass p of each particle is equal to 2, the total value
of kinetic energy is dN and, without loss of generality, choosing m = 0, the state space
of this dynamics is

N N
(1) 8§ :=8N(VdN,0) = {v = (v,...,oy) € R ‘ STl =dN, > v = o}
=1 =1

and we shall call the manifold Sév the Boltzmann’s sphere.
An example of this kind of dynamics is the space homogeneous Boltzmann model that

we shall explain. Given a pre-collisional system of velocities V' = (vy,...,vy) € RN
and a collision kernel (for more information on the collision kernel we refer to [17, 13])
(2) B(z,cos0) =T'(]z])b(cos ),

for some nonnegative functions I' and b, the process is:

e for any ¢’ # j, pick a random time T'(I'(|vy — v;|)) of collision accordingly to an
exponential law of parameter I'(|v; — v;/|) and choose the minimum time 77 and
the colliding pair (v;,v;) such that

Ty =TT (|vi — ;) = min T(T(fvr — vyr])),

’
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e draw o € S¢°! C R? according to the law b(cos 0;;), with

cos 0;; :U-Li_vj),
|vi — vy

e after collision the new velocities become

* * *
Vii=(v1,...,v],...,v},...,0N)

where the post-collisional velocities v; and v} are given by

o Vit o -l L _ Vit Jui—vy
(3) Vi = + 50 = T O
Iterating this construction we built then the associated Markov process (V;)¢>0 on

RN, The equation of the associated law is given by, after a rescaling of time, (see [13])

1 *
4)  aGN =LyGN = N;/Sdl GY (V) = GY (V)| B(jvi = vj], cos 0) do

with initial data G{Y and where Vi = (v1,...,0f P U ,on). This equation is

» Y
known as the master equation.
Associated to this process, we have the (limit) spatially homogeneous Boltzmann
equation [13, 14, 17]

6)  afto)= [

Rd xSd—1

B(lv = w], cos 0) (f(w*) f(v") = () f(v)) dw do

with initial data f(0,-) = fo and where the post-collisional velocities v* and w* are
obtained by (3).

We shall highlight here the models we consider in the last part of this work (see
Theorem 8 below), and we refer to [17] for more details concerning the collision kernel.
Assuming a collision kernel B derived from inverse-power law interaction potentials

o(r) = IS S PN}

we have that the collision kernel has the form

—(2d-1
(6) B(z,cos0) = |z|"b(cosh), ~= 5(1),
5 —
where the function b is locally smooth and has a nonintegrable singularity
(7) sin?20b(cos ) ~go Cp 0177, v e (0,2), Cp > 0.

In the particular case of three dimensions d = 3, we have v = (s — 5)/(s — 1) and
v =2/(s—1). If we replace the angular collision kernel b by a locally integrable one, we
speak of cutoff collision kernels (or Grad’s cutoff).

We shall consider in this work the case of Maxwellian molecules, in which the collision
kernel does not depend on the relative velocity, i.e. ¥ = 0 in (6). We consider the general
assumption

B(|v — wl|,cosf) = b(cos b),
(8) {

Va>0, / b(cos 0) (1 — cos )*T/4 sin9"2 0 df < +oo.
0
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This is the same assumption made in [13], since in Theorem 8 we use their results.
Remark that (8) includes the true Maxwellian molecules (or Maxwellian molecules
without cutoff) in dimension d = 3, when v =0, v = 1/2 and

9) B(z,cos6) = b(cosb), b(cos0) ~po Co 02, (d =3).

Also, it includes the Grad’s cutoff Maxwellian molecules, when the singularity is removed,
™
(10) B(z,cos6) = b(cosh), / b(cosf) sin? 20 dh < +oo.
0

Some results in Theorem 8 will consider the general assumption (8) and others the cutoff
Maxwellian molecules (10).

The program set by Kac in [9] was to investigate the behavior of solutions of the
mean field equation (5) in terms of the behaviour of the solutions of the master equation
(4). Moreover, the notion of propagation of chaos introduced by Kac means that if the
initial distribution GY is fo-chaotic (Definition 1 below) then, for all ¢ > 0, the solution
GY of (4) is fi-chaotic, where f; is the solution of (5). For more information on this
topic we refer to the recent results of Mischler, Mouhot and Wennberg [13, 14].

This paper is inspired by the works of Carlen, Carvalho, Le Roux, Loss and Villani
[3] and also of Hauray and Mischler [8], which investigate chaotic probabilities on the
usual sphere in RV with radius v’ N (also called Kac’s sphere). This sphere is the phase
space of Kac’s model, which is a one-dimensional simplification, introduced in [9], of the
model presented above, with energy conservation only.

The novelty here is that we investigate chaotic probability sequences in the Boltzmann’s
sphere Sl]gv C R4 and, furthermore, we prove quantitative rates of chaos convergence.
Moreover, we apply our results to the Boltzmann equation with true Maxwellian molecules
to prove quantitative propagation of entropic chaos.

1.2. Definitions and main results. Let E be a Polish space, then we shall denote by
P(FE) the space of Borel probability measures on E. Furthermore, through this paper,
on the space EY we will only consider symmetric measures, more precisely, we say that
GN € P(EY) is symmetric if for all ¢ € Cy(EN) we have

/ godGN:/ <p0dGN,
EN EN

for any permutation o of {1,..., N}, and where
o = @(Vo) = @(Vg(1)s -+ - s Vo(1))5
for V = (v1,...,un) € EN.

For GV € P(E™N) and a integer ¢ € [1, N] we denote by GY¥ (or II;(G")) the f-marginal
of GV, defined by

Ve € Cy(EY), / pdGY — / 0 © 1900 gGN
E* EN

We shall use through the paper the same notation to represent a probability measure
and its density with respect to the Lebesgue measure.

We can now give the notion of chaos formalized by Kac in [9], we also refer to [16] for
an introduction on this topic with a probabilistic approach and to [12] for a short survey.
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Definition 1 (Kac’s chaos). Consider f € P(E). We say that G € P(EN) is f-chaotic
(or f-Kac chaotic), if for each fixed positive integer £, Gév converges to f&¢ in the sense
of measures in P(EY) when N goes to infinity, i.e. if for all p € Cy(EY),
(11) lim [ @dGY = / @ df®*.

E¢ E!

N—oo

In fact, it is well known that we need condition (11) to hold for only one ¢ > 2 (see
for instance [16]).

We also introduce the Monge-Kantorovich-Wasserstein (MKW) distance and for more
information about it we refer to [18]. Consider an integer ¢ and p € [1,00), we define
then the space

P,(EY) := {FZ € P(EY); My(F') := /Z IX[PdFY(X) < oo}.
E
Then, for F*,G* € P,(E?) we define the MKW distance between F* and G* by

1/p
(12) W, (F!, G = T, (/Eeer dpe(X,Y)P dw(X,Y)) ,

where II(F’, G*) is the set of transfer plan between F’ and G¥, which is the set of
probabilty measures on E¢ x E¢ with marginals F* and G* respectively, and where we
define the distace dge as

¢
VX = (21,...,20),Y = (y1,...,y) € E, dpe(X,Y) = dp(i, ).

=1

In the paper we will use the Euclidean distance in £ = R?, i.e. dg(z;,y;) = |x; — vi| for
all z;,y; € E. More precisely, we shall use

d .
VEgEPIRY.  Wifg) = nt [l yldr(e.y)
and
Vo), Wiro= i ([ ytarey)
mell(f,9) \JRIxR4

Moreover, for FY GV € P(S5) we shall use in the definition of W,(FY G¥) the
Euclidean distance inherited from R, which means that for X,Y € Sév we shall use
dsév(X,Y) =|X-Y]|.

Let v be the Gaussian probability measure on RY, y(v) = (27)"¥2e /2 and

p € P(R?). We define the relative entropy of p with respect to v by

dp
= log —d
(13) H(u) = [ 1oz dn

if u is absolutely continuous with respect to -y, otherwise H (uly) = +oo.
Moreover, for GV € P(Sév ) we define the relative entropy with respect to vV, the
uniform probability measure on Sév , by

dGN
N Ny . 1 N
(14) HGVY) /Sg (og va> G




6 KLEBER CARRAPATOSO

We shall now define a stronger notion of chaos, namely the entropic chaos introduced
in [3].

Definition 2 (Entropic chaos). We say that the sequence G € P(S§') is entropically
f-chaotic, for some f € P(R?), if GN is f-chaotic in Kac’s sense (Definition 1) and

1
1 lim — HGNYY)=H
(15) i H(GT 7)) = H(f)
with H(f]vy) < co.
Finally, with these definitions at hand we can state the main results of the paper.
Theorem 3. For any f € Pg(R?) N LP(R?) with 1 < p < oo, there exists a sequence of
probability measures FN = [f®N]SJBV € P(Sl]gv), contructed by conditioning the N-fold

tensorization of f to the Boltzmann’s sphere, such that

(i) FN is f-chaotic. More precisely, for any £ > 1 fized there exists a constant
C = C(£) > 0 such that for N > {4+ 1 we have

C .
/N7
(ii) FN is entropically f-chaotic. More precisely, there erists a constant C > 0 such
that

Wl(FéNaf(gz) S

BP0~ H(f)| < .

Let us now define the relative Fisher’s information of a probability measure ;1 € P(R?)
with respect to v by

dp
16 I = log —
(16) (1) /Rd ‘V o8 1

and, as we did for entropy, we also define for GV ¢ P(Sl]gv ) the relative Fisher’s
information with respect to 4V by

2
dp,

2
dGN,

N

dyN
where Vg stands for the gradient on the Boltzmann’s sphere, i.e. the component of the
usual gradient in R4 that is tangent to the sphere Sév .

We define then another stronger notion of chaos, the Fisher’s information chaos, in
an analogous way of Definition 2.

dG
(17) 1EY ) = | |VS log
B

Definition 4 (Fisher’s information chaos). We say that the sequence GV € P(S§) is
Fisher’s information f-chaotic, for some f € P(R?), if GN is f-chaotic in Kac’s sense
(Definition 1) and

i 1

lim = 1(GY ™) = 1(f]7)

N—o0

with I(fly) < oo.

Remark 5. The Fisher’s information chaos is introduced in [8] in a weaker way, which is
in fact equivalent to Definition 4 thanks to Theorem 6.

Next, we may compare as follows the several notions of chaos:
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Theorem 6. Consider G € P(SY), with k-th order moment My(GY) bounded, for
some k > 6, and suppose that GY — f in P(R?).
Then, each assertion listed below implies the further one:
(i) NTH(GN YY) = I(f), with I(fly) < oc.
(ii) N~U(GN|yN) is bounded and GV is f-chaotic in Kac’s sense.
(iti) N"*H(GN|YN) — H(f|v), with H(f|y) < oc.
(iv) GN is f-chaotic in Kac’s sense.

As a consequence, in Definition 2 of the entropic chaos and in Definition 4 of Fisher’s
information chaos, we only need the convergence of the first marginal, i.e. G — f,
instead of the convergence of all marginals. Hence, this theorem asserts that Fisher’s
information chaos implies entropic chaos, which in turns implies chaos (or Kac’s chaos).
Furthermore, we prove a quantitative rate for the implication (ii) = (7).

Another main result of the paper is a possible answer to [3, Open Problem 11] in
the setting of Boltzmann’s sphere given in Theorem 7. First of all, let us state the
problem. For GV € P(S§) and f € Pg(R%) N LP(RY) with p > 1, consider the following
two conditions:

1 Ni[$®N] _ \ _
(18) m N H(GT|[f*]sy) =0,
and
(19) VlEN, lim H(GY|f%) =0,
N—oo

where [f&V] sy is the probability measure constructed in Theorem 3. In the Kac’s sphere
setting (i.e. SN ~1(v/N) instead of S§'), [3] proved that condition (19) holds when G¥ is
the conditioned tensor product GV = [f®V] sy As discussed in [3], conditions (15), (18)

and (19) really mean that G* is "strongly" close to f®, not only in the weak measure
sense for marginals as in Kac’s chaos. In view of this, they formulated the following
problem.

Problem 1 ([3, Open Problem 11]). Does condition (18) imply condition (19) ? More
generally, does condition (19) hold for a larger and easily recognized class of chaotic
sequences, larger than those contructed by means of conditioning tensor products 7

We give a partial answer to Problem 1 in the following theorem.

