ON THE DERIVATION OF A STOKES-BRINKMAN PROBLEM FROM STOKES
EQUATIONS AROUND A RANDOM ARRAY OF MOVING SPHERES

KLEBER CARRAPATOSO & MATTHIEU HILLAIRET

ABSTRACT. We consider the Stokes system in R?, deprived of N spheres of radius 1/N, completed by constant
boundary conditions on the spheres. This problem models the instantaneous response of a viscous fluid to an
immersed cloud of moving solid spheres. We assume that the centers of the spheres and the boundary conditions
are given randomly and we compute the asymptotic behavior of solutions when the parameter N diverges. Under
the assumption that the distribution of spheres/centers is chaotic, we prove convergence in mean to the solution
of a Stokes-Brinkman problem.
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1. INTRODUCTION

This paper is a contribution to a rigorous justification of mesoscopic models for the motion of a cloud of solid
particles in a viscous fluid. As explained in [7], the modeling of particle suspensions can borrow to different areas
of partial differential equations. If the cloud contains few particles, the behavior of particles can be modeled by
a finite dimensional system and the coupling with the fluid equations yields a fluid/solid problem similar to the
ones studied in [5l [6] 1T} 23] for example. If the number of particle increases, a description of the particle phase
via its individuals seems irrelevant. Depending on the volume fraction of the particle phase it is then necessary
to turn to a kinetic/fluid description (as in [2] or [3]) or a multiphase description (see [16]).

In the case of a kinetic/fluid description, a system — that we can find in references — is the following
Vlasov—Navier-Stokes system:

Of +v-Vuf +6mdivy[(u—v)f] = 0,
(Oru+u-Vyu) = Axu—pr—GW/ flu—v) dv,
R3
div,u = 0.

Here we introduce f : (t,2,v) € [0,00) x R® x R3 — [0, 00) the particle distribution function which counts the
proportion of particles at time ¢ which are in position € R? and have velocity v € R?. This unknown encodes
the cloud behavior. We emphasize that v is a parameter of f, hence the notations with indices to express
with respect to which variable we differentiate. The two other unknowns (u,p) represent respectively the fluid
velocity-field and pressure. One recognizes in the two last equations Navier-Stokes like equations. For simplicity,
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we do not include physical parameters such as the fluid density and viscosity. A particular feature of this model
is the supplementary term

(1.1) 6r | flu—v)dv,
RS

that appears on the right-hand side of the momentum equation. It is supposed to model the exchange of
momentum between the solid phase and the fluid. As emphasized in [I] this supplementary term occurs when
the product "number of particles” times ”radius of particles” is of order 1. The explicit form above can be
justified with the following formal reasoning. Assume that the cloud is made of N identical spheres of radius
1/N. If the particles are sufficiently spaced, they interact with the fluid as if they where alone: at its own scale,
the particle ¢ moves with its velocity v; in a viscous fluid whose velocity at infinity is u(h;). Stokes’ law entails
that fluid viscosity is responsible of the drag force:

6
F=—
N

This term corresponds to the forcing term in the Vlasov equation and the corresponding term (|L.1]) in the
Navier-Stokes system is obtained by assuming that the forces induced by the N particles can be superposed.

(Uz' — U(hi))

We are interested here in a rigorous approach to the above formal reasoning. This supposes to start from the
fluid /solid problem, where the particle dynamics equations are solved individually, and let the number of particles
diverge with their radius and density given by a suitable scaling. This question mixes large particle system
problems (justification of the Vlasov equations starting from a system of ODEs) with fluid homogenization issues
(computing a macroscopic equation for the fluid unknowns). The full problem seeming still out of reach now,
we focus here on the fluid homogenization part. Namely, one assumes that the particle behavior is given and
wants to compute the new term in the fluid equation which takes into account the influence of the particles.
Since this term is due to fluid viscosity, we restrict to the Stokes system (i.e. the system obtained by neglecting
the full time derivative on the left hand side of the momentum fluid equation). Then, the problem reduces to
homogenizing the Stokes problem in a perforated domain with non-zero boundary conditions (mimicking the
particle translation). This particular homogenization problem has been the subject of recent publications (see
[8, 13, 15, 19]). Therein, the limit Stokes system including the Brinkman term is obtained under specific
dilution assumption of the particle phase. One further step toward tackling the time-dependent problem is then
to discuss whether the set of favorable configurations — i.e. such that the Brinkman term appears in the
limit — is sufficiently large. To this end, we propose here to derive the Stokes-Brinkman problem via a Liouville
approach in the spirit of [20]. More precisely, we first pick at random N identical spherical particles/obstacles
of radius 1/N, each of them being characterized by its center of mass and its velocity, under the constraint
that particles do not intersect each other. We assume that the cloud of particles lies within a bounded open
subset Qg of R3. We then consider a fluid occupying the whole space R? deprived of these particles and satisfying
a stationary Stokes equation with Dirichlet boundary condition at the boundary of each particle given by its
velocity. Our aim is to rigorously derive the Stokes-Brinkman equation as an effective equation of the above
problem in the limit N — oo.

Let us describe the problem in details. To begin with, fix NV € N* arbitrary large and consider the experiment
of dropping randomly N spheres of radius 1/N in the whole space R®. Since the radius of the spheres is very
small in comparison with their number (note that the volume fraction occupied by the spheres is typically of size
1/N?), we adapt a model that is classical for large point-particle systems. We denote

2 S
ON .— {((X{V,VlN),...,(Xﬁ,V/VV)) € R xRN sit. [x) - XN > < \m;é]}.

This represents the set of admissible configurations for the centers of mass X~ = (X{V ... X¥) and velocities
VY = (V{V,...,VE). In what follows, we also denote Z; = (X;,V;) the state variable for the particle i and
keep bold symbols for N-component entities. For instance, we denote Z¥ = (XN, V}V), ..., (XY, V) € OV a
configuration.

The configuration of particles Z"¥ will be chosen at random under some law F~ € P(OY), where we denote by
P(E) the space of probability measures on E. We assume that this probability measure is absolutely continuous
w.r.t. the Lebesgue measure and also denote by FV its density. Moreover, since the particles are indistinguishable,
we shall assume that Z% is an exchangeable random variable, which means that its law FV is symmetric, that
is, for any permutation o € &y there holds

FN(ZY, .. Z3) = FN(ZNy, . Z0 ), V2N e OV,
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Given a configuration ZV = (XN, V/M),..., (XY, VY)) € ON we introduce the perforated domain:

N
FN=R*\|JBN., where BN =B(X)Y, %) Vi=1,....N,
i=1

and consider the following Stokes problem:

o

—Au+Vp = .
(1.2) { din - 0 in FV,
with boundary conditions
u(z) = VN ondBN fori=1,...,N,
(1.3) lim |u(z)] = O.

|z]— o0

We obtain a stationary exterior problem in 3 dimensions. Such systems are extensively studied in [I0], Section V]
where it is proven for instance that there exists a unique solution (u,p) to (1.2)-(1.3). We may then construct:

if © N
W[ZV) () = { u(x), ifzeF

VN ifzeBNfori=1,...,N.
The above reference on the exterior problem entails that u[ZN] € H'(R?) (where we denote H'(R?) the closure
of C°(R?) for the L?-norm of the gradient). Therefore, we construct the mapping
Uy: O — H'R
-, v (R?)
ZYN o u[ZN)

as a random variable on OV endowed with the probability measure FV.

At first in [8], it is shown that, for a given sequence ZV satisfying some conditions and with prescribed
asymptotic behavior when N — oo, the associated solutions to (1.2)-(1.3) converge to a solution to the
Stokes-Brinkman problem:

—Au+Vp+6mrpt = 67) . o3
(1.5) { divi = 0 in R?,
with vanishing condition at infinity
(1.6) lim |a(z)| = 0.

|z|—o00

In this system the flux j and density p are related to the asymptotic behavior of the ZV. In this paper, we
compute the flux j and density p depending on the asymptotic behavior of the law F'V in order that the
expectation of Uy converges in a suitable sense to the same Stokes-Brinkman problem. As we recall in the
beginning of Section |4} this system is well-posed for positive p € L?/?(R?) and j € L%%(R3).

1.1. Main result. Our main result requires some conditions on the sequence of symmetric probability measures
(FN)yen< on ON. To state our conditions, we introduce the family of sets O™[R] for an integer m > 2 and
R > 0 as defined by:

O™[R] = {((Xl,m),...,(xm,vm)) € [R® x R¥)™ s.t. [X; — X;| > 2R Vi ;éj}.

We note that we have then OV = ON[%] in particular. Then, the m-th marginal of FV is given by

Frjr\li(Z) = / ]_(Lz/)eoN}?N(Z,Z/)dZ/7 VZ S Om[%]
RE6(N—m)

Such marginals are constructed by remarking that, if we split an N—particle distribution by giving the m
first particle state z and the remaining (N — m) particle state z’ we must require that z € O™[+] in order
that (z,2’) € O be possible. We apply here again with small letters the convention that z; € RS splits into
z; = (zi,v;) and that bold symbols encode vectors of unknowns z, v or z.

We are now able to state our main assumptions. Let (Z")yen- be a sequence of exchangeable OV -valued
random variables, and let (FV)yen- be the sequence of their associated laws, that is, symmetric probability
measures on O,

Assumption A1l. We assume that (FV)yen- are distribution functions, that is belong to L!'(O), and satisfy
the following properties:
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(0) Supp(FN) C (29 x R3)¥, for some bounded open €y C R3 and any N € N*.
(1) There exists a constant C7 > 1 such that for any N € N* and 1 <m < N
N . N m
1Em Lo L3 (0mi g1y = Sup /]Rsm 1 comiy) Fo (2)dv < (C1)
(2) There exists kg > 5 and a constant Co > 0 such that
sup 21 * FN || 1 11 (woxrsy = sup / |z1|P FN (21) dzy < Cs.
Ne NEN* JR3 xR3
(3) There exists a constant C5 > 0 such that

sup |||1)1|F2N||L30L11)(02[%]> = sup sup / l(zl,zQ)eO"‘[ﬁ] |v1|FSY (21, 29) dvpdwg < Cs.
NeN* NeN* z1,z2 JRRE

In this set of assumptions, (2) corresponds to the classical assumption that the law has a sufficient number of
bounded moments; (1) would be satisfied in particular by tensorized laws; (0) is reminiscent of the fact that the
cloud occupies the bounded region 2y and (3) shall enable to control the interactions between close particles
through the flow.

Given a sequence (Z")yen+ of exchangeable random variables on OV, we define the associated empirical
measure by

N
1
(1.7) pNZN] = 5 D g,
=1

as well as the empirical density and the empirical flux respectively by
1 1 &
(1.8) pN[ZN] = pN XN = N > oxn, N[N = ~ > VilNoxx.
i=1 i=1

The first formula defines a standard probability measure while the second one is a vectorial measure on R3.

We now state our assumptions concerning the asymptotic behavior of the sequence of configurations.

Assumption A2. Under Assumption A1l m we suppose that there is a probability measure f on R? x R? with
support on Qg x R? such that, defining the probability measure p(dz) ng f(dz, dv) and the vectorial measure
= [gs vf(dz,dv) (both with support on Qq), we have:

() Jim E[Wi(p"[2"].p)] = 0;

N—o00
.. . NN . o
(i) Jim_ B [I7¥1ZY) = jllop oy | =0

We denote here Wy for the Wasserstein distance (with cost ¢(z,y) = |z — y|) and || - Hcg,l(Rg)]* for the dual

norm of Lipschitz bounded functions on R? (see Section [2| below).

Remark 1. Given the random variable Z" with law FV, we can consider the random variable X~ on O :=

{(XN,..., X)) € R | |X}N — XN| > % Vi # j} which has a symmetric law RN e P(OY), given by

RN(dxN) = [pan FN(dxN,dv"). Point (i) in Assumption is equivalent to the fact that the sequence

(RN) nen- is p-chaotic (roughly speaking that RY is asymptoticly i.i.d. with law p, see Definition thanks to
g. [12].

Remark 2. We will be interested in conditions on the sequence (FV)yen- in order to ensure the convergences

of Assumption In particular we will show in Lemma that if the sequence (F'V)yen- is f-chaotic (see
Definition [2.1)) then it satisfies Assumption (But clearly this is not a necessary condition.)

With these notations, our main theorem reads:

Theorem 1.1. Let f € LY(R? x R3) be a probability measure having support in Qo x R and define p(z) =
Jgs f(z,v) dv and j(x) = [gs vf(@,v) dv. Assume that p € L*(Q) andj € L6/5(QO) so that there exists a unique
solution (u,p) € Hl(R3) x L?(R3) to the Stokes-Brinkman problem ([1.5] associated to p and j. Consider a
sequence of exchangeable random variables (ZN)yen- on OV and their associated symmetric laws (FN) yen-
satisfying Assumption [A]]
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Then, given o € (2/3,1) and for N large enough, the map Uy given by (1.4]) satisfies:

1
3

1
(1.9) E HUN[ZN] — UHL?DC(RS)} <E [Wl(pN[ZN],p)] 4R [”]N[ZN] _ jH{Cg’l(R%]*} + N*el(Oé)’

1—a (Ba—2) )
95 7 2 ‘

As a consequence, if (FN)yen- satisfies moreover Assumptz'on (i)-(ii), then

. N o
Jim B [[UN[ZY] = a2 o] = 0.

where e1(a) = min(

A key-point in the result of this theorem is that the right-hand side of depends on powers of
E [W1(pN[ZN], p)] and E [||jN[ZN] _j”[cg’l(R?’)]*]’ and on a residual power of N (depending only on the
parameter o). We remark that both densities and flux differences estimates in are in fact estimates of the
same type, since here, for probability measures such as the densities, the Wasserstein distance W7 is equivalent
to the distance given by the [C,? ! (R3)]*-norm. However, the fluxes j¥[ZN] and j are not probability measures
(they do not even share the same mass a priori) so that Wi is not a distance. We emphasize that the explicit

values of our exponents need not be optimal in all contexts and that it is also possible to obtain a LP version of
estimate (1.9)) with different exponents, under the condition that WP embeds into some Hélder space.

A further result of our study (see Section (3, is that, with the assumptions of Theorem E[Un[Z"]] defines
a bounded sequence in H L(R3). Theorem then implies that this sequence converges (at least weakly in
H'(R?)) to the solution to the Stokes-Brinkmann problem with the corresponding flux j and density p. This
consequence is yet another hint that the Stokes-Brinkman problem — is indeed the right macroscopic
model to compute the behavior of a viscous fluid in presence of a cloud of moving particles under the asymptotic
convergences of Assumption

To show one application of the previous theorem, we shall construct an explicit example of probability
measure on OV satisfying the assumptions of Theorem and for which we obtain a quantitative estimate of

the convergence ((1.9).