Theorem 7. Consider GN € P(S§) such that GV is f-chaotic, for some f € P(R?),
and suppose that

M@ <0 k>0, LIGNY) <

Suppose further that f € L¥(R?) and f(vy) > exp(—alvy|?) for some constant a > 0.
Then for any fived {, there exists a constant C = C(d, £, || f||r~, Mi(GY, f)) > 0 such
that for all N > ¢+ 1 we have

H(GY |20 < CWy(GY, f20)0 k),

where 0(¢,d, k) is constructive and depends on {, d and k. As a consequence, H(GY|f®*) —
0 as N — oo and condition (19) holds.



8 KLEBER CARRAPATOSO

This theorem exhibes a class of chaotic sequences in the Boltzmann’s sphere that
satisfy condition (19). At a first sight, the hypotheses needed on GV and f to (19) be
true may seen stronger than the conditioned tensor product, in which case [3] proved
that (19) holds (as said above). However, as remarked in [3, 8], the conditioned tensor
product assumption is not propagated along time by the Boltzmann equation but the
assumptions needed in Theorem 7 may be. It is indeed true for the Boltzmann equation
with Maxwellian molecules (see point (iv) of Theorem 8 below for a precise statement),
hence, in this setting, the assumptions in Theorem 7 are natural, which gives a satisfying
answer to the second question on Problem 1 in the Maxwellian case.

The interest here is that, as already remarked in [3, 13, 8], a natural step on Kac’s
program would be to study the propagation of conditions (15) or (18) or (19) (which
are stronger than Kac’s chaos) under the master equation (4). As explained above, as a
consequence of Theorem 7, the propagation of (19) holds true for Maxwellian molecules.
We continue the investigation of these issues in Theorem 8 below, proving also the
propagation of entropic chaos (15) and (18).

We can apply our previous results to the Boltzmann equation for Maxwellian molecules.
Some of the results concern assumption (8), i.e. Maxwellian molecules with and without
cutoff, others concern only the Grad’s cutoff Maxwellian molecules (10). Thanks to the
work on propagation of chaos of [13], we can establish the following theorem.
Theorem 8. Let fy € P(RY) and G} € P(SY). Consider then, for all t > 0, the
solution GV of the Boltzmann master equation (4) with Mazellian molecules ((8) or
(10)) associated to the initial condition GY, and the solution f; of the limiting Boltzmann
equation (5) with Mazellian molecules ((8) or (10)) associated to the initial data fo.

Then we have

(i) Let (10) be in force. Consider fo € Pg N LP(R?) for p > 1. If G is entropically

fo-chaotic, then for all t > 0, G is entropically f;-chaotic, more precisely

.1 N N\ _
JégnooNH(Gt 7)) = H(fi|v).

(i3) Let (8) be in force. Consider fo € Pg(RY) with I1(foly) < oco. If GY = | [‘?N]SJBV €

P(Sév) as in Theorem 8, then, for allt > 0, GV is entropically fi-chaotic. More

precisely, for any
48

7d 1 6)2(5d + 24)
there exists a constant C := C(e) > 0 such that

€<(

1 —€
sup NH(GM’YN)_H(J}W) <CN™“.
>0

(iii) Let (10) be in force. Consider fy € Pg N L¥(R?Y) and fo(v1) > exp(—alvi|? + B)
for a >0 and B € R. If GY satisfies condition (18)

. 1
A}gﬂooﬁH(GévH (?N]sg) =0,
then, for all t > 0, GN also satisfies condition (18)

.1
A}gnoo N H(Gm[ t®N]3g) = 0.
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(iv) Let (10) be in force. Consider fo € Pg N L>®(R?Y) and fo(v1) > exp(—alvi|? + B)
for a >0, B € R. Consider also G} that is fo-chaotic and has My(I11(GY)) and
NY(GY|N) finite, for some k > 2.

Then, for allt >0, G satisfies condition (19)

V{EN, lim H (I, (GN)|f2%) = 0.
N—o0

Theorem 8 improves the results of [13] where Kac’s chaos is established with a rate
but entropic chaos is proved without any rate. Indeed, point (7) here is proved in [13]
and point (i) gives a quantitative propagation of entropic chaos. Moreover, point (i)
answers a question of [13, Remark 7.11] and point (iv) is a consequence of Theorem 7 as
said above.

It is worth mentioning that point (i) was proved in [13] for both the Maxwellian
molecules with cutoff (10) and the hard spheres case (which corresponds to the collision
kernel B(z,cosf) = |z|). The proof of point (iii) also shows that (iii) is valid for hard
spheres, indeed the proof is based on the fact that (15) and (18) are equivalent under
some hypotheses on f (see Theorem 25) and these properties are also propagated along
time in the hard spheres case (propagation of L, moments and lower Maxwellian
bounds, see e.g. [17] and the references therein). However, the results (ii) and (iv) are
valid only for the Maxwellian case, the reason behind this is that a key ingredient of the
proof is the propagation of the Fisher’s information bound, and such property is only
know to hold for Maxwellian molecules.

1.3. Strategy. We construct a probability on Sév based on tensorization and condition-
ing of some probabilty measure on R?. To this purpose, we use an explicit formula for
the marginals of the uniform probablity on Sév and a version of the local Central Limit
Theorem (also known as Berry-Esseen), which is the cornerstone of the proof.

In order to study more general probabilities on the Boltzmann’s sphere, we use an
interpolation-type inequality, relating entropy, Fisher’s information and the 2-MKW
distance, called HWI inequality from [15, 10, 18], to show that Kac chaotic probabilities
with finite Fisher’s information are entropically chaotic.

Finally, the application of our results to the Boltzmann equation is based on recent
results of propagation of chaos from [13] and on the relations of different notions of
measuring chaos from the work [8].

1.4. Previous works. In [9] it is proved that the N-fold tensorization of a smooth
probability on R conditioned to the Kac’s sphere, i.e. the usual sphere S¥~1(v/N), is Kac
chaotic. Then, the work [3] extends this result to a more general class of probabilities on
R, introduces the notion of entropic chaos and also proves that the N-fold tensorization
conditioned to the Kac’s sphere is entropically chaotic. Furthermore, the recent work [§]
gives quantitative rates of the results before, introduces the notion of Fisher’s information
chaos and links these three notions of chaos.

1.5. Organization of the paper. In Section 2 we shall study the uniform probability
measure on Sév . In Section 3 we construct a chaotic distribution on Boltzmann’s sphere
based on a probability measure on R?. Furthermore we prove a quantitative chaos
convergence rate and we prove point (i) of Theorem 3. Then, in Section 4 we investigate
the entropic and Fisher’s information chaos. First, we study the entropic chaos for the
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probability distribution built before in Section 3 and we prove point (ii) of Theorem 3.
Then, we link these three notions of chaos and investigate a more general class of
probability measures on Sl];V , proving Theorem 6 and Theorem 7. Finally, in Section 5
we use our previous results to prove Theorem 8.

Acknowledgements. The author would like to thank S. Mischler and C. Mouhot for
their constant encouragement, fruitful discussions and careful reading of this paper.
The author also thanks M. Hauray for discussions on the representation of Fisher’s
information on the Boltzmann’s sphere and A. Einav for discussions on integration over
Boltzmann’s spheres. Finally, the author thanks the referees for helpful suggestions.

2. UNIFORM PROBABILITY MEASURE

Consider V = (v1,...,vy) € R r € Ry and z € RY. We define the sphere

N N
SN(r, z) = {V: (v1,...,0N) ERdN’ va =r? Zvi :z}.
=1 i=1

We denote by ’yﬂ\fz the uniform probability measure on S™(r,z). We recall that
Sév := SN(VdN,0) is the Boltzmann sphere and we denote by vV := ’y% o 1ts uniform
probability measure. Moreover, we also denote by S" () C R™ the usual sphere of
dimension n — 1 and radius r, S"~! := §"7!(1) and by |S""!| its measure. We can easily
compute the measure of SN (r, 2) by

d(N—1)—1

(20 SN( ) _ Sd(N—l)—l 2 @ ’

) %] =| -5 ,

+

For V.= (v1,...,uN) € R we shall use through_the paper the notation V, =
(v1,...,v) € R¥, Vin = (Ve41,.-.,UN) € RIVN= and V, = Zle v; € R4

We begin with the following result of a change of variables, proved in Appendix A.1.
Lemma 9. Consider V € SN(r,z). We can make a change of coordinates (v1,...,vn) —
(u1,...,un) in the following way

(o1 o)
uy = —=(v1+---+v
N N 1 N
(21) )
Up = ———(1+---+vp— kv , 1<kE<N-1,
k k(k+1)( 1 k k+1) SRk
such that the Jacobian is equal to one, |ui|? + -+ + luy|? = |v1|> + - + |von|? and
2 2 o 2
’U1‘2+"'+‘1}N’2:T2 |U1| ++|UN—1’ =T _W
(22) —
ViaFr+ UNa = Za -2 1<a<d

U - ’
N,Oc \/N

With these definitions and notations at hand we can study some properties of the
uniform probability measure vV on Sév . We remark that these estimates can also be
obtained using correlation operators on the Boltzmann’s sphere as in Carlen, Carvalho
and Loss [4].
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Lemma 10. We have the following properties
(i) for any £ < N — 1 the £-marginal of vV is given by v (dVy) = v (Vz) dVy with

- ‘Sd(Nfol)fl‘ N% (dN _ ‘V€|2 . m):w@m

(23) v (Ve) = |SdN-1)~1] (N =)

d d(N—1)—2 )
2 —a

(dN)™=

where dVy = dv . .. dvy is the Lebesque measure on R,

(ii) the moments of ’yév are uniformly bounded in N, more precisely, for k > 1 we have
Mk(’yév) < Cypy, where Cqyp e depends on d, k and £.

Before the proof, we refer to [7] where a Fubini-like theorem on S™(r, 2) is proved,
which yields a generalization of (23) for the -marginal of %{YZ_

Proof. Let us split the proof.
(i). We can define ’y,{YZ by
1 N
i Neny.— dN, o
—Zm i (IB;V(rJrh) - IB;V(T)) , B)(r)={VeR",;|V|<r, ;Uz =z},
N

where Z.', is the normalization constant so that the integral of %{\’fz is one.
Consider ¢ € C(R%), for £ < N — 1, then

<1B;V<r>7 e 1N*e>

RAN Lv; 24 e, w22 1‘7z+vz+1+-~-+v1\r:z (Vo) dVedVen

= R (‘O(W) (/Rd(N—Z) 1|VZ,N|2ST2_|VZ|21Ug+1+"'+UN:Z—‘_/g dw7N) dw
_ d(N—£—1)
_ d(N—£-1) 2 2 |z — Vi :
| e e | (r Vi),

where [BYN=¢=1| is the measure of the unit ball in dimension d(N — ¢ —1). We deduce
then that the f-marginal of ’yﬁYZ, denoted by H@(W,{Yz), is given by

- d(N—£—1)
1 d e |z —V, 2
() = 7 g | B (7“2 ~ Vil - M)
‘Bdwfffl)‘ 2 T N2

‘Sd(N—‘—l)—1’ d(N—£—1)—2

2 2 |Z—V€|2 :
r. 1 —|Wr ==
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and in the particular case 72 = dN, z =0

‘Sd(N—e—l)—l‘ Ti[2 aN_t-1)-2
(24)  IEY) =4 = ZN—(dN)1/2 (dN — |[Ve* - N €>
\/W,O +
N ._ 7N .
Now we shall compute 2" := Z Va0’ with
. d(N—£—1)—2
2
925 N _ |d(N—-1)—1 1/2 2 IV
(25) Z ‘S ‘ (dN) /ﬂw <dN Vil - dv;.

We start by the integral

_ d(N—0—1)—2
V 2
A= an — 2 — Vi av;,
RA N -/ .

with the changement of variable (21)-(22) (replacing N by ¢), with the notation U =
U1 = (u1,...,up—1) and x = uy to simplify, we obtain

N d(N—£—1)—2
2
A= / (dN —|U)? — |x\2> dUdz.
R N —/ n

Changing U to spherical coordinates in dimension d(¢ — 1), we have

d(N—£—1)—2

(0.9} 2
_ d(e-1)-1 2 N 2 d(e—1)-1
A /Rd/o IS ](dN p _glaz\ >+ p dpdx

- N d(N7£271)72
_ ‘Sd(f—l)—l‘/o (/Rd (dN _ p2 . v _E‘x’2)+ dm) pd(ﬁ—l)—l dp.

Looking first to the integral over R? we obtain, changing z to spherical coordinates in
dimension d,

d(N—£—1)—2

N 2
_ 2 2
B = /Rd (dN p €|l‘| )+ dz

~ N d(N7£271)72
= \SCH!/O (dN S €y2)+ y*tdy,

and after some computations we get

SA-1| /N — g\ ¥/2 dN-0-2 rl dN—-1)-2 a2
B ‘() (AN - p*), 2 /0(1—3/) Ty dy

2 N
A(N—L—1)—2 _
s (N_g)dﬂ N p2)d<N—2£>—2 F(%%—l F(%jtl)
— o0 — ), R ,
5 N Fd(Ngl)2+%+2
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Plugging this expression in (26) we get
_ M d—2
|S‘”1 1|‘S ’(N €>d/2F( +1)F(2 +1>
N (d(Ne1)2+%+2)
d(N—0)—
X / (AN = g2y 7 D14,
0

and we can compute the last integral
d(N— é) 2

C:= / (dN —p*); p1=D "1 dp
-y r (d(N—zé)—Q LT (d(£—21)—2 n 1)
I (d(N—QZ)—Q N d(é—21)—2 +2>

Finally, plugging this in (25), we obtain

(dN )

N ‘SdN 1) ‘ ‘Sde - El ( - )d/2 N)d(N -1
r (4= 1 (N=0\ d(z 1)
X <2M_g)<> < e ()
r(45) r(45)
and using the fact that
-1, _ 2m"/2

(21) 5 =
we have

o aN-1-1 [N —( d/2
(28) N _ ’Sd(N 1) 1‘ (dN)d(N 1-1 (N) ’

then we conclude by plugging (28) in (24).
(ii). Let k > 1 be a even integer. We have then to compute My, (7})

‘Sd(N—K—l)—1’ (%ﬁ

[SIV=DI] |y 502

L Ve (V) avi =
(29)

d(N—£—1)—2

K 4k :
></ Wik (dv — 2 — 24 av;.
RAC N -/ N

As in the proof of (i), we use the change of coordinates (21)-(22), then to simplify we

denote U = Uy_1 = (uy,...,up—1) and x = up. Hence we can compute the integral
. d(N—0—1)—2
V 2
A= [l (N - v - av;
R4 N -/ N

d(N—£—1)—2

5 N
- U2+ [22)? (dN - [UP -~ jz?) = dUda.
Rat — +
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With another change of coordinates, U to spherical coordinates in dimension d(¢ — 1), x
also to spherical coordinates in dimension d we have

d(N——1)—2

et [T ) () T

d(N—£—1)—2

(o] o N 2 _ _ -~
< C‘gd(é—l)—l’ ‘Sd—l‘/ o / (dN _ 2o yz) gy b ple-n-1 g,
0 0 N-—-07 ),

d(N—£—1)—2

00 (9] N 5
s ‘Sd(l—l)—l’ ’Sd—l‘/ / o <dN - y2> Ly b =14,
0 0 N-07 )4

=: 11 + Is.

For the first term we have (already computed in (i))

D (N (4
I = % ‘Sd(eq)q‘ ‘Sdfl‘ (NN K) 2 ( E (24(1\122)) (2)

—1)—1+k dp

X /Ooo(dNPQ)d(N_QMp"
_ 1 ‘Sd(e_n—l‘ ‘Sd—l‘ (N - €>g r (%) r (%)
z ) e

gy () (22

X §(dN) 2 T (d(N;l)Jrk)

In the same way, we can compute the second term to get

e I mLICD
N ) T (d(N—2£)+k>

y /OO(dN B p2) d(N—ZQ)—Q-Hc pd(ﬁ—l)—l dp
0

I = % ’Sd(éfl)fl‘ ‘SH’ (

=2 ’Sd“*l)fl‘ ‘Sdfll (N —z)‘”f r (%) r (#>
: N N )
N w T (d(N;@)Jrk) r (d@;l))

1
X 5( ) T (d(N—21)+k)
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Plugging this two estimates in (29) we obtain after some simplifications
d

’Sd(N—é—l)—l‘ ( N )5

N N7
Mp(vy,') < |Sd(N_1)_1| (dN)d(N—21)—2

[ (dN=D\ [ (d=D+k
e ) e )

(I + I2)

NES

< (dN)

2
Using the fact that for k£ even we have

= k- 9mak-9nr (D),
22 2
k/2 terms
we conclude that
k
dN)z
M () <

O8) S N D Tk AV — D k4] [N 1))

x ([d(é—1)+k—2][d(€—1)+k—4]-~[d(€—1)]

+(d+k—2)(d+k—4)-~-d)

dN)s
(30) < M([d(z—1)+k-2}[d(£-1)+k—4].--[d(e_1)]
+(d+k—2)(d+k—4)-~d)
<25 ([d(¢ = 1) + k — 2)[d(£ = 1) + k — 4] [d(¢ — 1))
+(d+k=2)(d+k—4)-d)
< Cikpes

where Cy 1 ¢ depends only on d, k and /.
We proved then a uniform bound in N for k even. If k is odd we use |v|f <
lv[F=1 + |v|*+1 with the last estimate to conclude.
O

Now, using this explicit formula for ’yév computed above, we prove that vV is y-chaotic,
where 7 is the Gaussian probability measure in R?, i.e. y(v) = (2r)" %2 e~ I*/2 ) for
v € R The proof presented here is an adaptation of [6], where it is proved that
the uniform probability measure on the sphere S"~!(y/n) C R" is ~;-chaotic, with
y(z) = (2m)~1/2 e~®"/2 the one-dimensional Gaussian measure.

Lemma 11. The sequence of probability measures v~ € P(Sév) is y-chaotic, more
precisely, for any integer € such that d¢ < d(N — 2) — 3 we have

d(l+2)+2
AN —d(t +2) -2

17 =7l <2
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Proof. Let £ be an even integer. Then we have

‘Sd(N—é—l)—l‘ , T (w)
JsdN-D-T] T 4 m

(1882 (48] (o)

By the explicit formula of %{V in Lemma 10 we obtain

d
N \2 _ d(N—£—1)—2
N7 d+2 d(l+1 2 2 2
(5 (1-402) (1A (1_M| W ) |
+

(2m) % dN 4N AN~ dN(N —?)

Since ’yév and v®¢ are probability densities, the L' norm of their difference can be
computed in the following way

N
.
(31) I8 =l = Q/W (7& - 1) Y av,
+

and we shall denote

. (5) r0A

@ “\N_7
with
) . d(N—0—1)—2
\7]k \4 \4 :
h(Vy) := 1-— -
(Ve) =™ ( iN T dAN(N-1D))
and

A= (1_6%)...(1_05(2;1))_

We obtain that

Vi|* d(N—£—1)-2 Vel \Z5
1 = 1 1— _
ogh(Ve) = =5—+ > %' T AN TaN(N 9
Vel>  d(N—£-1)-2 Ve |?
< I
=t 2 log dN |’

and since the function o(z) = z/2+ [(d(N — ¢ —1) —2)/2]log(1 — z/dN) has a maximum
for z =d(¢+ 1) + 2, we deduce

dl+1)+2 dIN—-¢-1)-2 d(l+1)+2
5 + 2 log(l— N ),

(32) log h(V;) <

for d¢ < d(N — 1) — 3.
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On the other hand, for the quantity A, we have

(33)
(d(e+1)+2)/2 .
dil+1)+2 B 2j

(d(e4+1)+2)/2 | ) 2x d
< _ =
= /0 °8 ( dN) v

_dN-t-1) -2 (1_d(€+1)+2>_d(£+1)+2
- 2 8 AN 2 ’

again for d¢ < d(N —1) — 3.
Combining (32) and (33) we obtain
d(t+1) +2
log | h 1-———F—— Al <
(452 )<
and then

vl

(1_ d(€+1)+2> kil PO
dN = Ns
which implies
W o dt+1)+2
y®t “dN —d({{+1)—-2
Plugging this expression in (31) we deduce

2d(¢ + 1) + 4
N _ &L <

which is valid if ¢ is even.
Finally, if £ is odd, then ¢ + 1 is even and we shall write

(0 +2) +2
N _ @0 < IaN . _ @1 <9
e e A e e e )

for d¢ < d(N — 2) — 3, which concludes the proof.

3. CHAOTIC SEQUENCES IN KAC’S SENSE

In this section, inpired by the work [3], we shall construct a chaotic sequence of
probability measures on the Boltzmann’s sphere based on the tensorization of some
suitable probability f on R? and conditioning to Sév . We shall give a quantitative rate
of the chaos convergence, proving a precise version of point (i) in Theorem 3.

First of all, we define

6O Znlfine) = [

SN(r,z)

f®N

f®N d’VﬂYz’ and Z],V(f;ra Z) :/ ,7®N d%{YZ’

SN (r,z)
for r € Ry and z € R? and we shall investigate their asymptotic behaviour. We remark
that, since 7*V is constant on SV (r, z), we have

Zn(f;r2) = ZN,(Y{;;J:;’ 2
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and we shall study in the sequel only the behaviour of Z} (f;r, z).
Define the space Py(R%) := {f € P(R?); My(f) := [|v|*fdv < oo}, for some k > 1.
Let us consider f € Pg(R?) N LP(R?), for some p > 1, a probability measure that verifies

/ vf(v)dv =0, / v f(v)dv=EIy,

Rd Rd

/ w2 f(v)dv = dE = E, / (Jof2 = E)2f(v) dv = 32,
Rd R4

where I, is the d-dimensional identity matrix.

(35)

3.1. Preliminary results. Before study the asymptotic behaviour of Z},, we shall state
some preliminary results that will be useful in the sequel.

Consider (V;);jen+ a sequence of random variables i.i.d. in R? with same law f, then
the law of the couple (V1, V?) is
(36) h(v,u) = f(v) 6ycjp2 € P(R? x RY).

Moreover, we have the following lemma.

Lemma 12. The random variable Sy := zle(vj, [V;12) has law s (z,u) dzdu with

SN (Vu, z
sN(z,u) == ’ (\C/Q)’ ZN(f; Vu, 2),
2 (u — %) Nd/2

where z € R and u € Ry.

Proof. Let ¢ € Cy(R? x R,), with the change of coordinates (21)-(22) v — u, we have

N N N N
Elo XV XMl [ = [ e | o) sV av
=1 =1 R =1 j=1

N
= © (\/NUN,Z |uj|2) 1EN qU.
RAN =1
Denoting 72 = S>N¥71 u;]? and splitting the integral, the last equation is equal to
g j=1 15

/ o(VNuy, 7%+ Juy|?) {‘SdN - ’/ FEN dgdN=1)= 1}duNdr
R4 Sd(N—1)— 1(

where o7, ! is the uniform probability measure on S"~!(R). Making the change of

coordinates w = r? + |uy|? and z = vV Nuy, we obtain

_1)— z|?
gd(N—1) 1( w_IN)

0 JRe Q(w—%) / Nd/2

SN
:// o(z,w) ‘ Ve, )’ Zn(f;Vw, z) p dz dw,
0 JRd |72) Nd/2

from which we conclude. O

/ FON goMN-D-1 L g
SA(N—1)—1 w_% w—|2|2/N
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Since Sy is the summation of independent random variables, its law’s density is also

given by

(37) sV (z,u) = h*N(z,u),

and we deduce from the lemma above

2 (u— )" N2V (2,0
SN (Vu, 2)]

Lemma 13. If f € Py (RY) then h € Py (RITY).

(38) ZN(f; \/ﬁa Z) =

Proof. Let y = (v,u) € R¥*! with v € R and u € R. Then we have

k _ 2 2 k/2
/Rdﬂlyl h(y)dy—/Rd+1 (|v| +|uy) F(0)8yzjpj2 dv du

<O ([ ol wyavr [ o sy dz)

from which we conclude.