Corollary 1.2. Let f € L'(R3 x R3) be a probability measure satisfying the hypotheses of Theorem and such
that the associated density p € L () and fﬂoxm |v|¥ f(dz) for some k > 5. Then we can construct a sequence
of symmetric probability measures (FN)yen- on O satisfying Assumptions and and for which there
holds

E [IUNIZ™] = ull gy | S N7+ N7,

On the basis of computations in [I5], we expect that the content of Theorem can be extended to particles
with arbitrary shapes and possibly rotating. We recall that, in this framework, the limit Stokes-Brinkman
problem is related to the distribution of shapes for the particles in the cloud, that is quantified in terms of Stokes
resistance matrix associated with these shapes. The particle rotations influence the effective model only via their
contribution to the drag force exerted on the particles. We refer to [15] for more details.

1.2. Overview of the proof. The proof of Theorem [I.1] faces several difficulties. First, for fixed N, we must
identify a sufficiently large set of data Z” for which the solution Ux[Z"] to the Stokes problem in the punctured
domain is close to the solution to the Stokes-Brinkman problem. In comparison with [§], a key-difficulty is
to have a quantified estimate at-hand. A second difficulty is that, since the velocities V¥ that we impose
on the particles are arbitrary, the solution to the Stokes problem may diverge in H L(R3) when two particles
become close. It is then necessary to obtain a bound on the solution to the Stokes problem associated with these
configurations in order to ensure that they won’t perturb the computation of the limit in mean.

Having in mind these two important difficulties, we propose an approach that is divided into five steps that
we explain in more details below:

e As a first step, we prove in Section some estimates associated to the convergence of the sequence of
configurations (the random variables (Z")y and their laws (F~)x) with respect to the expected limit
(the marginals p and j of the distribution f).

e We then identify some “concentrated configurations” and prove that they are negligible in the asymptotic
limit N — co. These configurations correspond to ZV € OV such that there exists a couple of particles
too close to each other or that there exist too many particles in a same cell of small volume. This is
done in Section
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e Furthermore, we compute uniform estimates satisfied by the map Uy[Z]. We obtain simultaneously
that:
— the mean of Uy[Z"] is well-defined and uniformly bounded in H'(R?);
— the weight of contribution of the concentrated configurations vanishes when N — co.
This enables to get rid of concentrated configurations in the asymptotic description of Uy. This step is
treated in Section [3

e In a further step, developed in Section [ we prove a mean-field result for non-concentrated configurations
which is the cornerstone of our proof. We combine here the duality method of [I9] with covering
arguments of [13]. In comparison with these previous references, we consider in this paper an unbounded
container. So, these arguments need to be adapted carefully.

e Finally, in the last step presented in Section [5] we gather previous estimates together in order to obtain

Theorem Furthermore, we construct a particular example of sequence of probability measures
(FN)n in order to obtain Corollary

The paper ends with a series of appendices. In Appendix[A]are gathered the technical computations underlying
the third step of the above analysis (corresponding to Section . In Appendix [Bl we give some material on the
resolution of the Stokes problem in a punctured box. These results are used in Section[dl Finally, in the last
Appendix [C] we provide also some computations of constants that are involved in Section [4]

Notations. In this paper, we shall denote A < B if there is some constant C' > 0 (insignificant to our
computation) such that A < CB. We use the classical notations L?(O) and H™(O) for Lebesgue and Sobolev
spaces. The space H 1(R3) will play a crucial role in the analysis. We recall that we can see this space as the
closure of C2°(R?) for the norm

fulancen = ([ 1V6)" vwe oz

We also apply below constantly the Bogovskii operator [10, Section III.3]. We recall that this operator is
constructed to lift a divergence. Namely, given f € LP(O) it creates (under some compatibility conditions on f)
a vector-field w € WP(0) such that divw = f. Concerning the homogeneity properties of this operator we refer
to [I3, Appendix A] among others.

Acknowledgments. K.C. thanks N. Fournier for fruitful discussions on empirical measures. K.C. was partially
supported by the EFI project ANR-17-CE40-0030 and the KIBORD project ANR-13-BS01-0004 of the French
National Research Agency (ANR). M.H. is supported by the IFSMACS project ANR-15-CE40-0010, the Dyficolti
project ANR-13-BS01-0003-01.

2. PROPERTIES OF THE SEQUENCE OF CONFIGURATIONS

In this section we gather some properties of the sequence of configurations (Z")yen- on OV under the
sequence of associated laws (FVN)yen- satisfying Assumptions We recall that

(2.1) oV = {zN e (R x RN | |X; — X;| > % Vi 7Aj},
where hereafter we shall use the Assumption (O) saying that Supp(FY) c Qg x R? for some bounded open
set 0y C R?, and where we denote

ZN = (Zy,...,ZN) € (R® x R}V,

XN =(Xy,...,Xy) RN, VN =(V,...,Vy) e RV,

Zi = (X;,V;) € R® x R?,

We shall denote by OX the projection of the space of configurations OV onto the X*V-variables, more precisely

2
Of::{(Xl,...,XN)GIR{3N|\Xi—Xj|>N Viyéj},
in such a way that O ~ O x R3V,

In the first part of this section, we focus on the convergence of the family of measures (p™[Z"])yen- and
(iV[ZN]) nven- seen as random variables. As mentioned in the introduction, we metrize the convergence of
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measures on R3 by two different topologies: either we see (by restriction) vectorial measures as bounded linear
forms on Holder spaces:

01?70(R3) - {gp © C(RS) n LOO(RS)’ s.t. sup M < OO} I
z#Y |z — y|

or we use the (Monge-Kantorovich-)Wasserstein W;j-distance on probability measures. Hereafter, the 1-
Wasserstein distance Wi (f,g), with f and g probability measures on R x R? is defined by (see e.g. [24])

e W)= st [ ean = s [ 0 ) - ),

n€ll(g,f) [Y]Lip<1

with II(g, f) being the set of probability measures on (R® x R?®)? whose first marginal equals g and second
marginal f, and []pip denotes the Lipschitz semi-norm

Correspondingly, []co.e with 0 < @ < 1 stands for the C*? semi-norm

e e sy BV

atn! |Z _ Z/|0
and || - HCE’Q(DW) i= || - |pee g2y + [Jco.e the C%P-norm. We then define, for finite signed measures m and m in
R3, the dual metric || - ||(C’E’9(R3))* by
(2.3) [l — m||(cg,e(R3))* = sup o(2) (m(dz) —m(dz)).
||¢>Hcg,e(m3)§1 R3

Finally, for vectorial measures j = (jo)1<a<3 and j = (Ja)1<a<s in R?, we define
3
(2.4) 17— j||(CZ?’9(R3))* = 221 70 = j@||(C§’9(R3))*'

We remark here that, when dealing with probability measures p, p € P(R3) with support included in g, the
W1 distance between p and p is equivalent to the dual distance given by the Cl? "L_norm of their difference, and
we shall always use the former, which is of more common use.

In the second part of this section, we measure the weights of configurations in which the particles are
concentrated, meaning that the minimal distance between two particles is small or that there are too many
particles in a small subset of R3.

2.1. On the convergence Assumption Let us describe some properties concerning the asymptotic
convergence of the data, where we always assume that Assumption is in force. We first obtain some estimates
for different metrics concerning the convergences of Assumption and then we give a sufficient condition on
the sequence (FV)yen- to satisfy Assumption

We recall below the notion of chaoticity for a sequence of probability measures, see [I8], 22].

Definition 2.1. Let £ C R%. Consider a sequence (Y™V)yen- of exchangeable random variables on EV and the
associated sequence of laws (77V) yen-, that are symmetric probability measures on EV. We say that () yen-
(or that (Y¥)yen+) is m-chaotic, for some probability measure 7 on E, if one of the following equivalent
conditions is fulfilled:

(a) 7Y converges to 7™ weakly in P(E™) as N — oo for any fixed m > 1 (or some m > 2);

(b) the P(E)-valued random variable uV[Y ] converges in law to m as N — oo.

Here 72 denotes the m-marginal of 7V given by 7N (dzy,...,dz,) == fEN,m aN(dzy,. .., dzm, dzmat, - -, d2n),
and pN[YN] = & Zf\il Sy~ is the empirical measure associated to Y.

We remark that [12] obtains a quantitave version of the above equivalence. More precisely, assuming that ¥
possesses a finite moment of order k& > 1, (7V) yen+ is m-chaotic is equivalent to

(a") A}im Wi (zN, 7®™) = 0 for any fixed m > 1 (or some m > 2);
—00
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(b)) lim E [Wy (N [YN], )] =0;

N—o00

with a quantitative estimate in N for the equivalence between (a’) and (b’). As a consequence of this, and
arguing similarly for the case of finite vectorial measures (more precisely for finite signed measures, corresponding
to each component of jN[Z"] and j), we hence remark that Assumption is equivalent to

(i’) the random variable p™v[Z™] converges in law to p as N — oo ;
(i) the random variable jV[Z"] converges in law to j as N — oc.

We now give some estimates concerning different metrics. For any k > 0 and any probability measure
f € P(R? x R3) with support on Qg x R?, we denote its moment of order k& > 0 by

M= [ () fdedo),

We remark that My (f) > 1 for any k > 0 and k — My (f) is non-decreasing. On the other hand, under the
Assumption (2), we have a uniform bound for (My, (F™))nen+. So, below, we focus on probability measures
with bounded kp-momentum i.e.:

B, (Co) == {f € P(R® x R®) s.t. Supp(f) C Qo x R* and My, (f) < Co}

where ko € [1,00) and C > 1 are fixed by Assumption [AT}(2). Standard arguments show that this set is closed
w.r.t. the weak topology on P(R3 x R3).

Lemma 2.2. Let f,g € By, (C2) and define py = [ps f(-,dv), pg = [os g(-,dv), jr = [psvf(-,dv) and
Jg = Jgs vg(-,dv). Given k > 0 we denote My, := My (f) + My(g) and Ko > 0 a constant depending on Q.

(1) For any 6 € (0,1) there holds

pr Pq” (C%0(R3))~ <KOW1(Pf pq) K0W1(fa )

(2) For any 6 € (0,1) there holds

(kg=1) o

||]f _jgll(cf"’(W))* < K()ij ngQérél By S KOM ko o V[/l(f7 g) kg (04D

Proof. These estimates are standard but we give the proof here for completeness.

(1) We prove first that

6

(2.5) HPf - PgH(cgﬂ(RS))* N W1(pf,pg)m,
from which we conclude by remarking that

(26) Wl(pf7pg) 5 Wl(fvg)

Recall that

||Pf - Pg”(cg,e(Rg))* = sup d’(l‘)(ﬁ’f(dx) - Pg(dx))-

il % 053y <170

We consider a sequence of mollifiers (()eso, that is, (c(z) = e ?¢(e"*z), ¢ € C°(R?) nonnegative, [ ((z)dz =1,
and supp(¢) C B(0,1). We split

/ 6(2)(ps — py)(dz) = / (6% C) (@) (py — po)(da) + / [6(z) — (6 * ) (@) (py — po)(d)
R3 R3 R3

=: T1 + TQ.
For the term T5, we easily remark that

@) = (@ C)(a) = [ [0(0) = oo =l )dy < [Bloos | |0}y < [Blono .

Hence the previous estimate yields

T2 < 6= 6% Clm) [ (05 +02)(00) S Wollogogas
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For the term T; we observe that o + (¢ * (.)(x) lies in Lip(R?), indeed, for any = € R®, we have
V2(6% (@) = (6 * Vut) @) s/ ot — =W g,
< [ oo T2l

S 6_1H¢||L°°(]R3)||VICHL1(R3)7

which implies [¢ * (cJrip S € 1|@|| oo (r3). From that last estimate we get

Tl S [(b* Ce]Lip \/]R3 [Z:Ei](i)p

S ¢l sup / »(@)(ps — pg)(dx) = € 6]l oo re) Wilpy, py),
[¥]Lip<1JR3

(pf — pg)(dz)

Gathering previous estimates and choosing e = Wi (py, pg)f?%l completes the proof of (2.5). We now easily prove
(2.6) by remarking that

Wilpsoop) = s [ wi@)or—ppae) = s [ (@7 - g)dad)

[Y]Lip<1J/R3 [Y]Lip<1
< sup / U(z, 0)(f — g)(dz,dv) = Wi(f. g).
[¥]Lip<1JR3xR3

(2) By reproducing mutatis mutandis the arguments for (2.5)) we obtain
(2.7) ¢ _jg||(cg=9(R3))* S iy = Jg”(co L(R3))*
So we prove next

- & kgt
(2.8) 171 _JgH(cgvl(RS))* S MI:O Wi(f.g) = .

For R > 1 we define the smooth cutoff function xz(v) = x(v/R) with x € C2°(R%) nonnegative and 1p5(0,1) <
X < 1p0,2), and we write, denoting j; = (j?)lgagg and j, = (j§')1<a<s, for any a € {1,2,3} :

137 = dg i cor gayy- = " jljp - i, @) (d2) = g (d)) = i <1/RS , O@)a(f = g)(da,dv)
(R3) = 0 A3y S X
- { [ @@ 9@ + [ ol - xa)(s —g><dm,dv>}
Hd’H 0. 13y ST LIRIXRS R3 <R3
=: Il =+ IQ.

Observe that, given ¢ € C’O’l(R?’) such that ||¢||co 1gsy < 1, the mapping (z,v) — @(x)vaxr(v) lies in
Lip(R? x R?) with [¢veXr]Lip < R. Indeed, we have

[PvaXRr]Lip < [D)LipllvaX Rl Lo ®s) + |0l Lo ®3) | VovaX R Lo (r3)
and, for any v € R3,

1
vaxrWI SR, [Vo(vaxr) ()] S [0alVox(p)l 5 S 10Vexll=@s) $ 1,

which implies
Il g RWl(fa g)

For the second term, since f, g € Bi,(C2), we have

M
BS s [ @l xe@)(f - o)) S gt
Hgﬁ” 0 1(R3)— R3 xR3
A/ o
and we conclude to (2.8) by choosing R = W > 1 (since W1 (f,g) < My,) if not infinite. O

With the above lemma we can show the following sufficient condition for the convergences in Assumption
to hold.
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Lemma 2.3. Consider a sequence (ZN)yen- of exchangeable random wvariables on O and the associated
sequence of symmetric laws (FN)yen< on OV satisfying Assumption . Suppose that (FN)nen- is f-chaotic
(Definition , for some probability measure f on R3 x R3 with support on Qg x R3, and denote p := fRB f(,dv)
and j := [pavf(-,dv). Then (FY)yen- satisfies Assumptz'on more precisely there holds

E [Wi(p"[Z"], p)] SE[Wi(u"[Z"], )] =0

and
kog—1

E 15V 12Y] = il o oy ) SEWAGNENL P o= 0,

N—o00

Proof. Thanks to the moment condition Assumption (2) and the fact that (F'V)yen- is f-chaotic, we know
from [12] that

lim E[W1(uN[ZV], £)] = 0.