Lemma 14. Suppose f € LP(R?) for some p > 1. Then h*? € LI(R1) if

. o 2

(i) for d = 1: 1<q<pandq<1?p1

(ii) ford=2: q<p

(iii) for d > 3: if f € Lg(R?) (s >0), for ¢ < p and

_(@d=2)(p—1)+sp
1= d—p-1+s "

Proof. We compute first 2*2(v,u) with v,v’ € R? and u,u’ € R.

h*2(v,u) = / / h(v — v, u— ") h(v', u") du'do’
R JR

= /Rd flo—=2") f(v)) {/R 5uu/zvv’|25u’:|v’2du/} dv’
= /Rd fo=2") f(V) Sy jpmwrip— w2 dV'.

Moreover, we have

/|2:(5

Oy 2 2 2
u=|v—ov v [v]2 -
| [2—| u 2|%—v’| +5-

Then we can compute the L¢ norm of h*2,
(39)
fule
= Jl
< ol
ReJR

where we used Holder’s inequality.

h*2 (v, u) ‘q dv du

q
dv du

/ / /
/Rd flo—w )f(v)éu:2|%_v/|2+|v‘2 dv

2

(¢=1)/q
(Lo upse ) ([ s@—ayses, e,
R4 |§—“| =271 Rd \5‘“\ =327

[v]2

4

p ,)l/q
v

q

dv du.
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We look to the integral over ¢, using w = § — v’

/5||2:H|7w—|8d1|/5 I
R W =237 274

where we changed to polar coordinates and then, with z = r2

d—1
0 [v]2 |S ’/ =4 | Zd 2)/2dz

2
Rd |[w]'=5—--

(40) ‘Sdﬂ’ RN
T2 (2 B 4) '

Therefore we obtain, plugging (40) in (39) and using Fubbini,

L),
-1
<// flo =) f(v')1 / [S™! [u \’012 (=227 5 = du Y
~ JRAJRA R 2 2 4 u:2’%71}/’2+%
|Sd 1|q ! ~2)(g-1)
fooloo 5

flo—=)f(W)dvd =:A
Now we have the cases d =1, d =2 and d > 3:

h*2 (v, u) ‘q dv du

- =

(i) d = 1. Splitting the expression, we have

A< /‘ flo =2 f_(q/)q dv dv’ + flo =) f(v")dv dv'

svlst [y -l iR

For the last estimate we have Ty < || fH%% <|If H%{, (because g < p and f is a probability

measure), and for the first term we use Holder’s inequality

. (r—a)/p a/p
/ _ \P AV /
Ty < (flg—v’]ﬂ ’%_U/’(q—l)p/(p—q) dvdv) </];—v’]<l flo—=v)P f(v) dvdv) .

Then, the first integral converges if (¢ — 1)p/(p — ¢) < 1, which give us 71 < C||f||%§, if

2p
< —.
1 p+1

(i) d = 2. In this case we have

st
A<

< qu /Rd Rdfv—v)qf( v")dv dv'’

1 1,9—1
ST 2 < 1S >
= I < I
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(#ii) d > 3. We have, using w = v — v’ and u = v/

sd-14! (d-2)(¢—1) o e g
A:W/Rd/m{d flo=v)? f(v')dv dv
-1
|Sd_1|q

1 —%)(a—
=T 1 2@ 2@ /Rd/Rd = T Fw)? fu)dw du

gd-1 q—1 o
< Q‘(d_l)(’q_l){QC (/Rd ]w|(d 2)(g—1) F(w)? dw) (/Rd Fu)? du) }
< ClANL T

where we have used |w — u|¢"2@Y) < ¢ (]w|(d_2)(q_1) + \u|(d_2)(q_1)> and m = (d —
2)(g—1).

Finally, we have | f||%, < ||f||1, and with the hypothesis f € LP N Ls, we have
[ fllpa < oo form=s(p—q)/(p—1)and g < p (see Lemma 34 in Appendix A.2), more
precisely for

v
2

_(d=2)(p—1)+sp
1= A= —1+s "

g

3.2. Asymptotic behaviour of Z};. In this section we shall study the behaviour of
Zy when N goes to infinity. First of all, let us state a version of the Central Limit
Theorem, also known as Berry-Esseen type theorem, which is the main ingredient of the
proof of the asymptotic of Z}, in Theorem 17. The proof of the CLT presented here is a
slightly adaptation of [8, Theorem 4.6] (see also [3, Theorem 27]).

Theorem 15 (Central Limit Theorem). Let g € P3(RP) such that, for some integer
k> 1, we have g** € LP(RP) for some p > 1. Moreover, assume that

(41) /RDatg(:c) dx =0, /RD(a:@)x)g(x) dx = Ip, /]RD lz|2g(z) dz < Cs.

Then there exists a constant C = C(D,p, ||g**||») > 0 and N(k,p) such that for all
N > N(k,p) we have

o~ o (@) — ()] <

gN — YllLee = SUpP [gN\T) = YT)| = —F=»
xeRD N

where gy (z) = NP2g*N(\/Nzx) is the normalized N -convolution power of g.

In the sequel we will need the following lemma, and we refer again to [3, Proposition
26] and [8, Lemma 4.8] for its proof.

Lemma 16. (i) Consider g € P3(RP) satisfying (41). Then, there exists § € (0,1)
such that
VEEB(0,6) (e <e
(ii) Consider g € P(RP) N LP(RP) for 1 < p < oo. For any § > 0 there eists
k(0) = k(Ms(9), |lgllLe,d) € (0,1) such that

sup [g(&)| < #(9).
€>0
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Proof of Theorem 15. We remark that

() =7 (fN)N () =7 (jN)N

We have ¢** € L' N L, for p € (1,00], and then by the Hausdorff-Young inequality we

deduce that (g**) = (§)* lies in L¥' N L™ with p’ € (1, 00]. Furthermore, gy (£) € L' for
any N > kp'. Hence we shall use the inverse Fourier transform to write

ow(2) = (@] = @n)P | [ @n(6) - 7(6)) de]
<@n? [ n© -3

Spliting the last integral in low and high frequencies, we obtain

L av@-s@lde< [ jav@lder [ (o) de

n(€) —7(9)|d
+ /I£< sl (©) =3O a
::T1+T2+T3a

(42)

for some d € (0,1).
For the first term, we write

(€ >‘N D/2 _
T < / < d¢ = NP/ / d
L= ez ve INVN . In|>6 glmldn
N/k—p’
< ND/2 <sup |§(n)k|> / G(n)* [P dn
n>6 [n|>6
< NPP2g(8)NR=2'Cp |l g™ |IF,

where § € (0,1) is given by Lemma 16-(i) and x(d) is given by Lemma 16-(ii) applied to
g** (because we have supposed only g** € LP). We get the same estimate for the second
term, then we obtain that there exists a constant C' = C(D,p, ||g**||z») such that

T+ T, < \/CN
Finally, for the third term we have
_ 198 (6) =7 .13
Ts = /|5|<\/N5 1€]3 17de
and we can estimate
Gn(©) =3I _ 1 [g&/VN)Y —F(&/VN)N]
€1° N3/2 €/VNI?
_ 1 gENVN) —AEVN) NS - (N—k-1)
= 372 ANATE x kz:%g(&/\/ﬁ) J(¢/VN) :
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Moreover, point (i) in Lemma 16 implies

N-1 N-1 2 2 2
> G/ VN FEVN) N < 3 e e T < Ve w
k=0 k=0

Hence, we obtain

1 ‘ IE\
T3 S W (Sup ‘77‘3 > / N ’E|3d§
gz“%@+%MKb

and we finish the proof gathering the estimates of T3, 7> and T3 togheter with (42).
O

With these results we are able to state the following theorem about the asymptotic
behaviour of Z}.

Theorem 17. Consider f € Pg(R%) N LP(RY), with p > 1, satisfying (35). Then we

have
d(N—1)—2

V2d  (AN)T T e T
nEd/2 dN-D2 .2
(Tg . %) 2 2

z|? r2 — NE)?
X [exp <_2|5|N_( 222N) >+O(1/\/N)]

and in the particular case > = dN and z = 0, we have

Zy(f; VAN, 0) = Zgz [exp (_(d22E)> +0 (l/f)]

ZN(far Z)

Proof. Let us introduce
gv,u) = SEV?2h(EY?v, E + Yu) € P(RIT),

with v € R? and u € R. Since & lies in P3(R4!) by Lemma 13 and 7*? € LI(R¥*1) for
some ¢ € (1,p) thanks to Lemma 14, we have g € P3(R%*!) and ¢*? € LY(R*1).
Moreover g verifies (by construction)

Lovswydy=0. [ wo9e)dy= L.

where 13,1 is the identity matrix in dimension d + 1.
We can now apply Theorem 15 to g, which implies that there exists C' > 0 and Ny
such that for all N > Ny,

sup  [gn(v,u) —v(v,u)| £ —=,
(v,u)ERIXR N

where gy (v, u) = N@HD/2g*N /Ny, \/Nu) is the normalized N-convolution power of g,

with
N(VNv,vVNu) = £ Y2 p*N(£V2\/Nv, NE + SV Nuw),
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and
2 2
e_‘vl /2 e_u /2

(v, u) = (27)4/2 (27)1/2

is the Gaussian measure in dimension d + 1 (recall that we have v € R? and u € R). It
follows that

yle—d2 u—NE C xled?
* N =2 <« —1/2A7—1/2 Loa e T
Gathering (43) and (38) we obtain
ZN(fa T, Z)
a2 (2 _ 12 \'/?
B 2N (T’ — W) E—lg—d/Q 1 |Z|2 (7‘2 _NE)Q o1 \/N
= s e goee ||\ ey~ sy ) OV

Using (20) we have

9 Nd/2 (r2 _ %)1/2 , 22\ T m-lgane 1
In(fir2) = [SAN-1)-1 <r B )
_l’_

X [exp (— 2] - G _NE)2> +0 (1/@)] .

Thanks to the formula

and to Stirling’s formula,

an+b—1

[(an+b)=V2r(an)” 2 e ™ (1+0(1/n)),

we have
d(N —1 -1)- -
r (M) < var T e T e (o))
and then
_r2 d(N-1)-2 _dN
ZN(fsr,2) = @2 ‘ 2dN (dN) dQ(N—l)—Q ‘ 22
REYE A\ (2m) (o)™ T eE
N
P (2 NE)?
X [exp<—2€N— SIN —|—O(1/\/N) ,

which implies for the case 2 = dN and z = 0

_ 2
Z0(f; VAN, 0) = Egl? lexp (‘W) o (Wﬁﬂ |
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3.3. Conditioned tensor product. Consider now

FN = [f®N]gn = S - N

the restriction of the N-fold tensor of f to the Boltzmann’s sphere S5, where f verifies
(35) with E = d, more precisely with

E= [ =,

i.e. f has the same second order moment that ~.
We have then the following theorem, which is a precise version of point (7) in Theorem 3.