N—o0

We conclude the proof by applying Lemma and remarking that E [My, (1™ [ZV])] = My, (F{V) is uniformly
bounded thanks to Assumption [AT}(2). O

2.2. Estimating the weight of concentrated configurations. For A\, a > 0, and any integer M < N, we
define

(2.9) o) ={zZ" € O | min| XY - XV| < N~}
i#]
and
(2.10) Oﬁ\\{M :={Z" € OV | there exist at least M particles (X,V) in the same cell C()) of size A > 0}.

Here the cell C()) is given by, for some y € R3, (y1 — A\/2,y1 +A/2) X (y2 — A/2,92 + A/2) X (y3 — A/2,y3 + A/2),
so that [C,(\)| = A3

Below, we study the weight of the sets (’)ﬁ\\{ 2 and OX . For this, we allow that the parameters A and M depend
on N. Namely, we denote:

M\ V3
(2.11) My = NP, Ay = (”N) , VN eN*
with positive parameters «a, 8,7 to be fixed later on.

We now state the main result of this section.

Proposition 2.4. Consider a sequence of random variables (Z™)nen- and the sequence of their associated laws
(FN)nen- satisfying Assumption . Let a € (2/3,1), B € (0,1/2) and n € (0,00) sufficiently small. Then, the
sequences (M™N)nen= and (AN)yen+ given by formula (2.11)) satisfy:

1
N N N
P(Z EOANMNUOQ)SWWO

We emphasize that the smallness restriction in the previous statement is explicit. With the notations of
Assumption it reads n < 1/(2eC4). The proof of Proposition is split into the two following lemmas.
Lemma 2.5. Under the assumptions of Proposition[2.4, there holds

NB
IP(ZN e Oﬁ\VN,MN) S (277016) N

Proof. By symmetry of FN, given A > 0 and M € N* with M < N, we have
N
M

In order to compute the last probability, again by symmetry, we only need to compute the probability of particles
i€{l,...,M — 1} to be in the same cell C()\) containing X2, the position of particle number M. Since a cell
C(A) has diameter A (with respect to £>°-norm), we obtain:

P(XY,..., XN are in the same cell C(\))

M—-1
gﬂ»<m{xgv—xﬁ|oo<»>

i=1

P(ZN € OV ) = ( ) P((X{,..., X3 are in the same cell C())).

S (/\301)M71

?
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where we have used Assumption [AT}(1) in last line.
When N, M — oo with (N — M) — oo and N/M — oo, Stirling’s formula gives
N\ N! V2rNY2NNe—N
M)  M{N-M)  2xrMY2MMe=M\/2x(N — M)V/2(N — M)N-Me~(N-M)

1 < N ) M 1
Ver \M ) MY2(1 - M)N-M+1/27
which implies

)M—l '

1 (N\M 1
N N 3
]P(Z S OA,M) 5 \/72771_ <M) M1/2(1 o %)N*]\Jﬁ»l/? ()\ Cl
We now consider the given sequences (My)nen+ and (Ay)nven+ given by formula (2.11)), and we get
N\ MY 1 M Mot
N N < 2 MN
]P)(Z € OAN,MN) ~ (MN) M]lv/Q(l_ %)N(l*MN/N)+1/2 (77 N Cl)

N 1 .
< [ c .
~ (MN) M}V/Q(l_%)N(l—MN/N)-H/Q (77 1)

Since 8 € (0,1/2), we have that M% /N — 0 so that we can simplify the denominator of the right-hand side:

N My — _38 NP —
P(ZN € OivN,MN) < VEE (nCre)M™ =1 = NO=%) (noye)V 1
N

< exp (Nﬂ log(nCie) + ( — %) log N) < (2nCle)Nﬁ .

O

Lemma 2.6. Under the assumptions of Proposition[2.4), there holds

P(ZN € O)) < o N3,
Proof. By symmetry of FN we have

N
Pz € 0%) = (3 ) POXY - X3 < ),
and we easily compute
P(IX{ — X3'| < N™) SN || oo 1 @sxrsy N3 S C1N T3,

which completes the proof. O

3. PROPERTIES OF THE MAPPING Upn FOR FIXED N

In this section, we fix an arbitrary strictly positive N € N and we analyze the properties of the mapping U" .
As N is fixed, we drop the exponents in notations (except OV). For example, we denote U = UV, X = X,
V=VV X, =XY and V; = V... The main result of this section reads:

Proposition 3.1. The mapping U defined in (1.4)) satisfies U € C(ON;Hl(]R?’)). Moreover, if F € LY(ON) is
a sufficiently reqular symmetric probability density, we have U € L*(ON | F(Z)dZ).

More quantitative statements on the integrability properties of U are stated in due course. In particular, the
meaning of “F sufficiently regular” is made precise in Section below.

Let first recall classical statement on the well-definition of the mapping U. For fixed Z € O, by definition,
the restriction u of U[Z] to

N
F=R*\|JB (Bi:B(XZ-,l/N), Wzl,...,N),
i=1

should be the unique H'(F) vector-field for which there exists a pressure p such that (u, p) is a solution to:

{—Au+vp = 0,

3.1
(3:-1) divue =

in F

)
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completed with boundary conditions:

(3.2) { u(z) = V; on B

limy oo u(z) = 0.

We recall here shortly the function spaces and analytical arguments underlying the mathematical treatment of
this problem [I3, Section 3]. We refer the interested reader also to [10, Sections IV-VI] for more details.

We denote D(R?) := {w € C=(R?) div w = 0} and D(R?) its closure for the H'(R?)-norm. We recall that
D(R?) is a Hilbert space for the scalar product:

(u,v) — Vu: Vv
R3

and that D(R?) C L°(R3). For a smooth exterior domain F (i.e. the complement of some bounded compact set
B C R3) we can then set

D(F) ={u,, wue DR}

By restriction, D(F) is also a Hilbert space for the scalar product:

(3.3) (u,v) — /fVu : Vo.

Remark 3. We just remarked that:
D(F) C {u € L5(F) s.t. Vu € L*(F) and div u = 0}.

One may then wonder if this inclusion is an equality. However, we have that D(F) C H\ _(F). Since 0F is
compact the trace of elements of D(F) is then well-defined in H'/2(0F). Standard manipulations show also
that, if w € D(F) then

(3.4) / w-ndo =0 for every connected component I' of 0F.
r

Conversely, if this latter condition is satisfied then one can extend u by the solutions of the Stokes problem
inside the connected component of R3 \ F surrounded by I'. Finally, we may then characterize:

D(F) = {u € L(F) satisfying Vu € L*(F), div u =0 and (3.4)}.

In particular D(F) contains Dg(F), the subset of divergence-free vector-fields vanishing on 0F, which can also be
seen as the closure of Do(F) := {w € C(F), div w = 0} for the H'(F)-scalar product (3.3). Remarking that
extensions of vector-fiels in Dg(F) are the trivial ones, and recalling that we have the embedding D(R?) C L%(R3)
we infer that Do(F) embeds continuously into L5(F).

With these definitions, problem (3.1)-(3.2) is associated with a(n equivalent) weak formulation:
Find u € D(F) such that u=V; on dB; for i =1,..., N and
/ Vu:Vw=0, forarbitrary w € Dy(F).
f
Existence of a weak-solution yields by applying a standard Riesz-Fréchet or Lax-Milgram argument which also
yields the following variational property:

Theorem 3.2. The vector-field U[Z] € D(R3) is the unique minimizer of

{ IVu]?, veDR?) st v, =V; for alliE{L...,N}} .
R3 ¢

We refer the reader to [I3| Theorem 3] for a similar proof on a bounded domain that can be adapted easily to
this case with the functional framework depicted above. The remainder of this section is organized as follows. In
the next subsection, we consider the continuity properties of the mapping U. We continue by deriving a pointwise
estimate and end up the section with an analysis of integrability properties of U.
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3.1. Continuity of the mapping U. At first, we obtain that:
Lemma 3.3. The mapping U satisfies U € C(ON; D(R?)).

As only continuity is required for our purpose, we give below a proof of this lemma based on monotonicity
arguments only. Nonetheless, one may prove much finer properties by using change of variables methods (see
[21, @] for instance).

Proof. The problem (3.1)-(3.2) being linear with respect to its boundary data, we have that, for fixed X € R3Y
such that | X; — X;| > 2/N when ¢ # j, the mapping V + UJ[Z] is linear. Consequently, it is sufficient to consider
the continuity of the mapping X — U[Z] for fixed V.

Let V € R3Y be fixed and consider X € R3" - such that |X; — X;| > 2/N for any i # j — and a sequence
(X*))en in R3N such that

o ZF) = (X)) V) € ON for any k € N,
o limyoo XM = X; fori=1,..., N.

We are interested in proving that U[Z®)] converges to U[Z] in D(R?). Due to the variational characterization of
U|Z), we remark that it is sufficient to prove that the sequence (m®)),cy defined by

B(x®,1/N)

m®) .= inf {/ [Vu[?, v e D(R?) s.t. v =V, forallie {1,...,N}} VkeN
R3

satisfies:

(3.5) lim m® = my := inf {/ |Vol?, v € D(R?) s.t. Vipxoam = Vi forallie{l,... ,N}} )
k—o00 R3 v

Indeed, for arbitrary k € N, there holds: m®*) = ||VU[Z(k)]||2L2(R3). Consequently, if (m®*)),ey converges, U[Z*)]

is bounded in D(R?). We may then pass to the limit in the weak formulation of the Stokes problem (restricted

to test-function in Dy(F)) and we obtain that U[Z] is the weak limit of U[Z®)] in D(R?). The convergence of

(m®)en implies then that (|VU[Z®]| 12rs))ken converges to |VU|[Z]| 12(rs). As D(R?) is a Hilbert space,

this ends the proof.

To prove (3.5), we analyze the continuity properties of the function m.(-) as defined by:
Moo(R) = inf {/ IVo|?, ve DR st v, =V foralie {1,...,N}}, VR >0,
R3

We note that mo = Mmoo (1/N) and that, as |X; — X;| > 2/N for i # j, this function is well defined for R
close to 1/N. Left continuity in 1/N is for free. Indeed, by construction, m..(-) is increasing and, if we had
limp_y1/n- Moo (R) < Moo (1/N), we would be able to construct a vector-field v € D(R?) satisfying simultancously
=V, fori=1,...,N and

UlB(Xi,l/N)

22 (R o(1/N
[ I90R< timmac(R) < mac (1)),

which yields a contradiction. Right continuity in 1/N is a bit more intricate. To this end, we note that mq,(1/N)
is achieved by U[Z]. Remarking that, on the one hand, for an arbitrary truncation function x there holds:

Vixz| [ V; ontheset{x=1}
2 “ 1 0 on theset {x =0},

V x [X(x)
and that, on the other hand Dy(F) is dense in Dy(F), we may construct a sequence (w)),cy € [D(R3)]N
converging to U[Z] and a sequence (¢);en € (0,00)N converging to 0 such that, for arbitrary I there holds:

wY =V, onB(X;,1/N+eW), Vvi=1,...,N.

This implies that:
IVUIZ]|| L2Es) = Moo (1/N) < meo(1/N +&V) < [Vl || 2@sy, V€N,
and consequently, by comparison, that:

. T Oy _
Rilf}lN+ Meo(R) = llgrolomoo(l/N + &) =m(1/N).
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To conclude, we apply a simple geometric argument implying that, associated with the sequence (X (k))keN,
we may construct a sequence (n*))ren € (0,00) converging to 0 for which, for arbitrary k € N we have:

B(X:,1/N — ™) c B(X™ 1/N) ¢ B(X;,1/N +73®) Vi=1,...,N.

Consequently, for arbitrary k& € N, by comparing the sets on which U [Z(k)] is equal to V; with balls of center X,
we obtain:

Moo (1/N =) <m® < m(1/N +n*).
We conclude the proof thanks to the previous continuity analysis of R — mo(R) in R = 1/N. |

3.2. A pointwise estimate. We obtain now a bound for given configurations:

Lemma 3.4. There exists a universal constant C' for which, given Z € OV, there holds:

N
C
||VU[ H|L2(]R’i) < — Z|V‘2 14+ \X —X;|1<s5x%
N 2
=1 i#i | X — Xj| —

Proof. In this proof Z € O¥ is fixed and splits into X and V. The idea of the proof is to construct a suitable
function
weY[Z) = {v € D(R®) st. v, =V forall i € {1,.. .7N}}

whose norm can be bounded by the right-hand side of the above inequality. The bound is then transferred
to U[Z] via its variational characterization (see Theorem [3.2]). To construct the candidate w we consider
successively the spheres B; in the cloud. Given a sphere B; we construct a divergence-free vector-field w; which
satisfies the boundary condition w; = V; on B; and w; = 0 on the By, for j # ¢. A naive construction of w; would
be to truncate away from 0B; as a function of |z — X;|. This would create a non-optimal vector-field (because it
requires to choose the distance at which the truncation vanishes smaller than the minimum distance between B;
and the B;’s). Our method consists in drawing a virtual sphere of radius 3/2N around X;. We then intersect
this sphere with F. This creates a connected domain with two boundaries: an internal one corresponding to
0B; and an external one made partially of the boundary of B(X;,3/2N) and partially of small spherical caps
corresponding to the B;’s that intersect B(X;,3/2N). We create then a vector-field that satisfies w; = V; on
the internal boundary and w; = 0 on this virtual external boundary by truncating the (constant) vector-field
Vi. The key-point is that we make the truncation to depend not only on the distance |z — X;| but also on the
projection of the point x and the sphere B;. We treat then differently the truncation in a zone between 0B; and
spherical cap by adapting the construction of [14].

Technical details of the proof are are rather long, hence we stick to the main ideas here and postpone them to
Appendix [A] The first intermediate result concerns the treatment of sphere B;:

Lemma 3.5. Giveni € {1,...,N}, there ezxists w; € D(R?) satisfying

(3.6) w; =V; in B; and w; =0 in B, for j #1,
(3.7) Supp(w;) C B(Xi, 33),
such that:

O|V'|2 1 :l\Xz’*Xj|<i
(3.8) [Vwil|72 ey < N 52— %

i | X = Xj| = &
for a universal constant C.

Let (w;)i=1,...~ be given by Lemma By combining (3.6) for i = 1,..., N, it is straightforward that:

N
w= sz e Y[Z]
i=1
Furthermore:

e > [, v vu,

i=1 j=1
At this point, we use the property (3.7)) in order to bound the right-hand side. Given ¢ € {1,..., N} let denote

= {je{l,....,N} st. B(Xi, 5) N B(X;, o) #0}.
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We remark that, given two indices ¢ and j we have the equivalence between j € Z; and i € Z;.

On the one hand, applying (3.7)), there holds:

N
> | Vwi:Vw;=> | Vw:Vw; Vi=1,...,N.
j=1"R? jez, 'R®
On the other hand, we have:
Lemma 3.6. Given i€ {1,...,N} the set I; contains at most 64 distinct indices.

This lemma is obtained thanks to simple geometric argument that we develop in Appendix [A] Applying
standard inequalities, we can then bound:

N

1
Z Vw; : Vw; §32/ |Vwi|2+72/ |Vw,|>, Vi=1,...,N,
which entails:
N | N
Vwl|? < 32 / Vw2 + = / Vw, |?
/1w S [ w3303 [ vl
N | N
< 32 24+ =) |7 2.
w2y [ 1vu +2;g|/RS|VwJ|
N
§64Z/ |Vaw; |2,
i—1 Y R?
We then conclude the proof by applying (3.8]). |

3.3. Integrability properties of the mapping U. In this last part, we envisage to integrate the mapping U
against a sufficiently regular symmetric probability density F' € L'(O¥). To state the regularity assumption, we
recall the notations:

Fi(z) = / 1on(2,2)F(z,2')dz, VzeRS,
R6(N—-1)
Fy(21,20) = / 1o~ (21, 22,2 )F (21, 20,2)d2’,  V(21,22) € OF,
R6(N—2)
2
where O := {(21,22) € RS s.t. |z — mo| > N} We introduce also:

. 2
i@y, o) = /6 [v1|Fa((x1, v1), (22, v2))dvrdve, VY (21,22) s.t. |z — 21| > N
R

With these notations, we prove

Proposition 3.7. Let F € L'(ON) be a symmetric probability density satisfying

(3.9) /RG(I + |22 Fi(2)dz < oo,

(3.10) /}R3 [ sup |j(:ﬁ1,x2)|] dzy < 0.

I2€R3\3(27172/N)

There holds U € LY(ON, F(Z)dZ) and there exists a universal constant C such that:

</RB(1 + |Z|2)F1(Z)dz); + % . [ sup |j(x17x2)|1 day

2 €R3\B(z1,2/N)

E[[VU||2@s)] < C

Proof. Since U € C(O; D(R?)), our proof reduces to show that E[||VU || 2(gs)] is finite. Let Z € OV, applying
the bound of Lemma [3.4] together with a standard comparison argument, we obtain that:

N 1 N 1‘Xv_Xv‘<L
YICH I 3) L
i=1 i=1 j#i X — X5 -«

1
2

1
VU|Z sy < C | —
I []”L(R)— VN
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We have then

N N
1 1 ]'X,—X < 5
E(|VU[Z]l|2@s)] <C(E || =D VNP [ +E |5 DD IVl s s\
N 4 N &= & . |_2
i=1 i=1 j#i | Xi — X — %

We split the right-hand side into two integrals I; and I. First applying a Jensen inequality and then symmetry
properties of the measure F' we have:

1 : 1 <
.: 1 N2 <E |1 N |2
L, == E <N;I‘é |> _E[NZI‘G |

< (/Rﬁ(l + z|2)F1(z)dz)1/2.

By assumption (3.9), we have then I; < co. Furthermore, using symmetry properties, the definition of j and
assumption (3.10f), we infer:

1 N 1|Xi—X7‘|<%
I, = E NZZWJ : 5
=17 X=Xl =%

1\X1—X2|<%

N|=

1
2

< NE |V
X1 —Xo| - %
1, _ 5
= N / ‘UﬂMFQ(Zl,ZQ)dUldUQ dl‘ldl‘Q
O Al G P
<

1
N/ / —j($1,$2)d$2dxl.
R3 B(Ih%)\B(Il,%) /|‘T1 — 12‘ — %

< o [ s, )l ] / =
P — sup Z1,%2)|dT) T
N2 Jra |y er\Blar 2/ BO\B02) VIl =2

The last integral appearing on this last line being finite, we obtain that Is < oo and our proof is complete. [

With similar arguments as in the proof of this theorem, we also obtain the following corollary:

Corollary 3.8. Under the assumptions of Proposz'tion given ON C ON we have:

IP(On)|2 (/Rﬁ(l + |z|2)F1(z)dz>é + #/ﬂﬁ l sup |j(a:1,a:2)|] dxl] .

IQGRS\B(Il,Q/N)

E[[VUlL2@s1p,] < C

4. MAIN ESTIMATE FOR NON-CONCENTRATED CONFIGURATIONS

In this section, we compute a bound for the distance between a solution to the N-particle problem and
the limit Stokes-Brinkman system in a “favorable” case. For this, let first state a stability estimate for the
Stokes-Brinkman system suitable to our purpose.

Let consider a nonnegative density p € L3(Qg) and a momentum j € L?(O) where Qg and O are bounded
open subsets of R3. The subset € is the one given in the introduction, corresponding to the domain occupied
by the cloud of particles. We denote below ©; = Q¢ + B(0,1). The subset O is another bounded open subset,
not necessarily the same one. We apply the convention that we extend p and j by 0 in order to yield functions
on R3. In this framework, the existence/uniqueness theorem in bounded domains (as mentioned in [19]) extends
to the Stokes-Brinkman problem on the whole space:

67)

—Au+ Vp+ 6mpu . 3
(4.1) { dive — 0 in R?,
(4.2) lim |u(z)| = 0.

|z|—o00

Indeed, as in the case of the Stokes problem, the system (4.1)-(4.2) is associated with the weak formulation
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Find u € D(R?) such that

Vu:Vw+67r/

ﬁu~w:67r/ j-w, Yw € D(R?).
R3 R3

R3
For positive 5 € L3(Qg) C L3/?(R?), the left-hand side of the weak formulation represents a bilinear mapping
a, which is in the same time coercive and continuous on D(R?) (we recall that D(R?) C L°(R?)). Hence, for
arbitrary j € L?(Q) € L%/5(R3) C [D(R?)]* we can apply a standard Lax-Milgram argument to obtain that
[@.1)-(.2) admits a unique weak solution u := u[p,j] € D(R?). At this point, we note that any weak solution u to
— is also a weak solution to the Stokes equations with data 67 (j — pu). Since j € L*(R?) and p € L3(R?)
we obtain that the source term is in L?(IR?) and apply elliptic regularity estimates for the Stokes equations on
R3 (see [10, Theorem IV.2.1]). This yields:

Proposition 4.1. For arbitrary j € L*(O) and non-negative p € L3() the unique weak solution u := u[p,]]
to the Stokes-Brinkman problem (4.1)-(.2) satisfies VZu € L*(R3®) and there exists constants Ko, K1 whose
dependencies are mentioned in parenthesis such that:

[Vul[L2@s) < KolljllLo/sms)s IV?ull L2 @sy < K1(l15ll s sy) (171l L2@s) + 1l noss (e -

By duality, the previous elliptic-regularity statement entails a regularity statement in negative Sobolev spaces.
Namely, given a nonnegative density 5 € L3(£), we denote, for arbitrary v € D(R3) :

S

Reproducing the arguments of [I9, Lemma 2.4], we obtain then the following proposition:

Vo :Vw + 67r/ pv - w‘ ,w € D(R?) with | Vwl||p2gs) + || V2wl p2@s) < 1} .
R3 R3

Proposition 4.2. Given a bounded open subset O C R3, there exists K := K (O, ||pl|12(,)) such that
vl 20y < K[v]p,2

We refer the reader to the proof of [I9] Lemma 2.4] for more details.

The computations below are then based on the following remark. Let ZV = (XN, V]V, ... XY V) e OV,
U = Un|Z"] and P the associated pressure. For arbitrary divergence-free vector-field w € C>°(R?), we have by
integration by parts:

VU:Vw~ [ VU: VwNZ/ S(U, P)n - wdo,
R3 FN OB(XN,1/N)

where %(U, P) = (VU + VTU) — Pl is the fluid stress tensor and n is the normal to dB(X}N,1/N) directed

inward the obstacle. In the favorable configurations under consideration here, we can replace w — in the boundary

integrals on the right-hand side — by the value in the center of B(X,1/N) and compute the integral of the

stress tensor on OB(X¥,1/N) by using Stokes law (see [8, formula (4)]):

N
6 _
/ S(U, Pyn - wdo ~ / S(U, Pyn - w(XN)do ~ 2= SOVN —TN) - w(x]),
OB(XN,1/N) OB(XN,1/N) N &~
where V.V — UM stands for the difference between the velocity on the obstacle B(X¥,1/N) and the velocity
“at infinity” seen by this obstacle. One important step of the analysis is to justify that we can choose for such
asymptotic velocity a mean of U around B(X}¥,1/N). We obtain finally the identity:

N N
67 _ 6
/Rg‘VU:Vw—FWE U1N~w(X{V)~W§;:ViN-w(XzN)-

We recognize an identity of the form:

We compare then this weak-formulation with the weak formulation for the Stokes-Brinkman problem (4.1] .
Taking the difference between both formulations, we apply the duahty argument above to relate the Lloc—norm
of the difference U™ [ZN] — u[p, j] to duality distances between p™[Z"] and p, on the one hand, and jV[Z"] and
j, on the other hand. The core of the proof below is to quantify the error terms induced by the symbol “~”
above, especially to justify the application of Stokes law for “favorable” configurations.
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4.1. Main result of this section. To state the main result of this section, we recall the notations introduced
in [13] to handle the convergence of Uy towards u[p, j]. Given N € N* and Z = (X1, V1,..., Xn, Vy) € OV, we
denote:

® duin[Z] the minimal distance between two different centers X;

e )\[Z] a chosen size for a partition of R? in cubes;

o M|[Z] the maximum number of centers X; inside one cell of size A[Z].
If dmin[Z] is sufficiently large and M|[Z] is sufficiently small, the particles are distant and do not concentrate in a

small box. This is the reason for the name “non-concentrated configurations” of this section. With these latter
notations, the main result of this section is the following estimate:

Theorem 4.3. Let o € (2/3,1), n € (0,1), R > 0 and 6 > 1/2 be given. There exists a positive constant
K = K(a, R,Qq) such that, for N > 1, given ZV € OV such that

1 N3(1—a)/5 nM(ZN] 3
4. dpinlZN] > —, M[ZN <~ \ZN] = (221
(4.3 2" > g Mz < T = ()
we have
N . K i N .
WW@]—UMﬂhmmﬂnénbMZ]—wammw

5
N 7
1 N2 L+ llpllzy) | 6 1 N
+ <1 TN -2—1 Vil ) (61/3 +6 = + [1p[Z7] - P||[CS,1/2(R3)]* -

where we recall that

1 & 1 &
Ny _ N1 _ N
Mzhﬁ;&% ﬂzwﬁgmgﬁ

The remainder of this section is devoted to the proof of this theorem. It is based on interpolating the method
of [T9] for dilute suspensions with the construction of [13]. Though the computations follow the line of these
previous reference, we give an extensive proof for completeness because estimates have to be adapted at each
line.

Proof of Theorem[{.3 From now on, we pick a,7,d, R as in the assumptions of our Theorem [£3] N > 1 and
Z = (X,Vi,...,Xn,Vn) € O such that holds true. For legibility, we forget the N-dependencies in
many notations in the proof. We recall that, by assumption, Supp(p[Z]) U Supp(j[Z]) C Qo and we denote
Q1 :=Q + B(O, 1)

To begin with, we note that, by applying the variational characterization associated with the Stokes problem
(see [I3, Theorem 3]), we can construct a constant Cy such that:

C N
(44) IVU12Z] 2 ey < 22 D0 VAP
i=1

This property relies mostly on the fact that Nduin[Z] is bounded below by a strictly positive constant. We refer
the reader to [I3] Section 3] for more details.

We want to compute a bound by above on ||U[Z] — ulp, j]|| 12(B(0,r))- APPlying Proposition this reduces
to compute a bound for:

V(U|Z] — ulp,j]) : Vw + 67r/ p(U[Z] — ulp,j]) - w|,w € D(R?) with

(U1Z) ~ ulp. ]l := sup] .

R3

||V’LU||L2(R3) + ||V2w||L2(R3) < 1},

or to find a constant K independent of U[Z] and w € D(R?) for which there holds

R3

A;vanm—quD:Vw+6w/'MUML—Mmﬂ>44serunamy+mﬂwmamﬂ.
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Hence, in what follows we fix w € D(R?) and we focus on:
Blul = [ V012~ ulp.sl): w67 [ o2 = ulp.i) -
We apply without mention below that, since €2, is bounded, there holds:

[wll oz @y + IV@ll Lo @) S VwllLz@s) + V2wl L2 @s) =: [[w]| p2(rs).-
First, we decompose the error term E[w] into several pieces that are treated independently in the rest of the

proof. Since u[p, j] is the weak solution to the Stokes-Brinkman problem associated with (p, j), this error term
rewrites:

Elw] /Rs(VU[Z] : Vw + 6mpU[Z] - w) — /RS(Vu[p,j] : Vw + 6mpulp, j] - w),

3

/ (VU|Z] : Vw + 67pU[Z] - w) —67r/ Jw.
R3 R
We now work on the gradient term involved in this error:
VU[Z] : Vw,
R3

in the spirit of [I3]. Applying the construction in [I3, Appendix B], we obtain a covering (T} ).ezs of R? with
cubes of width A[Z] such that, denoting

Z5 = {i€{17'~~7N} s.t. dist (Xi’ U aT”) <>\[5Z}}7

KEZ3

there holds:

N
1 121
. — %) < =—
(45) § L0+ < 55 D%,

i€Zs
Moreover, keeping only the indices K such that T}, intersects the 1/N neighborhood of 2y, we obtain a covering

(Tx) ek of the 1/N-neighborhood of €. We do not make precise the set of indices K. The only relevant property
to our computations is that

1€

[N

Associated with this covering, we introduce the following notations. For arbitrary s € K, we set
Z.:={ie{l,...,N}st. X; €T}, MZ]:=#I,.

We note that, since T}, has width A\[Z], we have that M,[Z] < M[Z] for all x. Moreover, by construction of £,
all the X; are included in one T}; so that the (Z.).ex realizes a partition of {1,...,N}.