Theorem 18. Consider f € Pg(R?) N LP(RY), with p > 1. Then, the sequence of
probability measure FN € P(SY) defined by FN = [f®N]Szg is f-chaotic.
More precisely, for any fixed ¢ there exists a constant C := C({) > 0 such that for

N > V¢ +1 we have

C
Wl(FEN7f®€) < HFKN - f®£||L% < ﬁ

Proof. With the notation V = (U17 ce ,UN) € RdN, Ve = (’Ul')lgigg, ‘/Z,N = (Ui)ﬂ—f—lgzéN
and V; = Zle v;, we have from the definition of FV
QN N d
Zn(f; VAN, 0)
re* 1 fent N
=2 __(V, Vi dv).
7@(( E) Z;V(f,\/diN,O) ,}/®N—£( Z,N)7 ( )

We recall that vV = 'yyw 0 and we have

7%70(6“/) = ’Yé\f(dvé) Viv/;]{[_wz(dvf,N>
where z = — Zle vi=—V;. Wefix £>1and N > ¢+ 1, then we have
FF0) = [ PNV Vi
R

d(N—¢)
re* 7 (Vi) / fent Nt
=—(V) —————— — (Vi dVy
7@4( v) Z0(f; ﬁdN’O) SNJ( /7dN—|VZ|272) ,Y®N—£( 'N)Y r,_w;z( ".N)
ot Zy_o(fs VAN = [Vi?, =V,
- Lw G ) vy
v Zy(fi VdN,0)

Let us first compute the ratio betwenn Z);_, and Z), by Theorem 17 we have

ZN_y (f; dN — |V|?, _V@) B (d(N — g))w G,M
Zh(f; VAN, 0) - LSS L)

(v — w2 — {5

. lexp (_25|%|2 - W)?) Lo (N_l/z)] |

(N—0) 252(N —0)
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Using the later expression with Lemma 10 one obtains

o ) S
— e2
FEN(VZ):W(VZ) - d(Nll)Q u
(4N = Vif? ~ )
V)2 (df = [Vi*)? 1/2
. leXp< 26(N —0) 222 )
‘Sd(Nféfl)fl‘ (dN— V|2 — )
X |Sd(N71)fl| d(N 1) ( g
N
_ et v df—lVl) 1/2 )
=/ lexp< 26(N —0)  252(N — ) 1dN—\vz|2—%>o
’SdN ——1)— 1‘ (d(N — E))d(N e=1)-2 N\ 4/2 a
|SdN - 1‘ (dN)d(N D2 <N—€> (2me)2 .
Since
N d/2
we have
(44) FN (Vo) = f2(V) 01 (Vo) 03 (V)
with
N WP (e |Vi?)? —1/2
b = leXp< 26(N —0)  252(N — ) +o (N7 v i B2 g
(45) e
P i N Y
0y = |Sd(N*1)’1| (dN) d(N—1)—2 (27re) :

Thanks to Stirling’s formula again, we obtain

’Sd(N—Z—l)—1’

<dN>él (1+00), 6 =1+0WY).

|[SIN=D)-1] ~\or

Moreover we can easily see by (45) that ||62V]| ;. < C uniformly in N, and
(46)
0 (Vo) = 1] = 6 (Vo) — L py<r + 107 (Vo) = 11>k

§< V| +(d£—|Ve|2)2>+O<1/\ﬁ>

|Vel®
26(N —¢) ' 252(N —¢) 1M|<R+CR Lvizr

R?> R* JN ‘ ‘b
<C W+F+O(l/ N) 1\VeI<R+CRb Lyon

for some R > 0 and b > 0.
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Finally, choosing R = N'/® and b = 4 one has
1Y — 7 = 10V 05 — 1))
< (03 = DY SN gy + 10 = 1

C C
SNHf@ZHL%_'_ \/>||f®é||L1+ \ﬁllf@EHLl

(@4
< Sy + Sl + Sl

4. ENTROPIC AND FISHER’S INFORMATION CHAOS

We recall that in the Subsection 1.2 we defined the relative entropy and relative
Fisher’s information of a probability measure. Moreover, we defined stronger notions
of chaos, namely the entropic chaos in Definition 2 and the Fisher’s information chaos
in Definition 4. We prove in this section precise versions of point (ii) in Theorem 3,
Theorem 6 and Theorem 7.

4.1. Entropic chaos for the conditioned tensor product. We shall study now the
entropic chaoticity of the probability measure FV = [f®V ls sy with quantitative rate in
the following theorem, which is a precise version of point (i7) of Theorem 3.

Theorem 19. Let f € Pg(RY) N LP(RY) for some p > 1 verify [vf =0 and [ |[v]*f = d.
Then, the sequence of probabilities FN := [f®N]3év € P(SY) is entropically f-chaotic.
More precisely, there exists C' > 0 such that we have

& HEY DY) = H(f)

Proof. We write

7HFNN
(M) =

I
E 5~ =zl Z\H

/ log /o dFN
sy Zy(f; VdW,O)7®N
d( i) R — 1ogZ§v(f; VAN, 0).

Thanks to the assumptions on f, we can use Theorem 17 to obtain

;IH(FNWN):/R (logf> dF + O(1/N).

Using (44)-(45) we have F}{N (v) = 0 (v) 03 (v) f(v) or more precisely
FY @) = 1) (55 +0 (1Y) ) (4 0(1/3) = V() S (o),

and then
an G HERS - HE = [ 0¥ -1 (L) o/,
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We estime now the first term of the right-hand side, denoted by T',
71 < [ 0% =11 f Nlogaldo+ [ 10~ 1] £ log fl v
Rd R

< / 0N — 1] £ C(1 + [v]?) dv +/ 0N — 1] f|log f| dv
Rd Rd
=T +1Ts5.
We recall that (already computed in equation (46))

R2 RY 1 [o[*
N
6N —1] < C(N ~ f) 1\v|<R+CRk Ly, >R

for some k > 0 and R > 0. Then, for the first term we have

i< [ 16v-1s <1+rv\2>+/30 0%~ 11 £ (14 [of?)

2 4
(f} nEL }) 1912+ 7 (M) + Mica ()
< S
= UN

where we have chosen R = N/8 and k = 4.
For the last term Tj, define A > 1 and Bp = {v € R% |v| < R}, then we have

Tl < [ 0¥ =1 fog 1+ [ 10¥ =111 [log f1 12
Br B¢
[ 18V <l sNog gt [ 10Y <11 Flog 11, ey
R R

N
+/Bg 6V — 1 [log fl 1o s, -
Now we compute each one of this five terms. First, we deduce that
R?> R* 1 R? R4 1
< |2 -
—(zv*zv*m)/ fltog f1= <N NtUN
For the second term, we use that f|log f| < fA+P/2 < fp/AP=D/2 gver {f > A, |v] >
R}, and then

o< Wl

Using f|log f| < f|log A| over {1 < f < A,|v| > R} for the third one, we obtain
To3] < 1ogA M (f)-

Thanks to f|log f| < flv|> < flv|™*2/R™ over {e*‘”‘ < f<1,|v| > R}, we get
le m+2(f)-

Finally, by f|log f| < 4V/f < 4e” 2/2 gver {0<f<e —lof? ,|v| > R}
|T2’4| § C’e
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Putting togheter all this terms, we have

> R 1 y log A M,
‘T2|<<R+R+> oy Ml dogd L Muiald) |

N N N Alp—1)/2 Rk R™
Cy
< <L
~ VN
choosing AP~1/2 = Rk R = N1/8 | =6 and m = 4.

We have then |T| < C N=Y/2 and we conclude plugging it in (47).
U

4.2. Relations between the different notions of chaos. First of all, we start with
the following lemma and we refer to [3, 8, 11] and the references therein for a proof.

Lemma 20. For all probabilities p,v € P(Z) on a locally compact metric space, we

have
H(ulv) = sup {/ @du—log(/ e“pdu>}
weCy(Z) \VZ z

= sup /god,u.
wecb(Z),fZewduﬂ Z

The following theorem is an adaptation of [3, Theorem 17], where the same result is
proved for probability measures on the usual sphere S¥~1(v/N) in RV,

Theorem 21. Consider g € Pg(R?) N LP(RY), for some p € (1, 00|, where g satisfies
[vg =0 and [ |v]*g =d. Consider GV a probability measure on S§ such that for some
positive integer £, we have Gév — 1 in P(R¥) when N goes to infinity.

Then, we have

1 1

1 0 < Tim i N[, &N

KH(WLQ )_I}HglofNH<G \[g ]Sé\’)'
Proof. Let fix a function ¢ := ¢(vy,...,v) € Cp(R¥) such that

(48) / e g% =1, H(my|g®) < / pdmy+¢€
Rd¢ Rd¢
for some € > 0, which is possible thanks to Lemma 20. We introduce the function

D(v1, .y 0N) = @(V1, -, 00) o (V1) 15 - -5 Umt),

where m is the integer part of N/¢, i.e. N =m{ + r with 0 <r < ¢ — 1. Thanks again
to Lemma 20 we have

1 N QRN 1 N 1 / i} RN
i > ‘/ -

For the first term of the right-hand side, using the symmetry of GV and the convergence
of its f-marginal, we have
1

1 Ngyy=" N 1
N S]BVQG (dV)—N/RdZQOdGZ mg Rdz@dﬂ'@.
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We note that the second term of the right-hand side can be written in the following

way
1 g N

P QN _ P N

e d ——/ e () d

/sg ey = G e G)
since

[g@)N} _ 9= AN
S5 Zn(g;VdN.,0)

Applying Theorem 17 and thanks to [ |[v|? g = d we get

Zh(g; VAN, 0) = Vg( +0(1/VN)),

where ¥(g) is given by (35) applied to g, and then

1
(49) lim ( log Z\ (g; VAN, 0)) =
N—oo \ N
For the other term, denoting v = (v1,...,0m¢), W = (Vmea1,-.-,0n) and w =

Ume4+1 + -+ + 0N, we write

g\ &N
s 0) o7
SN (VdN,0) Y
d(N—r—1)—2

|Sd(N_T_1)_1’ (dN — ‘w’Z — ]‘VL‘QT) 2 N % g ®r

o @0\ &M
/ <9 dyN dw
stm(\JaN—Tal,—z) \ 190 VAN —[w]?,—@

where the integral in dw have to be taken over the region
{fwe R |dN — |w|* — |w|?/(¢m) > 0}.

We recognize that the last integral is equal to Z], (650 g%t AN —wl?, —1?)) (where
Z;, is a multi-dimensional version of ZY, obtained replacing N by m/¢) and by Theorem

17 we have
z (eso ®t. JdN — \wP,—u—))

d(lm 1)—2 _dfm
(dfm) e 2
dtm—-1)-2 _ (dN—|w|?)
e 2

(aN — Jwp = L)

Im

=0(1) x

and using (27), we get

g RN )2 g Qr
/ e? <> N =C e 2 ( ) dw
SN (VdN,0) Y Rdr Y

— 0(1) x (2m)4r/2 /Rdr ¢ dw = O(1).
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With these estimates at hand, we can deduce

1 g QN
liminf [ —— log/ e® () dyV ] >0
N—o0 N SN (VdN,0) ¥

and together with (49) we obtain

N—oo

o, 1 N QN 1 1 ®¢
hmlanH(G \[g }Sg)>£/Rd[SOd7Tg>£H(7T€|9 ) —e.

Since ¢ is arbitrary, we can conclude letting ¢ — 0.
O

Our aim now is to give an analogous result of Theorem 21 for the Fisher’s information.
However the strategy here is different, it is not based on the asymptotic behaviour of
Z}y like before, but on a geometric approach following [8], where this analogous result is
proved in the Kac’s sphere setting. To this purpose, firstly we shall present some results
to conclude with the Theorem 23.

Consider W = (w1, ..., wy) € RN and V = (vy,...,vy) € S§, where we recall that
V; = (UiVQ)lgagd, wW; = (wia)lgagd € R for all 1 <i<N.

Let Py, be the projection on the hyperplane {X € RN . Zf\il x; = 0}, then it can be
computed in the following way

d eN eN

[0} o
Ph”_”_z W —§ N
a=1 |€a‘ ‘ea|

where e = (eq, ..., eq) € R with e, = (0ap)1<p<d € R<. Since |eN| = v/N we obtain
1
(50) PhW:W—NO;(W-eg)eéV.

Moreover, the projection Py on the sphere {X € RV ; Zi]il |z;|2 = dN} is given by
w
(51) PW = VdN Tt

Hence the projection Ps on the Boltzmann’s sphere Sg can be computed as the compo-
sition of the others, i.e. Ps = Ps o Pp, more precisely

PsW = (P, 0 P,)W

P
_ van oW
(52) | P, |
W — % Zi:l(W : eg) eg
=+VdN — —d NN
w N Za:l(W €a ) o

9

or in coordinates, for 1 <j < N and 1 < 5 <d,

) Vi
T AL el

(53) (PsW)j,

1 N
(wjﬁ DD wk,ﬁ) -
k=1
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Consider V' € SB and a smooth function F defined on S§. Then the gradient Vj, on
{X e R™ ; "N 2, = 0} is (recall that V stands for the usual gradient on R)

VaF(V) = -5 Z Z i P

21041

Moreover, the gradient V on the sphere {X € R ; SN |22 = dN} is given by

V. (V) = VE(V) — <|§| . VF(V)) |K|

Combining them we can compute the gradient on Sév , which is given by

VeF(V) = VaF(V) — (I“;I - th(V)> |¥’
(54) ) d v
—[V-VF(V)—NEE o o P -V)]W2
_ —fzz —[V-VF(V)]WVP,

i=1 a=1

since el -V = Z 1vm—0becauseV€SB

Let ® be a smooth vector field on R, which written in composants is ®(V) =
(®1(V),...,oNn(V)) with ®;(V) = (@i (V),...,P;q(V)) for 1 <i < N. We denote by
divs the divergence on Sév , then it can be computed in the following way

N d
divS<I>(V):Z Vs®;5(V)-ejp,

where e; 5 = (6;x08y) 1<k<N)(1<y<d) € R N. Using (54) and after some simplifications
we obtain

(55) 1 N d N N v
divS<I>(V):div<I>(V)—NZZZ N ZZV'V(I)J'WB(V)%'
j=1p=1i=1 ~

Lemma 22. Consider a function F and a vector field ®, smooth enough, defined on
Sév. Then the following integration by parts formula on Sév holds

AN —1)—1

/Sg {VSF(V) DV + F(V) divs (V) — =

F(V)®(V) - V} dyN (V) =o0.