(4.6) #K

We construct then an approximate test-function w® piecewisely on the covering of . Given x € K, we set:
(4.7) wy(x) = Z GNw(X))(x — X)), VxeR3,
€L\ Zs
where G [v] is the unique weak solution to the Stokes problem outside B(0,1/N) with vanishing condition at

infinity and constant boundary condition equal to v € R® on dB(0,1/N). Explicit formulas are available in
textbooks and are recalled in Appendix [B] We set:

w® = E ’LUE]_Th
KEK

We note that w® ¢ H}(R?) because of jumps at interfaces 9T. It will be sufficient for our purpose that
w® € HY(T,) for arbitrary x € K. Setting:

Eolw| = | VU[Z]:Vw-Y_ [ VU[Z]: Vw},

R3 KEK R3

Elw] = Eofw +Z/ VU[Z] : Vot +67r/3pU[Z]-w—67r/j-w.

ke R3

we have:
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Now for arbitrary x € IC, we apply in Section the properties of GV and integrate by parts the integral on
T,.. We obtain an integral on 9T} in which we approximate U[Z] by:

1
Uy 1= —— UlZ|(z)dx,
([ Tkl2s] J 17,105
where [T}]25 is the A[Z]/(26)-neighborhood of 8T}, inside T}. In this way we obtain that
. 6
/ VU[Z] : V' = — > w(Xi) - (Vi — i) + Erry.
T, N
" €L\ Zs

where it will arise that Erry is due to the approximation of U[Z] by 4, on 9T, only. So, we set:

and we rewrite:

E[w]zEO[wHEl[wH%”Z 3 w(Xi)-Vi_%TZ S w(X) -

KEK €L\ 25 KEK €L\ 25
—|—67T/ pU|Z)] ~w—67r/ Jj-w.
R3 R3
Eventually, we obtain:

(4.8) Elw] = Eo[w] + Er[w] — E,[w] + Ejw],

where we denote:

Bl =5 3w vi-or [ jew

KEK i€T,\ 25 R
Bylw] ==Y bm > w(X)| -tk -6 | pU[Z]-w.
’ N 7
KEK lEIN\Zg
Applying successively Lemma , Lemma Lemma and Lemma below, and recalling (4.3) to
replace A[Z], dmin[Z] and MZ], we obtain respectively:

1 N
1 1 1 4] 2 1
< — — E |2
|E0[w]| = 1 (52/3 + N%(lfa) + N‘éafs) (1 + N £ |‘/;| ) ||w||D2(]R2)7

581 1Y :
Eiw)| S —=—= (14 < DVl lw :
| 1[ ]lm \/ﬁNtha ( Nizl‘ |> ” HD2(]R2)

N
. . 1 1
1B;u]| < (njm ~ oy +3 (1 39D |v;|2>> ol 2 e
1=

L 5
14 — Vi|? .
5\/77 5 N < N;‘ | ) ||7«UHD2(JR3)

Gathering the above estimates, recalling that n € (0,1), § > 1/2, and remarking that, since 2/3 < a < 1 there

holds
1—a<2 1 <2—|—3a
5 5\Y 73 15

1 el |, go (1
|E,,[w1|§[ S 08—+ 912~ ol sy

we finally obtain:

5
I+ lplzz0) | w6 1 1 X\
(61/30—1—6 m—*—"p[z]_p”[C;}lm(H@)]* 1+NZ;|V;|
1=

+ [151Z] —j||[cg,1/2(R3)]*1 |wll p2(ws),

Elw] <

~

Ui

which ends the proof of Theorem O
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We proceed now to estimate the different error terms Ey[w], E1[w], E;jw] and E,[w| appearing in the proof

of Theorem [4.3] above. This is done in Sections and respectively.

4.2. Estimating Ey[w]. We recall that, with the notations above, there holds:

Eolw] =) (/T VU[Z] : Vw—/TN vU(Z] : Vw:>,

KEK
We have the following result:

Lemma 4.4. For N > 1, we have:
(49) |Bolull S <1+ 1iw>
. 0 < N 2 A .
5

L (., Mzp M(z]3 M[Z]? Miz] | Mz e ,
m + |Ndmin[ZH2 + Ndmin[z] + ‘Ndmin[z]|4 + Ndmin[Z] + N)\[Z] H’LUHDZ(]RJ).

Proof. The proof is a simpler version of [I3 Proposition 11] but keeping track of the dependencies on w of all
constants.

First, we construct an intermediate test-function similar to [I3, pp. 25-26]. We recall here the ideas of the
construction. For arbitrary x € IC, we consider the Stokes problem on 7}, \ UieIN\ Z5 B; with boundary conditions:

u(z) = w(x), ondB;foriecI,\ Zs,
(4.10)
u(z) = 0, on 0T .
The analysis of this problem is done in Appendix [B] and yields a solution w,. We keep the symbol @, to denote

its extension to R (by w on the holes and by 0 outside T 'N). We obtain a divergence-free w,, € H'(R?) having
support in ;. We then add the w,, into:
W= Z W, -

and correct the values of w on the B; when ¢ € Z5 in order that it fits the same boundary conditions as w on the
B;,i=1,...,N. We introduce x" a truncation function such that Y~ =1 in B(0,1/N) and x"V = 0 outside
B(0,2/N) and we denote:

W = Z [XN(. - X;)w — %Xh%,%[x = w(z) - VN (z — Xi)]]
1€EZs
€25 i€Zs

where Bx ., ,, is the Bogovskii operator that lifts the divergence in bracket with a vector-field in Hj (B(X,r2) \

B(X,71)). Consequently, w — 1w € H}(F) is an available test-function in the weak-formulation of the Stokes
problem satisfied by U[Z]. This yields:

VU[Z] : V(w —w) = 0.
R3
We rewrite this identity as follows:

(4.11) Eplw] = €1 + €2,

with:
€ = Z/ VU[Z]: V(0. —ws), € :/ VUI[Z] : V(i — o).
reEK Ty Ql
We control now the error term ¢;. For arbitrary x € K, we apply Proposition to w, (noting that ”d,,” =
min(dmin|Z], A[Z]/6) and the remark at the end of Section [B)) and we obtain:

. MZ] [ 1 5 \"?
IV = ol S 5 (g + ) (llensagmy + I90lo) -
Introducing this bound in the computation of ¢; and recalling the two properties of M[Z] :
(4.12) > M.ZI<N,  supM, < M[Z],
KEK

ke
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yield:

(1.13) % (g + s ) VUl

We compute now a bound for e;. For this, we replace w by its explicit construction. We recall that the
supports of the (x™ (- — X;))ieq1,..,n} are disjoint so that:

1- H(l—XN(fU—Xi)): ZXN(x—Xz‘), VaeR’.

i€2Zs i€Zs
Consequently, we split:
o—b = 3 [N - X0 - By g 2 le (@) V(e - X))
1€EZs
—Z [ Jw — EBX [wa(x)'VXN(x—Xi)]} .
i€EZs

and V(0 — @) =, 5. Z?:l ego where, for i € Z5, we denote:

) ==V XN (= Xw = By, 1 2o w(@) - V@ - X0
) =V~ X)) ®w— VBy 1
5531) =xV( - Xi)Vw.

> [z w(z) - VN (2 — X)),

77N N

We remark here that eéz has support in B(X;,2/N) whatever the value of ¢. As previously, a standard
Cauchy-Schwarz argument yields:

(4.14) le2| S IVUIZ][| 2 ey (ZZE(“)

{=11i€Zs

To complete the proof, it remains to bound the last term in the right-hand side of the above inequality.

First, by applying standard homogeneity properties of the Bogovskii operator (see [I3l App. A]) and explicit
computations, we have, for i € Zj:
(1)
e |* < *Ilwllm ) + IVl
~/B(X¢,2/ () (B(Xi,2/N))

1
SN (”wH%N(Ql) + ”V'LUH%G(B(Xi,Q/N))) :

But, by the choice of the covering (see (4.5))), we have:

N
N 1
< = — |12
(4.15) 125 S 5 <1+ N ;:1 Vil ) ,

so, we obtain finally:

N
b 1 1
(4.16) 3 /B 5|2 < 5 <1 52 |V2|2> w32 (gs) -
=1

iezs Y B(Xi,2/N)

Secondly, with similar arguments as for egll) , we obtain, for i € Zy:

2 _
/ |€é,¢)|2 S N2|© 11725 x,.2/m3)
B(X;,2/N)

and
2) |2 2
SRS NS loleer, em
ez, ) B(Xi,2/N) i€Z5 KEK
2 — 5012 2
S N lws —wilie s 2 2z TV DS il s ex, 3 y0me) -

KREK IEZs i€EZ5 KEK
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We compute the first term on the last right-hand side thanks to the expansion (B.4) of GV and remarking that,
since the diameter of B(X;, %) is infinitely smaller than the one of T}, for N sufficiently large, one B(X;,2/N)
intersects at most 8 distinct T,;. Repeating (4.15)), we conclude:

Z Z ||wn||L2(B(X YNT,) ~ Z SSUP ”wHHLZ(B(X K

€25 kEK iczs ©€
N
| M[Z)? 1+%Zi:1IV¢\2” 12
~ N2, (7] 5 Wiz ()

min

As for the other term, we introduce, for x € K, the set Zs . of indices 4 such that B(X;, %) NT, # 0, and we
obtain, by repeated use of Holder’s inequality, that:

_ 2 - 5 (12
Do ok —wil s, 2y = D Do 18— willTa iy, 2)m)

REK IEZs KEK IEZs

Z&K 3 s
< ety
KREK
1
3
S Zﬁzé,n (Z [(w —wy; ||L6T)) .
KEK KEK

By comparing the size of T,; and B(X;,2/N), we obtain again that:

5 . [N 1 Y
§ Z <2513 < |= (1 7§ |2
ﬁ 57"’@ ~ m 5| ~ [6 ( + N — |‘/;| >

KEK
which, combined with Proposition and (4.12)), yields:

N 2
Z Z (@ 5|2 < (1+ %Zi:l Vil*)s |M(Z]]>® 1 + 0 w2 g
L3 (Beo(Xir AINT) 53N? N \dmn[Z] 7 A[Z]) P

KREK IEZs

2
3

Combining the above inequalities and recalling (4.4)), we conclude that:

(4.17) Z/B <1+Z|V|2>

ez, /B(X: 2/N)
1 |M(z]]? L MZ)P s | MIZ)P 2
S INdon ZIE T 527 Nagnizl + 0 moagzy ) 102
Finally, we have similarly:
3N BN W) oL
N L2(B(X;,2/N)NTy)
i€Z, /B(X 2/N i€25 neK
_ 2 5 (12
S Z Z IV, _vaHLQ(B(Xi,%)nTN) + Z Z ||wai”L2<B(Xi,%)mT~)'
KEK IEZs I€EZs KEK

and we can reproduce the previous arguments relying on Proposition This yields, on the one hand:

M2[Z] 1 &
512 2 2
Z Z ||Vw,iHL2(B(Xi’%)mTN) S 6‘Ndmln[z]|4 1+NZ|‘ZL‘ ||wHD2(R3)7
1€2Zs KEK i=1
and, on the other hand:
Z Z [V, — wainL?(B(Xi,%)me) N Z [Vw, — Vw:”%z(T )

KREK IEZs KEK

Mz [ 1 5 ,

We obtain finally that:

0 2 M?[Z] MIZ] MIZ] 2
(4.18) Z/ s 2/N D2 < ( ZIV\ ) <6|Ndmm[ 21 N 2] +6N/\[Z]> [w|| B (gs)-

1€EZs
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Introducing (@E16), (E17) and [@E18) into (@E14) yields:
1 N
§ : 2
(4.19) ‘62‘5 <1+Ni_1‘/i| )

(1 <1+ |NM[Z] + Miz]: + M{z] T >+NM[,Z] +5A]\47[Z}3> |w|| D2 ®s)-

§2/3 dmin|Z]|?  Ndmin[Z]  |Ndmin[Z]]*
We complete the proof by combining (4.13))-(4.19). O

4.3. Estimating E;[w]. We proceed with the computation of E;[w] defined by:

Eqw] = Z /T VU[Z] : Vw;,, — 67 Z w(X;) - (Vi — 4y)

kEK 1€T\Zs

We control this error term with the following lemma:

Lemma 4.5. Given N > 1, we have:

| M(Z] 1 & :
6 2
| [w]| S0 NAZ <1+N;|Vi| > lw|l p2 ®s)-

Proof. For N sufficiently large and x € K, let simplify at first:
I, = / VU[Z] : Vw: .
Te

By definition, we have that:
wi()= Y GNw(X))(x-X;), VaeR®,
€T\ Zs
so that, introducing the associated pressures x — PN [w(XV)](z — X}V), we obtain (after several integration by
parts as depicted in [I3] pp. 32-33]):

(4.20) I.— %” S (@(X0) Vi — w(Xy) @) + Erry

€L\ Zs

with:

Erry = / S 0.6V (X)) — Xi) — PYw(X)](- — Xo)n § - (U[Z] - )do.
T | iez.\Zs

Summing over k € K, we obtain that

> /T VU[Z] : Vw?

S

KEK KEK
67 _
= Z N Z (w(X;) - Vi —w(X;) - 1) + Z Erry,
KEK €L\ Zs KEK

and also:

Eqw] = Z Erry.

KEK

For k € K, we adapt (up to notations) the computations of [I3, pp. 34-35]. The point here is to lift the
boundary condition U[Z] — @, via a standard truncation process in order to yield a divergence-free vector-field v
which vanishes at a distance A\[Z]/(25) of 9T. Applying that (G [w(X;)], PV [w(X;)]) solves the Stokes equation
on [Ty]2s (since this subset contains no holes with index in Z,; \ Z5) we obtain:

(4.21) |Erry] < C[20](1+ Cpw[20]) ¢ D> IVGN[w(X)I(- = X)llL2(t1s) ¢ VU2 2217005 +
i€T.\ Zs

where, denoting A(0,1 — 1/6,1) the cubic annulus | — 1, 1[3\[—(1 — 1/5),1/4]®, we used the symbols:
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e (0] for the norm of the Bogovskii operator B¢ 1_1/51 seen as a continuous linear mapping L3(A(0,1—
e Cpw|d] for the constant of the Poincaré-Wirtinger inequality on H'(A(0,1 —1/4,1)).
The asymptotics of these constants when § — oo are analyzed in Appendix [C}

To bound the first term on the right-hand side of this inequality, we remark again that for any ¢ € Z,; \ Zs the
minimum distance between X; and [T]as is larger than A\[Z]/(26). Hence, applying the explicit formula (B.4) of
the Stokeslet G™ [w(X;)] we obtain that

° dr :
VGN w Xl . 7Xi 2 25 § / — w Xz
IVG (XN = XDl 211,10 <MZV(%) N) (X

< 7\/% |w
- N)M\Z]

Combining these computations for the (at most) M[Z] indices i € Z,; \ Z5 entails that:

(4.22) Do VG WX = Xi)lle2 (s S \/ || Lo (@) -
€L\ Zs

Plugging (4.22)) into and recalling the fundamental properties (4.12)) of M, [Z] we conclude that

(Xi)|-

25 M|[Z)]
[Erfw]] < Cx[20)(1+ Cpw(24]) NAZ] IVU[Z]|| 2 2) [wll coare @y

We conclude the proof of Lemma by applying that Cy[26](1 + Cpw[26]) < 61/ (see Appendix |C) and
recalling (4.4). O

4.4. Estimating E;[w]. We proceed with the error term
6 .
:Z— Z w(X;) - Vi—6r | j-w.
N RS
KEK €L\ Zs
Lemma 4.6. Given N > 1, there holds:

N
. 1 1
|Ej[w1s<|m J = 31172 oy 5<1+Nz|m|2>>||w||Dz<Ra).

Proof. As w € C*(R?) and (T})xex is a covering of Supp(j[Z]) we have that:
oD wXi)- Vi = (j[Z],w).
KEK €L,
Consequently, complementing the sum in E; with the indices in Z;, we have:
B[] = 67 (2] — jw) + o0 3 w(X,) -V,
LW = J J,w N 2 W\ A4 i
€25

The first term on the right-hand side is estimated straightforwardly:

|GZ] = j,w)| < 17[Z] = jllcor/2may)- 0172 (@)

while repeating the proof of [I3| Lemma 15], we obtain, for N > 1 :

1 1
2
< 5 <1+ N;WH > llwll Loe (1),

which yields the expected result and completes the proof of Lemma O

TS wx) vy

1€EZsNLs
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4.5. Estimating E,[w]. We end up by estimating the remainder term

Eylw] =Y % S w(x) -uﬁ—e’m/ pUIZ] - w.

3
KEK i€T\ 25 R

Lemma 4.7. For N sufficiently large, there holds:

1 M|Z) 1 Mz \V*
1B, [w]| < (5 < Npzip IIpIL2<QO>> t 7 (W)
N 1
+ 6°/2 (A[Z] + [lp[Z] - P”[cg,lm(RS)]*)) (1 + % Z |V2|2> [w]l D2 es)-

Proof. The proof is adapted from [19, Proposition 3.7]. As previously, let first complete the sum by reintroducing
the Zs indices:

(4.23) %T Sy wX) = %” SN w(X) - — Err

KEK €T\ 25 KEK €L,

~ 6 _
Err = ~ Z Z w(X;) - Uy

KEKIEL ., NZs

where:

We have then:

61 B ~
E,jw] = ~ Z Z w(X;) - Uy —67?/Q pU|Z] - w — Err.
KEK €T, 1
We remark that we may rewrite the first term on the right-hand side of this equality by introducing:

AN
o= <1— <1— 25) > NDZP > <Z w(Xi)> LTa)as »

rEK \i€Z,
which yields
E,|lw] = 67r/ [0 — pw] - U[Z] — Err.
Q

Finally, we introduce Us[Z] := U[Z] * {55 in this identity (in order to regularize U[Z] so that we may make the
difference between p[Z] and p appear) where we recall that (), is a sequence of mollifiers. We apply below that

! IVU 2|z es
(4.24) 1UslZlllcos @y S 02 IV 2oy, IUIZ)s = Ul z2an) S g5

Indeed, by classical computations there holds
1Us(Z)l| o @y S Us[Z]N L= (01) + IVUs[Z]]| L (01) S IVUIZ]]| 2Ry (1 + [1€o3 | L2 () )

which yields the first inequality, and moreover
2
|Us(2) - U2,y = [ ‘ |, Wi =) - viz@ieas)

: //zg U1Z)(x - 55) — U[Z)(x)]*dzdz

1 1
N T;// |Z|2/ IVU[Z](z — t &) dtdzdx
%) Sz Jo

1
S 5 IVULZII s

which implies the second one.

This entails that: } R N
E,w| = Err+ Err — Err
where
Err = 671'/ (0 — pw) - (U[Z] — Us|Z)), Err = 671'/ (o — pw) - Us[Z].
Qq Q1

We proceed by estimating these three error terms independently.
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We first remark that the (Z,,).ex form a partition of {1,..., N}. This entails that:

M,
ol <> — @l < llwllze@y)-
rEK

Straightforward computations imply also that:

o] (o (LYY
Tl = 26 Nz e e

M[Z]

5w”’w“m¢(m)~

A

By interpolating the above inequalities to control the L2-norm of ¢ and combining with (4.24)), we deduce:

1Brrl S (lollzz@ + lelez o lwll = oy) 1Us[Z] = UZ]] 220,

M[Z] IVU[Z]|| 2 (r3)
1 M[Z]
(4.25) S 5572 ( NPZP + ||p|L2(Ql)> IVUIZ]|| 2 ®3) | w]| Lo (2,

Then, we note that we may rewrite:

Err = — ZZ/ —5[ (= )—671'/ pUs|Z) - w
K,G’C i€ly Tkl2s 26‘ Q
where we rewrite the first term:

6 w(X:) - Us[Z)
DD IE

rekiez,  Trl2s w25 ]

67TN 6 leUZ*UZXl
D IR S e

=1 wek ieT, ) [Trl2s |[ n]%‘

Because Us[Z] is Lipschitz, and by the estimate (4.24) on its Lipschitz norm, we have:

67 Us(Z] — Us[Z](X:))
Y22,

ne)C ieZ,  [Trl2s Ti]2s]

S MZINUs[Z o oy lwll Loe )

S 59/2/\[Z]HVU[Z]”L2(R3)||wHL°°(Q1)'
On the other hand, we have:

= QMXJl%BKXﬁ—GWAhN%Bkw=6MMﬂ—pmeﬂﬂ>

=1

so that, introducing again the control on the C%*-norm of Us[Z], we derive:

%— Z’w(Xi) -Us[Z)(X:) — 67r/ pUs|Z] - w

i=1 22

w||co,1/2(971)~

< 82| VUIZ| L2 I1p[Z] = pll o172 gsy)-

We finally obtain
(4.26) |Brr| < 6% (NZ] + 1p1Z] = pllicorrayy-) IVULZ] 22 @s) lwll o/ @y
which completes the proof for the term Err.

For the remaining term, we introduce:

-1
N 1\*
:<“«}‘%>> NINZ P§:<§: )O”MW
REK \i€Z . NZs

\Errl g/Q 5(2)|U[Z)(2)|dz .

so that:

27
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With similar arguments as in the previous computations, we have, applying (4.5)):

i=1

N
~ 1 1 1
512100 < FH#ZslwlL= (0 < Sllwllzeay) (1 52 IVil2> :

Furthermore, we have:
- MIZ]
HO—HL‘X’(Ql) S 6N|)\[Z]|3 Hw”L‘”(Ql)'

Consequently, by interpolation, we obtain:

) 1 [/ M[z] \"* 1SN,
4 < [ —_ o — E .
||O—||L§(Ql) ~ \/g <N|)\[Z]|3) Hw”L (1) 1+ N P |‘/Z|

Applying Sobolev embedding H'(R?) ¢ L*(€,) with (&.4) we conclude that:

3
4

3
N 1 1/4
~ 1 1 ) M][Z]
(4.27) |Err| S Nz (1 + N ;:1 Vil > (N|)\[Z]|3> ||w||co,1/2(le)HVU[Z]HH(R?’) :
We conclude the estimate of E,[w] by adding up (4.25)), (4.26), (4.27) and recalling (4.4). O

5. PROOF OF THE MAIN RESULT

We are now able to prove our main result Theorem [I.1] as well as the Corollary

We hence consider the framework of Theorem [I.1] The main idea is to split the expectation we want to
estimate into two parts: one taking into account the non-concentrated configurations (which has been treated in
Section , and the other taking into account the concentrated configurations (treated in Section .

Let us fix a € (2/3,1), n = min(1/(2C4e), 1) (see Assumption [A1]|or Proposition [2.4] to remind the meaning
of constant Cy) and R > 0. Given N € N* we denote:

3(1—a)

My=N""75 and )\N:<

nMy\"?
V)

We can then introduce the corresponding decomposition of configurations with N particles:
N N N N N N
ON = (OV\ (O ary VOI)) U (OX sy UOY).
We emphasize that, since n < 1, for any Z¥ € OV \ <O§\VN7MN U ON), the associated configuration satisfies (4.3)).

5.1. Proof of Theorem We want to compute the expectation of the distance with u := u[p, j]. We split
the expectation into the non-concentrated configurations and the concentrated configurations as follows

E [|UN[ZY] = ull2(50,r))] = E [10N\(O§\VN‘MNUO£¥V)(ZN) |UN[ZN] - U||L2(B(0,R))}

+E Loy, voy (Z) IUNIZY] - ulzzs.n)]

A

Let us first estimate the term I5. Since we have chosen 7 sufficiently small, Proposition [2.4] entails that:
P(zY € OF 1, VON) S N~G"2 50 when N — cc.
Consequently, with Corollary [3.8] we obtain that:

1
2

N
K 1 1
N N N N\ 5 N |2
E {1zNeo;VNYMNuogy IVU[Z ]HLZ(JR3)} < e TPEZT €0 My VO )P E lN '5—1 Vil
fs 3](;72 :
N—=

Finally we get

LSE|loy . uoy (@) IUNZMIbe)] +E [Toy | uoy (ZY) ulls2s.n)]

AN My
1 1

Ty +P[ZN € Oﬁ\VN,MN U(’)g] S W7
p)

~
2
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We now turn to the term I;. For N sufficiently large, noting that ||p™[Z"] — pH[ < 2, we can apply

Cyt R ®))
Theorem [3] choosing

e

L+ ol
1
(s + 10V Y] = pll g2 g )

This yields that, for arbitrary ZV € ON\ (OF ), UOL), we have:

6:

L
19

N 5
1 18
[UNIZY] — o0, m) (1 y WF) (1 + ol ) (

i=1

N
[Z ]_pH Ul/Z(Rs)]*>

N N .
+ H] [Z ]*.7”[031/2(]]{3)]*'

N 5

Taking expectation and using the hypotheses of the theorem, this yields

(1+ ||P||L2(Q ))13 1 N *
L £ =2 E||{1+— § VN2
1 ~Y N 9—5& N 121 ‘ 7 |

( .

s @+ lpllze@,) T i . .
< [Ms(FY)]3 ( A LB 0V 1Z] = pllorrs gy | )+ E [N ZY] = o gy

o

N
Z Vil ) 161277 = Pl s gy | + B [1912) = dlcp oy

= \

(5.1)

N 95

(A—o)

1
SE[I0NZY = plicpornay. | + B [15N2Y = ilgrragy. | + N

(1-a)
95
)

1 H
SE[Wi(pNZV] )] 7 +E |15V 2]~ jllieor oy | +

where we have used Lemma 2.2]in last line.

We complete the proof of (1.9)) by gathering previous estimates, and the last part of the theorem immediately
follows from it. [l

5.2. Proof of the Corollary Let f satisfy the hypotheses of Corollary We shall construct here a
sequence (FNV)yen+ of symmetric probability measures on O that satisfy Assumption and that is f-chaotic

with quantitative estimates (in the sense of Definition , hence also satisfies Assumption thanks to
Lemma 2.3]

A classical way in statistical physics to construct chaotic probability measures in the phase space of a
N-particle system is to take the N-tensor product of a probability measure on the phase space of one particle
that we condition to the energy surface of the system. More precisely, given a probability measure f on Qg x R?
we define a probability measure IIV[f] on OV by

(5.2) IV [£](dz"™) := Wi () Loveow FON (da?),

where Wy (f) is the partition function
W)= [ Lveon FN(daY).
(QoxR3)N

We now verify that the sequence (II'V[f]) yen- satisfies Assumption We start with a technical remark:

Lemma 5.1. For any 1 < m < N and N large enough there holds
LS WRN W) < (1= 8co N2l|pl| oo as)) ™™ < elO0m™ el

where co = |Bgs| is the volume of the unit ball in R3.
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Proof. We have

Wins1(f) 2/

(28 1(21’“.’Zm)€(gm[%] (H llmimm+1>fj> f®(m+1)(zl, sy Zmy Zm+1) dz; ... d2m+1
«R3)m

=1

— Xm
= /(RSXRS)m {/RBXRB };[1 (1 - l\ri—zm+1\§%) f(Zm+1) dzm_H} L zm)com L] (21, s zm)dey e

> / (1- SmCON_SHpHLoc(]RS))]_(Zl’“.7Zm)eom[%] (21, 2m) d2y .. dzy,
(R3><R3)7n

We note here that, to pass from the second to the last line, we only remark that the indicator functions
deletes at most m balls of radius 2/N in R3. From the last inequality, we deduce Wy,41(f) > Wi (f)(1 —
8mcoN 3| p|| Lo (r#)). We conclude the proof of the first claimed inequality by induction.

For the second inequality, observe that « — 2z + log(1 — z) is nonnegative for 0 < z < 1/2, therefore for N
large enough (so that 16comN ~2(|p|| Lo (rs) < 1) we get

2||P”LOO(1R3).

(1 o 860 N—2||p||LOO(R3))—m < echome

As a consequence we obtain the following bounds on (IIV[f]) yen«:
Lemma 5.2. Given N sufficiently large, for any 1 < m < N there holds:

< e16eomN 2l sy |l

HH/fl)V/L[f]”L’IO‘OL%)(Om[%]) > (R3)>

22T [f)l| 22 21 3 sy < 61600N72H’JHL°°(R3)/ |21]%0 f(21)de1,
R3 xR3

—2
s T ey gy < € 1P ol sup [ ol o, ),
o N z1€R R3

where TIN[f] denotes the m-marginal of TIV[f].

Proof. We write

N
fnjg(zh"wzm) SW]:fl(f)l(zl,...,zm)eom[%] f®m(zl7"'7zm)/ H 1‘Ii71]“>% H f(zj)dzj

(EOXED)T T mi1<i<j<n j=m+1
<SWR DW= (Lo eyeomiy) fE (21 2m)-

Each estimate then follows easily by using the bound of Lemma [5.1 O

This lemma shows that (IIV[f])nen- satisfies Assumption We shall prove now that (ITV[f])yen- is
f-chaotic with quantitative estimates, which hence implies that it satisfies Assumption To this end, we
recall that we denote (Z")yen a sequence of random variables on O with corresponding laws (TIV[f]) yen-
and that proving that (IIV[f])yen- is f-chaotic reduces to measuring the expectation of the Wasserstein
W;-distance between the empirical measure u™N[Z"] and f. This is the content of the following lemma, from
which Corollary [T.2] follows straightforwardly.

Lemma 5.3. Consider the framework of Corollary . Let (ZN)yen- be a sequence of random variables on
ON with laws (TIN[f])nen- defined by (5.2)). There holds

(W, (oV [ZV], p)] < ﬁ and  EW (1N [Z], )] < ﬁ

Proof. We shall only prove the second estimate, the first one being similar arguing with the random variable
XN on OF (coming from ZV = (XV, V).