Proof. The proof presented here is an adaptation of [8, Lemma 4.16]. Let y be a smooth
function with compact support on R and define for V € RN

(V) == x(IPuV]) (F o Ps)(V) (® o Ps)(V).
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We can compute div¢(V) and after some simplifications using the formulae for the
projections (50) and (52), the gradient (54) and the divergence (55) on S§ we get

X (|12 V1))
div S~ F(PsV)PsV -®(PsV
¢( ) \/d7N ( S ) S ( S )
(56) +xwmeﬂ%&m-<&thm
. vd
X(|PV]) F(PsV) divs ®(PsV') \PhVI'
Integrating (56) we get
X ([ PnV])
F(PsV)PsV - ®(PsV) =——=dV
o TESV) PV - 2(PsV) = =
VdN
+/ [VsE(PsV) - @(PsV) + F(PsV) divs ®(PsV)] x(|PiV]) v = 0.
RaN ‘P V‘
Using the change of coordinates V' = (vy,...,un) = U = (uq,...,un) given by Lemma 9

and then the variables w = % | |u;]? and z = v/Nuy, we obtain that the last expression
is equal to

FV)V-®(V)d dzd
//Rd Y (“’ N) /sw(w,z) (V) (V) dv N 2 dw

d(N—1)—2

//Rd{’SdQNdﬂ |<“’_‘ZJ\|I2> 2

2 vdN
/N [VsF(PsV) - ®(PsV) + F(PsV) divs ®(PsV)] dfy{UVZ}X ( w — M) VA g dw
SN (w,z) ’ 1217

and then we get

d(N-1)-2 s 22
zF : X( ° N)dd
//Rd dN zaw /SN

/ / ( z\2> dN-_1)-3 . ( " HQ) dz dw </ [VSF(V) - ®(V)+ F(V) divs @(V)} d’YN)
R N S5

Since we have

F(V)V-®(V) d7N>

d(N—1)—2

fLes) - (-5
_ _1_1//Rd< Z|2> ’ x( w—|zj\|:)dzdw,
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we obtain the result
/ {VSF(V) LB(V) + F(V) divs &(V) — W POV)O(V) - v} N (V) = 0.
Sg
O

With these results at hand we are able to state the following theorem, which is the
Fisher’s information version of Theorem 21 and the proof is an adaptation of [8, Theorem
4.15].

Theorem 23. Consider G a probability measure on Sév such that for some positive
integer £, we have GY — my in P(R%) when N goes to infinity.
Then, we have

—_

1
@0 < Tim i NN
7 I(my|y®") < liminf N I(G™ |y™Y).

Proof. Let us denote G =: gVy". Using [8] we have the following representation
formula

(GYYY) = /SN Vs log g™ g™ dy™
B

P 2
= sup / <V3 log gN - P — |4|> gN d*yN
PeC)(RIN;RIN) /Sy

and we obtain by Lemma 22
(57)

d(N—-1)—1 _ (V)2
I(GN YY) = sup /N <(dN) (V) -V —divs ®(V) — |(4)|> gV dyN.
PEC] (RIN;RIN) /S

Furthermore for 7, we have, also from [§],

2
I(my®) = sup / (s@ Ve —divy - M) .
peC) (Rit Rit) R 4

Let us fix € > 0 and choose ¢ such that

1 1 . ER
— @0y _ < — . — L
7 I(me|y®*) — e 7 /Rdf <<p Ve — dive L

Denote N = g/ +r, 0 <r < ¢, and define Vy = (V1,...,Viq, Vr). Choosing ®(Vy) :=
((Ve1)s -y 0(Vig),0) € CLRIN; RV we obtain from (57) and the symmetry of GV

RGOS (d(N D=L (Vi) Vi - divs B(Vi) - ‘Q(‘ZN)‘Q) G (dviy)
=L [ (d(N Do) Vi - dive(vi) - '“O(ff)'j & (av + U0,

with

¢
1 1
R(N) = /ﬂw > 2> (N Oy 5Pk + (ﬂv(avi,ﬁs%ﬂ)vi,ﬁvk,ﬂ) G (avy).
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The last expression is bounded if V¢ decreases rapidly enough at infinity. Hence, passing

to the limit we obtain
1 : |o]?
? (@'Vf—dw—z; e
1

™) ~ e,

a1 NN
lﬂlo%fﬁl(a Iv™)

Y

and we conclude letting € — 0. g

We can prove now precise versions of implications (i) = (éi) and (ii) = (iv) of
Theorem 6 as follows.

Theorem 24. Consider GN € P(SY) such that GY — f in P(RY). We have the
following properties:

1
(i) If H(f|]y) < o0 and A}im N H(GN|YN) = H(f|v), then GN is f-Kac’s chaotic.
—00
1
(i7) If I(f]y) < oo and ]\}im N LGN |YNY = I(f]7), then GN is f-Kac’s chaotic.
—00
Proof. Let us fix £ € N*. Since GI¥ — f in P(R?) we know by [16, Proposition 2.2] that

GV is tight. Then there exists a subsequence GV and 7, € P(R%) such that GY e
in P(R%), when N’ goes to infinity (and in particular 7 = f).

(7). By Theorem 21 we have

1

1 ! !
H(mg|y®) <liminf — H(GY' |7N) = H(f]).
y4 N’'—o0

N/

Since we also have the reverse inequality by superadditivity of the entropy functional,
we obtain

G /
H(my™) = tH(f) = [ molog 25 —¢ [ f10z
:/mlog%—/mlogf@i
. w0 [ T T my
= [ (e i~ o)
=0

which implies 7y = f® a.e. on {f®e > 0}, since the function z — zlog z — z + 1 is equal
to 0 in z = 1. Thanks to 7, f&¢ € P(R%), we obtain

/ Ty = / f®€ =1
{rer=>0} {rer=>0}

It follows that 7, = f®¢ a.e on R¥, so the whole sequence Gév converges to f®¢ and
thus G is f-chaotic.
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(ii). The proof of point (ii) being similar, thanks to Theorem 23 and the superadditivity

of the Fisher’s information [2], we skip it.
g

Recall another notion of entropic chaos stated in (18), as proposed in [3, Theorem 9
and Open Problem 11] and [13, Remark 7.11], for GV € P(SY) and f € Pg N LP(RY)
with p > 1, we consider the following property

(53) i (GV(FNgy) =0,

Let us now investigate the relation between condition (58) and the entropic chaos
(Definition 2) in the following result, which shows that, under some assumptions on f,
they are equivalent.

Theorem 25. Let f € Pg(RY)NL®(RY) and GN € P(SY) such that GIY — f. Suppose
further that f(v1) > exp(—alv1|? + B) for some a > 0 and B € R. Then the following
asserstions are equivalent:

(i) Jim B (GV7*Ngy) = 0;
(i) Jim - H(GVRY) = (7).

Remark 26. We remark that both conditions (i) and (i4) imply that G¥ is f-chaotic.
Indeed, in [3, Theorem 19] is proved that (i) implies the f-chaoticity of G in the Kac’s
sphere framework, the generalization to the Boltzmann’s sphere case is straightforward.
Finally, the fact that condition (i) implies that G¥ is f-chaotic follows from Theorem 24.

Proof. Denote GV =: ¢V~4N and FN = [f®N]Sév =: fN4N. Then we write
(59)

N
g
H(GY YY) = /SN <10g fN> oYy + /SN (tog ) g™ dr™
B B
= H(GN|[f*"]sy) + / log f&N dGN — / logv*N dG™ —log Z}y(f; VdN,0)
N
= H(GN|[f*N]sy) + N/Rd log f dGY + %(log o1 + 1) — log Zi (f; VAN, 0)

using the symmetry of G, the explicit formula for YV and the fact that My(GY) = dN.
Since Ms(f) = d, we obtain

1 1 1

§ HGY ™) = H(fh) = 5 HENsy) + [ (G = Plog f = 1 log Ziv(f: VAN, 0).
N N B R4 N
The third term of the right-hand side goes to 0 as N — oo thanks to Theorem 17. Hence
we only need to prove that the second term of the right-hand side vanishes as N — oo,
which implies that (i) is equivalent to (7).

With the assumptions on f we obtain |log f| < log|| f|lL= + a|v|* + 8 < C1(1 + |v]?).
Consider R > 1 and we have
1

1
1+ |v]? <—/ ol* _,_7/ v|Sf < CoR™4.
Lo et < g [ el [ el <0
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Let xr be a smooth function such that 0 < yg < 1, xg(v) =1 for |[v| < R and xg(v) =0
for [v| > R+ 1. We can split the integral to be estimated in the following way

60) [ (G =fosf= [ xa(@ = plogs+ [ (1= xn)(GY - Plog .

Let us show first that H(GY) = [ GY log G¥ is bounded. If we assume condition (i7)
then N~1H(GN|y") is bounded. On the other hand, if we assume (i), from (59) we
have

1 dN 1
~ HGY YY) < < H(GY[[fN) sy ) Hog] fll 1+~ (log 2m+1) —— log Ziy (f; VN, 0),
N N 2 N
and again N~'H(GN|y") is bounded. Moreover, we obtain thanks to [1] that
H NN
(@) < o )

for some C' > 0 and can write
N
H(GY ) = HE ) + [1es 7061

which is bounded thanks to the explicit computation of 44" in Lemma 10 and to the
Lemma 11. We deduce, since H(GY|y) = H(GN) + d(log 27 + 1)/2, that H(GY) is
bounded either if we assume (i) or (i7).

Then, for the first term of (60), since xzlog f is a bounded function, GY¥ converges
weakly to f in P(R?) and H(GY) is bounded, we obtain that [ xg(GY — f)logf — 0
as N — oo. For the second term of (60) we write (recall that [(1 + [v|))GY =1+d =

J+ 10 )
0= xn)@ = ross| €1 [ 0= xw+ PG +
R4 Rd
<OGR™+Ci(1+d) = [ 1+ b6

The function yg(1 + |v|?) being bounded and continuous, we know that [ yg(1l +
[v|)(GY — f) — 0 as N — co. Thus passing to the limit in the last expression we obtain

lim sup
N—oo

La-x0@ - ogf| <R+ G+ -0 [ )+ IoP)f
<201C,R™

which concludes the proof letting R — oo.
O

Remark 27. In the setting of the Kac’s sphere (usual sphere SY=1(v/N)), we find in [3,
Theorem 21] a proof of (i) implies (77) without the assumption f(v1) > exp(—al|vi|? + 3).
We can adapt it to our case in the following way.

Proof of (i) = (i1). We write from (59) and for § > 0

§HGYRY) < 1 HGVIF o) + [1oa(7 +6) G + S(log2m +1) — - log Z(f; VAN, 0)
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Since log(f + &) is a bounded function thanks to f € L, H(GY) is bounded and
GY — f in P(R?) we have [log(f +6)GY — [log(f +6) f as N — oo . We can pass
to the limit N — oo to obtain
1 d
limsup — H(GN4Y) < /log(f +0) f+ =(log2m + 1).
N—oo N 2
Now letting § — 0, by dominated convergence we obtain
1 d
limsup — H(GN4N) < /flogf—i— —(log2m + 1) = H(f|7v),
N—o0 N 2

and we conclude with this estimate togheter with
1
H < liminf — H(GN]yN
(flv) < liminf = H(G"|y™)
from Theorem 21. O

4.3. On a more general class of chaotic probabilities. In the subsection 4.1 we
have constructed a particular probability measure on SZJSV that is entropically chaotic.
Hence, a natural question is whether it is true for a more general class of probabilities
on the Boltzmann’s sphere. Theorem 31, which is a precise version of (i) = (¢i7) in
Theorem 6, gives an answer with a quantitative rate.