Let (W) nen+ be a ii.d. sequence of random variables on (R x R*)Y with common law f, and u™ [W¥] be
the associated empirical measure. We split

Wi (uN[ZN], f) < Wi WP, ) + Lwxeon Wi(p [ZV], bV [WN]) + Lywx gon Wi (u [ZV], N [W]),

dz,,
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which implies
E [Wi(u"[Z"], /)] < E Wi WY, )] +E [Lwxecor Wi(u [ZV], nN W)
+B[WY ¢ OV P E Wi (uN[ZV], N W]

The first term on the right-hand side can be controlled by N~/¢ thanks to [9, Theorem 1], since W is a i.i.d.
sequence of common law f and using the fact that f has support included in Qg x R? as well as a finite moment
of order 5. The second term is bounded (up to a constant) by the first one, indeed

veon fEN (dzV
E [1WNEON Wl(HN[ZN],HN[WNm - /(;)N ON W™ 2], 7 ) & eowi(f)(d |

< W () E [Wa(uV W), i W)

1WN€ONf®N(dWN)

SE[Wi(uN W], )] +E WiV W), 5)]

where W is an independent copy of WY . Finally the third term is bounded by N~/ since P [(WN & ON] <
N~! (thanks to a similar argument as in Lemma and

E [W(u" (2], pN W] S E [Ma (" [ZV])] + B [Ma(p [WH])] = M(ILY [£]) + Ma(f),

which are uniformly bounded. O

APPENDIX A. CONSTRUCTION OF wj;

This section is devoted to the proof of Lemma and Lemma We recall first the frame of these
results. We assume that N € N is given and strictly positive in the whole section and we drop the parameter N
in most of notations. We consider N balls B;, i = 1,..., N, of centers (X1,..., Xy) € R*" and common radii
1/N. We assume that | X; — X;| > 2/N for j # i so that these balls are disjoint.

We begin with Lemma on the possible intersections of (B(X;, %))1':17_“71\/. We recall the statement of
this lemma and give a proof:

Lemma A.1. Leti € {1,...,N}. Setting
Z,:={j€{l,....N} s.t. B(X;,5%)NB(X;, 53) # 0},

we have that I; contains at most 64 distinct indices.

Proof. The idea of this proof is adapted from [I7].

Let i € {1,...,N} be fixed. Without restriction we may assume that ¢ = 1 and X; = 0. For arbitrary

j € T we have that B(X}, 55) N B(0, 5% ) # 0. This entails that |X;| <3/N and B(X;, +) C B(0, ). As the

B(X, +) are disjoint by assumption, we have then:

47

— |7, X;, +) < |B(0, % ——64.

3N3|1 ‘Jg N| | (7N)|—3N3
1

This completes the proof. O

We proceed with Lemma that we recall with the notations of Section

Lemma A.2. Giveni € {1,...,N}, there exists w; € D(R®) satisfying

(A1) w; =V; on By and w; =0 on B; for j #1,
V|2 1 iy, x,|<=
(A.3) Vw32 gey < Vil [ Ly Axexieg |
N N &~ 2
VE) |Xl X | — N

for a universal constant C.
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The remainder of this section is devoted to the proof of this result. Without loss of generality, we assume
that i = 1 and X; = 0. We look for w; of the form:

(A.4) wi(z) =0y (Nx), VR

To define the constraints to be satisfied by w;, we introduce notations for the shape of the fluid domain after
dilation. Namely, we denote:

X, = NX,, B;=B(NX;,1), VYi=1,...,N.
In particular, B; = B(0,1). We want now to construct @; € D(R?) such that:
(A.5) W, =V, on By and @ = 0 on 3]- forj>1,
(A.6) Supp(w:) C B(0, 3),

A natural candidate for w; is obtained by focusing on (A.6). Indeed, introducing a truncation function
Xo € C*°(R) which satisfies:

{1 i<y
XOW = 00 ift > 1+ ho,
with hg € (0,1/2) to be fixed later on, we may set:

V1><£L‘

o =9 % [ X e

This candidate satisfies indeed 1y o € D(R?) with
W10 = Vi on By, Supp(i1,0) C B(0,1+ ho) C B(0, 3),

However, it does not take into account the balls that are too close to By. To match the further condition on
these balls, we modify our candidate.

For this, let fix j € {1,...,N}. To describe the geometry between B; and Bj we introduce a system of
coordinates (z1,z2,xs) such that z3 corresponds to the coordinates directed along es = X,;/|X;|. The associated
cylindrical coordinates read:

1
r=/z3+ 23, erzﬁ(acl,xg,OL V(xl,xg,xg)ER?’\{xg:O}.

r] + x5

We remark that, in these coordinates, close to (0,0,1) the boundary OB is the graph of the function (z1,z2) —

(/2% 4+ x3) where:
w(r)=+vV1-r2, Vre(0,1).

Furthermore, denoting by h; = dist(Bl, Bj), we have also that close to (0,0,1+ h;), the boundary 8Bj is the
graph of the function (1, 22) ~ v;(y/2? + 23) where:
w(r)=24h; —/1—12, ¥re(0,1).
Given ¢ > 0 we set, in these cylindrical coordinate:
&;[0] := {(z1, 29, 73) € R® s.t. 7€ (0,0) and z3 € (v (r), v (7))},
;0] := {(z1, 29, 73) € R® s.t. 7€ (5/2,0) and 3 € (W(r), Ww(6/2))}
These notations are illustrated by Figure [}

We note that, whatever the value of 6 € (0,1) we have that €;[6] and 2;[0] are Lipschitz, and that 2;[6] C &;[d].
We have also the following technical property:

Proposition A.3. There exists hmar € (0,1/2) and §p € (0,1/2) such that, if hj < hpmae the following holds
true:

i) €[] € B(0,3),
“) Q:j[(SO] CR? \ Ugﬂ,j Bz"

iii) for arbitrary j' # j such that hjr < hpag, there holds €;[d0] N €;[60] = 0.
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FIGURE 1. Notations 2;[6] and €;[4]
On the left a typical configuration is presented (in 2D). The gray zone corresponds to
the set €;[6]. On the right is a zoom on €,;[0] where the subset 2;[d] appears in the red
color. We emphasize that the 3D geometry is obtained by revolution around the axis of
the figure so that 2;[d] is indeed connected.

Proof. We compute restrictions on the values for dg and A4, in order to fulfill the three conditions i), i) and
tit). This will yield an open set of admissible values for 6y and hyyqz-

For the proof, we only give two draws which explain where the restrictions come from. Let j € {1,...,N}
such that dist(él, Bj) =: hj < Rpqz- In Figure [2 we illustrate that there exists a ball V; centered in X; (the
unique point in the closure of Bj realizing the distance between By and B;) such that €;[6] (in blue on the
figure) is contained in V; (empty circle on the figure). The radius o of this neighborhood is controlled by hmqz
and d. In particular, for h,,q, and §y sufficiently small we have B(X;1,79) C B(0,1 + Apmasz +70) C B(0,3/2)
and ) is realized.

Second, we illustrate with Figure that given another particle Bj/, the distance between Bj/ and the segment
[X LX ;] joining the centers of By and Bj is minimal when Bj/ is in simultaneous contact with B; and Bj (several
configurations are provided in red, the optimal one is the most opaque one). The minimal distance 7"7(72
Bj: and [Xy, X;] is then a decreasing function of h; vanishing when h; = 2(1/3 — 1). The minimal distance 707"
between the point X/, (the point in the closure of Bj realizing the distance with B;) and X;; is also realized
with this configuration. It is then a continuous function of h; which converges to 1 when h; — 0. So, with the

» between

notations of the proof, for h,,., and dg small we have that ro < 9 and 2rg < 73" 5o that i1) and 4i7) hold

min

true. 0

With the proposition above, we can now fix A4z, dg sufficiently small so that the conclusion of the proposition
above holds true. Associated with dg we set:

2
2

do

2

%
4

ho = +1l2-4/1- —1.

If necessary, we restrict the size of Jy so that hy < min(1/2, ke, ). Associated with Ay, we introduce:
J = {j €{2,...,N} s.t. dist(By, B)) < hmaz} :
We note that, by construction, we do have hg > 0 and that:

o since hg < hpqz, W1,0 vanishes on B; for i ¢ J.

e for j € J, xo vanishes on 9¢; N Bj at a distance larger than dy/2 from the axis Res.
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FIGURE 2. Construction of a neighborhood of X containing ;.

Furthermore, the (€;);c 7 are disjoint and do not intersect the (B;);=1,...n. So, in what follows, we construct
w1 on the (€;);e7. We shall then extend @, by w1, on the remaining fluid domain and by the expected values

on the (Bi)i=1,...,N'
Let j € J and make precise w; = (1)), . We decompose w; = w§1) - w§2). For w§1), we set:
W — v |2 B p( ) —=> - Vi
) =¥ x |2 - ) @r)P (D2 (- Glrlle) g x o

where P(t) = (3t — 2t3) for t € R and ¢y € C*°(R) is a truncation function such that:

1 ift < 8y/2,
Col(t) = .
0 ift> 3(50/4

Clearly, we have that wg-l) e C>® (Q_J) is divergence-free. Expanding the curl operator, we obtain:

0 if 2 € 0€; NIB; (i.e.z = (7)),
!
(A.7) w;,l)(x) ={ - Coér) (Vi xe3) x e, ifxe€d&NaB (ie z=y(r)),
wl’o(I) if x € 8Q:J \ (831 U 8BJ> (ze r= 5)

All these identities derive from the choices for xo, (o and P. To obtain the first of these identities, it is worth
noting that, with our choice for hg, dy the function = — (1 — {o(r))xo(r) vanishes on 9B; N IE;.

Finally, we obtain that there exists a constant Cypq, depending only on (hymqq, dg) such that:

< Cmaz|‘/1|2‘

(A.8) 190" e,y < =5

Indeed, away from the axis (i.e. on €; N {r > dy/2}), wj(~1) depends smoothly on the parameter h;. Hence, the
contribution to ||Vw§1) |22 is bounded by C|V;|? where C is independent of h; and depends only on 8y, hmaz-
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F1GURE 3. Minimizing configuration

When r < do/2, we have:

w(2) = V x [% x (z—e3) P (%zﬂ%%ﬂ

Explicit computations show that, the worst term in |Vw§1)| corresponds to two differentiations of the P-term
w.r.t. z, which we may bound by

Vi

1
|3zwj(-1)| <5 |z — es]

(ve(r) = (r))?

z = w(r) s
0.7 (220N < el + |~ (0

Remarking that |z — 7,(0)| < Clh; + 7| on €;, we derive

do ) 2
/ Vel @pa < omp [ St
€;N{r<so/2} o (r(r) —w(r)

Combining then that v(r) — y,(r) > h; 4+ cr? on (0,8) for some ¢ > 0 (since §y < 1/2) and a change of variable
r = Vh;s in the integral, we obtain (A-8). More details on these computations can be found in [I4].

In order that w; fits the right boundary condition on OB, we add a corrector w'? that compensate the error

j
term that appears on the second line of (A.7)), namely:
Go(r) Go(r)

wi(z) = 5 Vi X e3] e = T(Vl - er)es,

To construct w](?), we note that wj is smooth and has compact support in oA; N OB;. Hence, we may extend w}

by 0 on 92, \ dB;. We obtain then a vector field wj € C°°(0%;) such that, by symmetry:

/ w;-“nda:/ _wi(z) -ndo =0
691j ijﬂaBl



36 KLEBER CARRAPATOSO & MATTHIEU HILLAIRET

Since, there exists a Bogovskii operator on the Lipschitz domain 2, we construct w; e q 1(2[ ) such that:

(A.9) div w( ) =0in A wj(?) = wj on 0.
and such that:
2 *
1w a1,y < Cllw sz omy)-

We note here that all the 2; are isometric so that this last constant C is fixed by the values of Jy only and does
not depend on j. Hence, there exists Ci,q, depending only on §y for which:

(A.10) w1 ) < Comaa VA
We note also that, on 921, w; vanishes outside 92; N 9B so that we may extend it by 0 on €; \ ;. We keep
the same notations for simplicity. This yields a divergence-free vector-field w(-z) € H'(¢;) defined on ¢;.

By combination, it is then straightforward that w; = w(l) ( € H'(¢;) satisfies:

i) divw; =0 on €;
1) the following boundary conditions on 0¢;:

0 if 2 € 0¢; N OB,
wj(m) = Vi ifx € 8€J N 8.~Bl _
w170(:E) ifz € 8@2] \ (8B1 U 6Bj)

ii1) the bounds (with a constant C,, 4, depending only on dg, Apaz):
V6 ey < CmaelViP |14 7]
In particular, the above construction of @, on €; for fixed j € J, satisfies the right boundary conditions in
order to extend it by Wi, on the remaining fluid domain. So, we set:
Vi ifxe B
wi(z) frzedj,jed
0 ifzeBj,j#1

wyo(z) else.

Combining (A.7] - we obtain that w; € H 1(]R3) is dlvergence free and satisfies the required conditions on
the obstacles ( B;)i=1... n- Furthermore, combining (A7 7)-(A.10), we obtain a constant C,q, depending only on
00, humaaz such that:

mem<%MGl+Z qmma1+zuwm
b X, — 2

The associated vector-field wy (via the scaling (A.4)) satisfies then all the requirements of Lemma [A.2]

APPENDIX B. ANALYSIS OF THE CELL PROBLEM

In this appendix, we fix (N, M, \) € (N\ {0})? x (0,00), and a divergence-free w € C°(R?). We denote T
an open cube of width A and B; = B(X;, %) C T fori=1,...,M. We assume further that there exists d,,
satisfying

4
(B.1) min {dist(Xi,aT),minﬂXi - Xj|)} >dym > —.
i=1,..., J#i N

We consider the Stokes problem:

M
in F=T\JB;,

=1

(B.2) {—Au—i—Vp = 0,

divu =

o

completed with boundary conditions

u(r) = w(x), inB;,Vi=1,...,M,
(B.3)
u(z) = 0, on 0T .
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Assumption (B.1)) entails that the B; do not intersect and do not meet the boundary 97 So, the set T\ Ui\il B;
has a Lipschitz boundary that one can decompose in M + 1 connected components corresponding to 97 and
0B; fori=1,... M.

For any ¢ = 1,..., M, direct computations show that:

/ w~nd0:/divw:0.
oB; B;

k3

Hence, the problem (B.2))-(B.3]) is solved by applying [I3l Theorem 3] and it admits a unique generalized solution
u € HY(F). We want to compare this solution with:

M
us(z) =Y GV [w(X,)] (@ - Xy),
i=1

where, for arbitrary v € R®, G [v] is the unique vector-field that can be associated to a pressure PV [v] in order
to form a pair solution to the Stokes problem outside B(0,1/N). Explicit formulas for these solutions can be
found in standard textbooks:

1 (3 1 3 (1 1 vz
N —_ | = _— T T2
(B.4) G )(z) = AN <x| + N2m|3> v aN <|:E| N2|$|3> \QTPI’
3 vz
N N S
(B.5) P o)(z) = 2N 23

The main result of this appendix section reads:

Proposition B.1. There exists a constant K independent of (N, M, dy,, w, \) for which:

M 1 M
- - < - Vo [ =41/ —— .
[(w—us)llLor) + V(v — us)llp2(x) < K[Hcho,uz(T) + ||Vw||L6(T)} I ( ~ T Ndm>

Proof. The proof is an adaptation to our notations and assumptions of [I3, Proposition 7]. We split the error
term into two pieces. First, we reduce the boundary conditions of the Stokes problem (B.2))-(B.3]) to constant
boundary conditions. Then, we compare the solution to the Stokes problem with constant boundary conditions
to the combination of Stokeslets us. In the whole proof, the symbol < is used when the implicit constant in the
written inequality does not depend on N, M, d,,, w and A.