First of all, let us present some results concerning different forms of measuring chaos
that will be useful in te sequel.

Lemma 28. Consider f,g € P(R?) and FYN,GN € P(R). Let us define My(F,G) :=
M (F) + My(G).
For any k > 2 we have

(61) Walf.9) < 2% My(f, )70 Wi(f,g) 70
and

(62) 7 ~ ~

The proof of Lemma 28 come from [13, Lemma 4.1] for (61) and (62) is a simple
generalization of (61) to the case of N variables.

We denote by Wi the MKW distance (12) defined with a bounded distance in R?,
more precisely, for all f, g € P1(R%),

w = inf i — 1 .
Wi(f,9) welr?(f,g)/ledemmﬂx yl, 1} 7(dz, dy)

Consider GV € P(R) and f € P(R%). We define then GV, §; € P(P(R%)) by, for all
® € Cy(P(RY)),

1 k=2
WQ(FN,GN) <2% (Mk(FN,GN)>2(k1> <W1(FN,GN)>2(k1>

~ 1
®(p) GV (d :/ o(u¥yaNav), Y = — vePRd
foy 206 @) = [ @GV @), = 5306

||M2

(63)
L @) 5;(dp) = (f).
P(RY)
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Furthermore, W stands for the Wasserstein distance on P(P(R%)). More precisely, for
some distance D on P(R%) we define

Yu,v € P(P(RY), Wp(u,v):= inf

D(f,g)dn(f,g).
7rEH(W’)/P(Rd)xP(Rd) (f,9)dn(f,9)

In the particular case of GV and &; we have TI(GN, ;) = {GN ® §;} and then

(64) Wo(G¥.ér) = [ | D, 6N @v).
We have the following result from [8].

Lemma 29. Consider f,g € P(R?) and FN,GN € P(S§). Let us define My(F,G) :=
M (F) + My(G).

(i) For any k > 2 we have

Njw

e
ol
==

and

S

(66)

Wa(FN.GY) g (M(FY.GY)
VN - N

(ii) For any 0 < oy < 1/(d+ 1) and k > d(a;' —d — 1)7" there exists a constant
C:=C(d,a1,k) > 0 such that

Wl(FN,GN) 27k
N .

(67) Wiz (GN,67) < CM(GY, f)!/* (Wl(Gév,f@’?) + ]ir)al _

(iii) For any 0 < ag < 1/d' and k > d'(ag ' — d')~1, with d’ := max(d, 2), there exists a
constant C := C(d, e, k) > 0 such that
My ()%
Nz

The equations (65) and (66) come from [8, Lemmas 2.1 and 2.2], and (67)-(68) are
proved in [8, Theorem 1.2].

(68) WG, £2Y) = Wi (GY,8p)| < ©

As a consequence of Lemma 29 we have the following result.

Lemma 30. Consider GY € P(SY) and f € P(R?) such that My,(GY) and My(f) are
finite, for k > 2. Let us denote My, := Mp(GY) + My(f).

Then for any 0 < aq < 1/(d+ 1) and oq < k(dk+d+k)™!, 0 < ay < 1/d" and
as < k(d'k +d)7!, with d' := max(d,2), there exists a constant C := C(d, k, a1, az)
such that

WQ(GN, f®N)
VN

ol
==

1,
< oML (Wi(GY, f52) + N7 4 N72)
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Proof. First of all, we remark that N~ M (GY) is equivalent to My (GY) since GV is
symmetric. Then, using Lemma 29 we have

WZ(GNa f®N)

Wl(GN, f®N) %_%
VN

2
<23
< 25 M} -

Ell

1
2 L[ M(f)F 2 ’
< 25 M} (cNaz + Wi, (GN,6)

1_
2

=

cotone (- o (Tt # 4)

where we have used successively (66), (68) and (67), with a; and as defined as above.
O

We can now state a precise version of (i7) = (4i7) in Theorem 6.

Theorem 31. Consider GV € P(Sév). Moreover we suppose that GV is f-chaotic, for
some f € P(RY), and also that

1 1
My(GY) <C, k=6, S H(GYRY) <G L IHGYRY) < G
Then GV is entropically f-chaotic. More precisely, there exists C = C(C1,Ca,C3) > 0
and for any B < (k — 2)[4(dk + d + k)]~! a constant C' := C'(B) such that

VN

Proof. First of all, thanks to Theorem 21 (with g = v and ¢ = 1) we have

¥ HE ) = H ()| < 0 (WGNf@N) . c’zvﬁ) .

e ] NN
< — <
H(f]y)_lmloréfNH(G |vY) < Co
and thanks to Theorem 23
.1 N|_ N
< — <
I(flv) < liminf = I(GT]y™) < C,

which implies that I(f) < oo. Indeed, I(f|y) = I(f) + M2(f) — 2d, from which we
conclude.

Furthermore, since I(f) < C, f lies in LP(R?) for some p > 1 by Sobolev embeddings.
Moreover My, (f) < oo for some k > 6 since M (GY) is bounded and GY¥ — f weakly
in P(R%). We have then all the conditions on f to construct FV = [f®V] sy satisfying
Theorems 18 and 19.

Let us denote

foON

and we compute the relative Fisher’s information with respect to v
1

2
N
1w 1 [V

N N _. pNAN

d'yN
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where we recall that Vs is the tangent component to the sphere Sév of the usual gradient
V in R™V, Since |[VsfV|? < |VfV|?, let us compute the usual gradient of fV

VAV N VN
ot _g e

i=1

(f\l/io Zsz e fict figroo- N

where f; = f(v;).
We can return to the Fisher’s information to obtain

2
1 N
(FN| ) N ‘ fN‘ d"}/N
Jif sy Zn(f; \1/; N,0) Z Al fz Lo fict fig e I dyY
_ \Vor f1? Zn-1(f; VAN = o1 ]2, — JN
R i Zn( f; Van,0) T

In the proof of Theorem 18 we computed the quantity

Zyn_1(fi VAN — |v1|?, —v1)
Z\(f; VAN, 0)

with |0 (v1)| < C’. Now, we use the fact that

— [l -v) 1 Iy (VAN —[uilf?, —o)

’va(vl) = 9{\[(?}1)7(01)

Zn(f: VAN, 0) v(v1) Z\(f;VdN,0)
to obtain
1 Vo, f1]°
(69) ¥ I(FN YY) < /Rd |f‘1fl| 0N (v1) dvy < C.

Since S has positive Ricci curvature (because it has positive curvature), by [18
Theorem 30.22] and [10] the following HWTI inequalities hold

N Ny _ N Ny T NN N ~N

H(F"|y™) = H(GT[y7) < 5 JIFEY YY) Wa(F7, G,
7

H(GYYY) = H(FNAY) < 5 5 V(G YY) Wa( FN.G").

Remark 32. In the original HWI inequality, the 2-MKW distance is defined with the

geodesic distance on Sl];V , however here we use on SZ];V the Euclidean distance inherited

from RV, Fortunately, these distance are equivalent, hence the HWI inequality holds
in our case adding a factor 7/2 on the right-hand side.

(70)
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Multiplying both sides by 1/N we obtain

1 1 . [I(FN|yN) Wo(FN, GV)
—HFNYM) - —HGY YN < = ’
v HE ) =S HGTh) < 5 N N
1 1 m [I(GN|YN) Wo(FN,GV)
—HGNYN) = —HFV V) < = ’ :
v HGT ) = S HIET YY) < 5 ~ ~
Since N7HI(FN|yN) and N~1I(GV|yY) are bounded, we deduce
1 Wo(FN,GN)
71 — HFN N - H(GN N’<02’.
(1) oy HEY ) — (VY| < 0

Finally, we write

1 1 1
 HE ) = ()| < |3 HGN ) - 5 1Y)

+|§ HEY DY) = H(f)

and thanks to the later estimate (71) with the triangle inequality for the first term of
the right-hand side and Theorem 19 for the second one, we obtain

(72 Wa(G, fON) | Wa(FY fON) | 1 )

VN N N

Now we have to estimate the second term of the right-hand side. Hence, thanks to
Lemma 30 we have

N HE )~ B <0 (

WQ(FN7f®N) ! % T N r®2\a1 —aq —a %7%
oM (Wa(F, fo2)m 4 N~ 4 N7o2) 2 F
and from Theorem 18 we have W1 (F3¥, f®2) < Wi (FY, f%2) < CN~/2 which yields
WQ(FNv f®N) ! % —011/2 —ag %_%
T <O Mg (N + N )
<CO'N 2G5,
with a1 < k(dk +d + k)~!. We conclude putting this last estimate in (72). O

We give a possible answer to [3, Open problem 11] in the Boltzmann’s sphere framework,
which is a precise version of Theorem 7.

Theorem 33. Consider GV € P(S}) such that G is f-chaotic, for some f € P(R%),
and suppose that
1
(73) M(GY) < C k>2, S I(GYpY) <C.
Suppose further that
(74) FEL®®RY  and  f(n) > exp(—alvi]?)

for some constant a > 0.
Then for any fized £, there exists a constant C = C(d, £, || f|| o, Mi(GY), N"TI(GN |4N)) >
0 such that for all N > £+ 1 we have

H(GY %Y < CWi (G, f84H0EdR)
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where O(€,d, k) = k[dl(k + 3) + 2k + 4]71. As a consequence, H(GY|f®) — 0 when
N — oo and condition (19) holds.

As discussed in the introduction just after Theorem 7, assumptions (73)-(74) of
Theorem 33 are natural in the case of Maxwellian molecules since they are propagated in
time. However, the conditioned tensor product assumption can be made at initial time
for the Boltzmann model but it is not propagated. As a consequence of this theorem, we
shall obtain that condition (19) is propagated under the master equation for Maxwellian
molecules (see point (iv) of Theorem 8 below).

Proof of Theorem 33. We write
H(GY|f%) = [HGY h™) = HF* ™) + [(GY = 1) logn™

+ [~ G tog £
=T+ 15+ T5.
Let us split the proof in several steps.

Step 1. For the first term we use the HWT inequality on R% [15],

Ty = H(Gy |v®Y) — H(f& 7®") < JI(GY |v®0) Wa(GYY, £29).