So, we introduce u. the unique generalized solution to the Stokes problem on F with boundary conditions:

u. = w(X;), inB;,Vi=1,..., M,

(B.G) C ( l) 3

u. = 0, on 0T .

Again, existence and uniqueness of this velocity-field holds by applying [I3] Theorem 3]. We split then:
[(w—us)ller < I(u—uc)llLor) + l(ue — us)ll Loz,
IV(u—us)llezry < IV(u—ue)llLzr) + [IV(ue = us)l L2(7)-

To control the first term on the right-hand sides, we note that (u — w.) is the unique generalized solution to the
Stokes problem on F with boundary conditions:

{(uuc)(x) = w@)—wX;), inB,Vi=1,...,M,
(u—uc)(r) = 0, on 0T .

Hence, by the variational characterization of [13, Lemma 4], ||V (u—wu.)||2(F) realizes the minimum of ||V@||z2(F)
amongst

{weﬂl(f) st divid =0, @), =0, @),,, = w() — w(X,), ¥i= 1,_,,7M} _

We construct thus a suitable w in this space. We set:

M
W=
i=1
with, fori=1,..., M :

= (XN (= X (w() = w(X0) — B, g3 [o - () — w(X0) - VN (@ = X))
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In this definition x” is again chosen truncation function that between B(0, ;) and B(0, % ). We assume further

that x” is obtained from y! by dilation. The operator B denotes the Bogovskii operator on the annulus

12
ONON
1 2 2 \\ By I
A(Xs, N N) = B(0, )\ B(0, %)-
The properties of this operator are analyzed in [I3] Appendix A] (though these results are nowadays classical
and can also be found in [I] for instance). It is straightforward to verify that the mean of z — (w(z) — w(Xj;)) -
Vx(x — X;) vanishes so that the above vector-field @; is well-defined. We note that @; has support in B(X;, %)
so that, as d,, > 4/N, the w; have disjoint supports inside 7. This yields that w is indeed divergence-free and
fits the required boundary conditions. Furthermore, there holds:

M 2
IVallzr) < | Do IVElGapx,, 2,

i=1

For ¢ € {1,..., M} we have by direct computations:

w2,
VXN (= X))~ wX)) Fapoxnv2) S

Hw”%/vlﬁ T
V(= XDV @) = 0D Bap iy S R

and, by applying [I3, Lemma 20]:

||V%XiN L.3 [x = (w(z) — w(X;)) 'VXN<33 - Xz)} ||i2(3m(xi7%))

NN

S e (@) —w(Xs) - VY (z - X5)

2
) ”Lz(B(Xi,%))
||wHCO,1/2(T)

N2 '

Gathering all these inequalities in the computation of w yields finally:

7) ||w||co.1/2(?) + ||’U}HW1‘6( )
V| 2r) S VM ' T
H w”L (F) ~ \/7 N

The variational characterization of generalized solutions to Stokes problems entails that we have the same bound

for (u — u.). At this point, we argue that the straightforward extension of u and u. (by w and w(X;) on the B;
respectively) satisfy (u —u.) € H}(T) € L°(T) so that

<

Ju = tellsry < llu—vellLs @y S 1V (u = ue)lL2r)

]2 :
Wllwr.6(T
= (wmeém+MAm”>

< \/M”wucovl/z(f); wllwo(r)

We emphasize that, by a scaling argument, the constant deriving from the embedding H(T') C L%(T) does not
depend on A so that it is not significant to our problem.

We turn to estimating u. — us. Due to the linearity of the Stokes equations, we split

M
Ue = Z Uc,i,
i=1
where u.; is the generalized solution to the Stokes problem on F with boundary conditions:

{ Uei = w(X;), ondB;,

Uey = 0, on 9T UJ;,; 0B;.
We have then

M
(B.7) IV (e = ws) |2y < DNV (e = GV [w(X))(- = Xi))l| 227

=1
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Similarly, we expand :

M
Us = Z G, where Gi(z) = GN[w(X;)](z — X;), VR
i=1
For i € {1,..., M} we extend u.; by 0 on R3\ T and Bj for j # i. The extension we still denote by wu.;
satisfies u.; € H'(R®\ B;), it is divergence-free and constant on dB;. In particular, we have u.; € D(R?\ B;).
Consequently, u.; — G; € D(R?\ B;) and:

V(i = Gllary < [ [V = VG
R3\B;

/ Ve i|> — 2/ Ve, : VG; —|—/ IVGi|?.
R3\B; R3\B; R3\B;

To compute the product term, we apply that u.; and G; = GN [w(X;)](- — X;) have the same trace on dB; and
that U; is a generalized solution to the Stokes problem on R? \ B;. So, integrals of the form fR3\§ VG; : Vw

(for w € D(R?\ B;)) depend only on the trace of w on dB;. This entails that:

/ Vucyi : VGZ = |VG1|2,
RNE; RNE;

IA

and we have:

(B.3) IV (ues = Glltan < [ Vueal? = [ V6P,
R3\B; R

3\B;

To conclude, we find a bound from above for

/ (Vo) P = / Ve (2)2da.
R3\B; F

As u.; is a generalized solution to a Stokes problem on F, this can be done by constructing a divergence-free w;
satisfying the same boundary condition as u. ;. We define:

Wi = Xy /a0 = Xi)Gi = By, a [20 Gi(@) - VX, a7 — Xi)]

where xg, /4 truncates between B(0,d,,/4) and B(0,d,,/2). As previously, we have here a divergence-free
function which satisfies the right boundary conditions because xg4,, /4(- — X;) = 1 on B; (since d,,,/4 > 1/N) and
vanishes on all the other boundaries of OF (since the distance between one hole center and the other holes or 9T
is larger than d,, — 1/N > d,,/2). Again, similarly as in the computation of w; we apply the properties of the
Bogovskii operator ‘B X, dm dm and there exists an absolute constant K for which:

IV@il|Z2 () < /RB\B X a(- = Xi)VGi?

2

oy IVG(@)+ [V ol — X,) @ Gifa) e ).
A, o
As we have the same bound for u.;, we plug the right-hand side above into (B.8)) and get:

HV(UC,i - Gi)”%ﬂ(}‘) S / ., |VG1($)|2d$ Jr/ o |dem/4($ _ Xl) ® Gi(x)\zdg:.
FABOG, T AKX, B 2

With the explicit decay properties for G; (see (B.4)) and Vxg,, /4 we derive:

[l o
/ . |VG1(I’)|2dx +/ o |dem/4(x — Xi) ® Gl(l‘)|2d:c ,S #(T)
R3\B(X;, %) A(X;, 4 4y m

i )5

Combining these bounds for i = 1,..., M in (B.7) we get:
[wll o (m)
V(ue — us < ————.
IV = wllaar) < o 2

By similar arguments, we also have:

M
[ue = sl oy = llue = usllzo@y <Y tei — Gill Logs\7)-
=1
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As uc;,G; € D(R?\ B;) and Uc i, G; share the same value on 9B;, there holds u.; — G; € Dy(R?\ B;) and we
may use the classical inequality (see [10, (11.6.9)]):

e, — GiHLﬁ(RS\E) S IVue: — VGiHLz(Rs\E) , Yi=1,....,M,

(again the constant arising from this embedding does not depend on N by a standard scaling argument). This
yields again the bound:
M||wl| o (1)

c — UWUs S .
[l (w u )||L6(f) NV,

Finally, combining the error terms between u. and us and between v and u. we obtain

M 1 M
[(w = us)llLor) + V(= us)llL2(r) < Ky N (\/N +4/ M) [Hw”co,l/z(f) + [Vwl|Ls(r) |-

This ends the proof. O

We note that, when we apply Proposition in this article, we will choose M > 1 and d,,, that has to be
small. In that case we have that

<24/ ——
> Ndma

2

and the result of Proposition reads:

M
I =) lasry + IV = )l < K [Jwllgnsary + IVl ] 577

APPENDIX C. ANALYSIS OF SOME CONSTANTS

In this section, we consider the problem of finding constants for the Poincaré-Wirtinger inequality and the
Bogovskii operator on a cubic annulus A(0,1 —1/§,1) :=] — 1, 1[3\[-(1 — 1/§),1 — 1/4]3. In both proofs, we
proceed by change of variables (since only the asymptotics of the constant when § — oo is needed). For this, we
fix § > 2. We introduce a odd strictly increasing application ys € C?([—1,1]) such that

For this, we introduce an even ¢ € C*°(R) such that:

T 1/a1/4) SC<1_1/21/2-

We fix a constant k to be chosen later on and we define x/ as the interpolation between 2(1 —1/6) on [0,1/2]
and k on [1/2 4+ 1/6,1] that we integrate from ¢ = 0. This means:

(o) = [ C2(1 = 1/8)C(5(s — 1/2)4) + k(1 — C(5(s — 1/2) 4 )ds.
With this choice, we fix k so that xs(1) = 1 yielding:
p_ 1-2(1-1/9) fol C(6(s—1/2)4)ds  1—-2(1—1/0)(1/2+ f01/6 ¢(0s)ds) -0 (1> .

0

Jo (1=¢(8(s — 1/2)4)ds Jo /2 (1= ¢(85))ds

We emphasize that, due to our choice for ¢, we have fol ¢(s)ds < 1/2. This entails that we have also k£ > 0 and
Xs is indeed strictly increasing.

Consequently, we have that:

e ;s realizes a C2-diffeomorphism from [—1,1] to [—1, 1] such that xs([—1/2,1/2]) = [-(1 —1/4),1—1/4],
* 1/6 S x5(y) < 2 and [x5(y)| < 6 for any y € [-1,1].

We introduce o its converse mapping. It satisfies:

e 0o5([-(1—1/6),1-1/6]) = [-1/2,1/2],
e 1/2 < oj(x) < § and |of (x)| < 6* for any z € [-1,1].

Finally, we denote X5 and Y; the corresponding C2-diffeomorphisms between A(0,1/2,1) and A(0,1 —1/6,1) :

X5t A(0,1/2,1) — A(0,1-1/8,1) Ys: A0,1-1/6,1) — A(0,1/2,1)
(Y1,y2,y3) > (xs(y1), xs(y2), xs(y3))) (x1,22,73) = (05(21),05(22),05(x3)))

We start with the Poincaré-Wirtinger inequality. Our main result reads:
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Proposition C.1. There holds Cpw[0] < 6. Namely, given f € L3(A(0,1—1/6,1)) N H*(A(0,1—1/§,1)), we
have:

2 2 2
() [N R Vi (@)

A(0,1-1/8,1)
Proof. We fix f € L3(A(0,1—1/4,1)) N H'(A(0,1 —1/6,1)) and, with the previous notations, let us consider:

) = F(Xs()) - ][ Foo YyeA®©1/21),

with

Fr=[ i)
A(0,1/2,1)
Standard computations show that f € L2(A(0,1/2,1)) N H'(A(0,1/2,1)) so that, by the Poincaré-Wirtinger

inequality we have:
[ wPws [ v
A(0,1/2,1) A(0,1/2,1)

f(x):f(Y(;(x))—k][f7 Voe A0,1—-1/6,1).

Hence, because f is mean-free on A(0,1 — 1/4, 1), there holds:

B 2
/ ks < [ @ + 14017201 [ ]]
A(0,1—1/6,1) A(0,1—1/5,1)

5 2
: /A(O,ll/é,l) fle) - ff

dz
< / F(¥3(2))Pda
A(0,1-1/5,1)

Conversely, there holds:

We can then transform the geometry to go back in the A(0,1/2,1) and apply the previous inequalities on o :

3

3
1 _
flz)Pdx < Ilmax / f(Ys(z zlla’xidxi
/A(O,l—l/é,l)| @) wi€[0,1] o5 (;) A(0,1—1/6,1)| Fs@)] i1 o)

i=1

< / ) Pdy
A(0,1/2,1)

< / IV Fy) .
A(0,1/2,1)

At this point, we compute V f with respect to Vf and apply the previous inequalities on xj:

3
/A<o,1/2,1> ViW)Fdy 5 / S X205 (X (y)) Py

A(0,1/2,1) ;4

3 , 3
X&(yi) 2 /
< = 10: f(Xs(y)) X (Y5)dy;
/A(0,1/2,1) ; Hj;éi Xg(yj)l | Jljl ol83)y;
<o f V£ (a)de.
A(0,1—1/6,1)
This ends the proof. |

Finally, we consider the Bogovskii operator on the annulus:

Proposition C.2. There holds Cys[6] < 6°/2. Namely, given f € L3(A(0,1—1/8,1)) there exists u € H3(A(0,1—
1/6,1)) such that

divu = f on A(0,1—-1/4,1)

IVull2cao,1-1/6.1)) S 0”21 fllz2ao,1-1/6,1))
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Proof. We provide a proof by change of variable as for the previous proposition. Given f € L3(A(0,1 —1/4,1))
we define

) = Hx%(yi)f(Xs(y)) , VyeA0,1/2,1).

=1

Straightforward computations show that f € L3(A(0,1/2,1)). Consequently, there exists & € H}(A(0,1/2,1))

such that:
diva = f on A(0,1/2,1)
IVl L2 a,1/2.1)) S Il E2ca./2,0)-
We set then:
u(z) = Hog(xg)ﬁi(Yg(x)) Vaoe A0,1-1/6,1).
7 i=1,2,3

Since o(xe)x5(0s(xe)) = 1, we may expand the divergence to prove:

divu(z) = f(z), Vae A0,1-1/41).

It is straightforward that u = 0 on the boundaries of A(0,1 —1/4,1), and we are left with computing the size of
its gradient. We note that (introducing Kron the Kronecker symbol)

djui(z) = o5(x;) | [] ob(we) | 05(Ys (@) + (1 = Kronlj, il)og (x;) | [] oblae) | ai(Ya(x)).
0Ai G

Consequently:

1’4 dxz

Ew

/ ou) 5 [ (51051 (Y5 () + )4V o
A(0,1-1/68,1) A(0,1-1/6,1)

<4 / 10;a()? + |a(y)[?)dy.
A(0,1/2,1)

Z:l

Here we apply the classical Poincaré inequality in H}(A(0,1/2,1)) and the definition of @, which yields

/ |0;u; ()2 §/ f(y)2dy.
A(0,1—1/5,1) A(0,1/2,1)

We end up by dominating the right-hand side w.r.t. f recalling the bound above for xj

fyzdy:/ X yz fXéyz X xzdxza
/4(0,1/2,1) W) A(0,1/2,1 )H o) H o

< / 1 (@)[2de.
A(0,1-1/6,1)
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