Let us first show that the Fisher’s information I(G}'|y®¢) is bounded thanks to
N(GN|yN) < C. Thanks to [1, Example 2] (see also [5] for related inequalities) there
exists some constant C’ > 0 such that

&) o oo LGV YY)
/ - N '
We write then

2
I(Gévlvév)Z/(VlogGéV—VlogvéV\ e
(75)
= 1GY) + [ [2Al0gad + [Viog ] Y,

and then we deduce that

(76) 1GY) <16 + [ [28logad + V102G

is bounded thanks to explicit computation of ’yév in Lemma 10. We conclude that
I(GY|v®*) is bounded since M>(GY) = d¢ and writing

G ™) = 1G) + [ [281059%" + [V log1*f2] G
= I(GN) + My(GY) — 2dt = 1(GY) — dt.
Moreover, we have thanks to Lemma 28 applied for Gév , f® € P(R%)

(77)

k—
Wa(GY, 190) < C My(GY, 29700 WG, f24) =,
where Mk(GéV> [0 = Mk(GéV) + M, (f®%). We conclude then

(78) Ty < O My(GY, £ 7D Wy (G, f24) D
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Step 2. Let us denote by Bpg the ball centered at origin with radius R > 0 on R%, by B%
its complementary and let v = (vy,...,v,) € R¥. Since logy®* = —(d/2)log 27 — |v|?/2,
we can write
1 1
=5 [ (=GP 5 [ -Gl
2 /Bg 2 JBs,

The function ¢(v) = |v|? lies in Lip(Bg) with ||[V@| 1= (5,) = 2R. We obtain then

[ oo -eipp<ar sw { oy -

l9llLip(BR) <1
(79) <on s {[ouet-a)
”(z)”Lip(Rdé)Sl
= 2RW1 (G}, [*9),

where the last equality comes from the duality form for the W; distance (see for instance
[18]). Next we write

¢ N 2 1 12 N k Mk(GéV’f(gz)
) [ G GNP < g [ G = S

Choosing R such that (79) is equal to (80) we get

_ 1
(81) Ty <2651 My(GY, 25T WA(GY, £
Step 3. Finally, let us investigate the third term T5. We write

(82) Ty = /B (F%° = G) log £ + /B (=GP log £

2
| )

For the first integral in (82) we have, since f € L™ and f®(v) > e~
/B (f& = GY)log f* < (flongHLoo(BR) + aRQ) £ — G\l L1 (By)-
R

Let g = f® — G) and consider a mollifier p., i.e. p-(v) = e ¥p(c~1v), p € CZ(R¥)
with p >0, [ p =1 and supp p C B;. Then we have

HgHLl(BR) < g pEHLl(BR) + g * pe — gHLl(BR)'
For the first term we obtain

g * pell L1 (Br) = /B {/ |pe(w —v)| | f2(v) — GY (v)] dv} dw

<NIVpell ooy WA (G, £2) | duw
Bgr
C

— gdf+1

R

A

Rdz Wi (Gév7 f®€)'
Moreover, for the second one we have

lg * pe = ll 11y < eVl <& (IVF%)I s+ IVGY 1)
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By Theorem 23, we have I(f®¢|7®¢) < C and then we deduce that ||V £2¢||.1 is finite.
Moreover, the boundness of I(G}') (see (76)) implies that ||[VGY || is also finite. We
have then

C
175 = Gl 1 () < WR(M Wi(GY, f2) + Ce

< C R WG, o,
where we have optimized e.
For the second integral in (82) we have
My (G, 1%
/Bc (£ = G log 1% < t1og | ] o« (ék)
R

We conclude then, optimizing in R,
(83) N ot
_de_ 1 M (G,
T3 <C (f]ongHLoo(BR) + aRQ) Rat+2 I/I/'I(Gé\f7 f®€)del+2 + Llog || £l oo k(ékf)
< CW(GY, fo) T,

Finally, gathering (78), (81) and (83), we obtain
HGH|) < € (WG, 12755 4 w6, 529 + w6, o) modraees )

k
< CWA(GY, [ T,

where C' = C(d, ¢, || f|| 1o, Mp(GY), N"LI(GN|yM)).

5. APPLICATION TO THE BOLTZMANN EQUATION

We can apply our results to the spatially homogeneous Boltzmann equation (equations
(5) and (4) in Section 1) with true Maxwellian molecules (8).
We prove now Theorem 8.

Proof of Theorem 8 (i). We found the proof in [13, Theorem 7.10]. O

Proof of Theorem 8 (ii). First of all, from [13, Theorem 5.1}, for all t > 0, GV is
fi-chaotic. Now, we split the proof in several steps.

Step 1. Let GY' be built as in Theorem 18, i.e. G = [f(‘?N]Sév, which is possi-

ble since fy € Pg(R?) and I(fo|y) is finite. We know from [13, Lemma 7.4] that
for all + > 0 the normalized Fisher’s information N~'I(G{¥|y") is bounded since
NG AN) < N7H(GY|¥N) and the later one is bounded by construction (see
equation (69)). Moreover, Mg(I11(GY')) is bounded by construction, thus for all ¢ > 0,
Mg (1 (GY)) is also bounded thanks to [13, Lemma 5.3] .

We can then apply Theorem 31 to G (taking G = G and f = f; in the notation
of that theorem) and we obtain that for any 3 < (k — 2)[4(dk + d + k)] ! there exists
C" = C'(B) such that

0 |pmh) | < oo (TERED | yes).

VN
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We have then to estimate the first term of the right-hand side and we shall use the
result of propagation of chaos proved in [13].

Step 2. Thanks to the result of propagation of chaos in [13, Theorems 5.1 and 5.2] we
have, for s > 2 + d/4,

® gl - 7], < o (6.

where we recall that G, s, € P(P(R?)) are defined in (63) and Wi, (GY, d,) in (64),
more precisely

Wi (G 7,) = /R Wl fo) G (aV).

We recall that we want to estimate the first term of the right-hand side of (84) and
we shall explain how we can obtain it from (85). On the one hand, for the right-hand
side of (85) we shall obtain a estimate of the type

Wina (G.5,) < € [W(ma(@), £5) + N]"

since we can estimate W1 (Tl2(GY), £$°?) from Theorem 18. On the other hand, for the
left-hand side of (85), we shall deduce an estimate like
1
VN

to be able to conclude.

03

Wa(GY, 12N) < o ey - 522

Step 3. First of all, we deduce from (65) in Lemma 29,

N
Bl

Wi, (G.37,) < 28 M Wiy, (G 65,)

Then, thanks to (67) in Lemma 29 we obtain

=

1
2

Wi, (G .65,) < 25 M (C’al/\/l,’i“ (W (1(G), £52) +N—1)‘“> ,
and using Theorem 18, which tell us W1 (IIa(GYY), £5%) < CN~Y/2 we deduce
(86) Wi, (GY,05,) < Cay N=F(G75),
where we recall that a; < k(dk +d + k)~ L.

Step 4. Thanks to [8, Lemma 2.1] applied to o(GY) and f%* € P(R??), for any s > d/2
(with d > 2) there exists C' := C(d, s) such that

2k
2d+2ks

T/ 2d
W1(IL(GN), f22) < CM,(TIy(GN), f82)2ar 2w -

L (GY) — 22

Furthermore, from Lemma 30 we obtain that there exists a constant C' := C(d, k, a, a2)
such that

W2(Giva EQN) % i N ®2\01 —a1 —ag

N|=
el
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Finally, gathering these two estimates with (85) and (86) we obtain that there exists
C :=C(d,s, a1, az, Mi(fo), Mp(II1(GE))) such that

WQ(Giv’ t®N)
(87) VN

ol
==

<C (N—af(ﬁ)(%—%) LN N*O@)

< ON~,

e_y<k)c_1y
T \d+ks)\2 &k

<( k—2 )2 k
2(dk +d+k)) d+ks

where

_ ( k—2 >2 4k
2(dk+d+k)) dk+4d+ 8k
using a1 < k(dk +d+k)~! and s > 2 + d/4 from (85). We conclude taking k = 6 and
gathering (87) with (84).
O

Proof of Theorem 8 (iii). The proof is a consequence of points (i) and Theorem 25.
Since we have fo € Pg N L®(R?), fo(v1) > exp(—alv1|? + ) and

Jim - HGY [N y) = 0.

Theorem 25 implies that GJ is entropically fo-chaotic. Moreover, for all ¢ > 0 the
solution f; is bounded by below by a Maxwellian, i.e. fi(v1) > exp(—alv|> + 3) for
a >0 and § € R, and also lies in Pg N L= (R%) (see for example [17] and the references
therein). By point (i), for all ¢ > 0 the solution Gi¥ is entropically f;-chaotic, then
applying once more Theorem 25 we deduce that

Jim < H(G [ ]sy) = 0.
O

Proof of Theorem 8 (iv). The proof is a consequence of Theorem 33. From the as-
sumptions on fy and G, we conclude by Theorem 33 that G} satisfies condition
(19)
Ve eEN, lim H(T,(GY)| 55 = 0.
N—o00

As already said in Step 1 of the proof of point (iv) of Theorem 8, for all ¢ > 0,
the normalized Fisher’ information N=1I(GN|y"V) is bounded, as well as My (I1;(GJY)).
Furthermore, for all t+ > 0, we have f; € L®(R?) and f;(v1) > exp(—alvi|?> + 3) for
some & > 0 and 3 € R (see point (iii) above). Hence, using once more Theorem 33, we

conclude that for all t > 0, G} satisfies condition (19)

V{eN, lim H (I, (GM)| 2% = 0.
N—oo
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APPENDIX A. AUXILIARY RESULTS

We prove here some auxiliary results used in Section 2 and Section 3.

A.1. Change of variables. We present the proof of Lemma 9 in Section 2.
Proof of Lemma 9. Thanks to (21) we have

N—-1 N
|uN\2 (Z \vz|2 + 2 Z ZUZ vj)

=1 j>i
and, for 1 <k < N —1,

k-1 k
lug|> = k—|—1 (sz\Q—l—QZZvZ v; + k2 |vgs1]? —Qkaz vk+1).

i=1 j>1
We deduce from these estimates that |u1|? + -+ + |un|? =: I + Iy with

N1 . | N
I1=Z< Rt D) Z|k|2+7| k+1|>+NZUi|2
=1

k=1

N-1
= Z A+ An
k=1

and

Z\H

[&(lezm-] kili )

i=1 j=i+1

£En)

N
[Z Bi + By | -

First of all, looking to I; we easily see that |vy|? appears only in Ay_1 and Ay, so
its coefficient is (N — 1)/N + 1/N = 1. For m such that 2 < m < N — 1, |v,,|? appears
in A1, Am, ..., Any_1 and Ay, hence its coefficient is given by

N—-1
m—1 1 1
—+t ) = to=1
m JZ jG+1) N
The coefficient of |v1|? is the same of |v3|? since there is no Ag. We conclude then
= |v1)2 + -+ oy %

We can compute I in the same way. For 1 < m < N — 1, v, - vy appears only in
By -1 and By, so its coefficient is —1/N + 1/N = 0. Moreover, for 1 <m <p < N —1,

U, - Vp appears in By,_1, By, ..., By_1 and By, hence its coefficient is given by
N-1
1 1 1
——+ —+ —==0.
p ]Z;, pp+1) N

Finally, we conclude that [u1|> 4 - +|un|?> = |v1)>+-- -+ |vn|?> = r? and uy = 2/VN
follows easily from (21).
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The last point to prove is that the Jacobien is equal to one. To simplify we consider
d = 1, the general case being the same. Consider the matrix My that represents
the linear application in (21), i.e. Myu = v, where v = (ug,...,uy) € RY and
v=(v1,...,0n) € RV,

We claim that det(Mpy) = 1. Indeed we have

1 1
i v Y 0
1 1 2
V6 V6 V6
My = : K 0
1 1 _(N-1
(N-1)N V(N-1)N V(N-1)N
1
VN VN

7 1 1 -1 0 0
V6 1 1 =2
MN: . 0
(N-DN 1 1 —(N-1)
\/% 1

Let us prove the claim by recurrence. For N = 2 is clear that det(Ds2) = 1/2 and
det(Az) = 2, which implies det(Ms) = 1. Then, supposing that det(Mpy_1) = 1 we have

N-2

1 1
(88) det(My_1) = (gl NCED R OED

since det(Dpy_1) is easily computed. Moreover, we have the following relation det(Ay) =
N det(An—_1). Hence we deduce that

) det(ANfl) =1

Nt 1 1
det(MN) = (]}:[1 \/m X \/N) det(AN)

11 : ! ! N det(A
U Ziass > va—on < vw ) Y detdv)

=1

thanks to (88), which concludes the proof of the claim.

A.2. Regularity lemma.

Lemma 34. Let f € P(R?). Suppose f € LP N Ly(RY) for p > 1 and s > 0. Then
f € Ly (RY) with ¢ < p and m = s(p —q)(p — 1).
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Proof. Let us compute the LI norm of f,

1905, = [ @+ 1P syt ao

<C</f de+/|v\ de)

For the first term we have || f||%, < ||f]|%, and for the second one we obtain

[o|™ f(v)?dv < MW‘/T 1) f( )(q a)r/(r—1) (r=1)/r o) 1/r
/ / [

by Holder’s inequality for some r > 1 and 0 < a < ¢. Now choosing r = p/a and
choosing « such that (¢ —a)r/(r —1) =1, ie. a =p(¢—1)/(p — 1) we obtain

[1or syan < ([ e=2/e-0 5) " ([ pop)

Finally, choosing m = s(p — q)/(p — 1) we conclude with

[10]
[11]
[12]
[13]
[14]

[15]

1718, < C (L1 + A2/ @D | D/ emD).
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