REGULARIZATION ESTIMATES AND HYDRODYNAMICAL LIMIT
FOR THE LANDAU EQUATION
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ABSTRACT. In this paper, we study the Landau equation under the Navier-Stokes scaling
in the torus for hard and moderately soft potentials. More precisely, we investigate
the Cauchy theory in a perturbative framework and establish some new short time
regularization estimates for our rescaled nonlinear Landau equation. These estimates are
quantified in time and we obtain the instantaneous expected anisotropic gain of regularity
(see [54] for the corresponding hypoelliptic estimates on the linearized Landau collision
operator). Moreover, the estimates giving the gain of regularity in the velocity variable
are uniform in the Knudsen number. Intertwining these new estimates on the Landau
equation with estimates on the Navier-Stokes-Fourier system, we are then able to obtain
a result of strong convergence towards this fluid system.
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1. INTRODUCTION

In this paper, we are interested in the link between the Landau and Navier-Stokes
equations. It has been a major challenge to establish rigorous links between microscopic
and macroscopic equations for many years, this problem goes back to Hilbert [40] and the
main goal is to obtain a unified description of gas dynamics. The equations of kinetic
theory (including the Boltzmann and the Landau equations) can be seen as an intermediate
step between the microscopic and macroscopic scales of description. In order to link the
Landau and Navier-Stokes equations, we study a suitable rescaling of the Landau equation,
as described in Subsection 1.1.

After giving some preliminary technical results in Section 2, the first part of our paper
(Sections 3 and 4) is dedicated to the study of this rescaled Landau equation thanks
to hypocoercivity methods, (linear and nonlinear) regularization estimates and sharp
nonlinear estimates on the Landau collision operator. We study the Cauchy theory in a
close-to-equilibrium framework for this equation and establish new and sharp regularization
estimates in short time. The second part of our paper focuses on the aforementioned
hydrodynamical limit problem. More precisely, in Section 6, we give a result of strong
convergence of the solutions to the Landau equation constructed in the first part of the paper
towards strong and global solutions to the incompressible Navier-Stokes-Fourier system.
Our approach is reminiscent of the one used in [5, 24] for the hard spheres Boltzmann
equation and improves the result obtained in [33, 55] in terms of type of convergence or
functional framework in the case of not too soft potentials. Our analysis heavily relies on
the estimates on the Landau equation established in the first part of the paper as well as
on results of spectral analysis for the linearized Landau equation performed in [60] and
presented in Section 5 and some refined estimates on the fluid problem (as in [24]).

1.1. The kinetic model. We start by introducing the Landau equation which models the
evolution of charged particles in a plasma through the evolution of the density of particles
f = f(t,x,v) which depends on time ¢ € R*, position 2 € T? the 3-dimensional unit
periodic box and velocity v € R?, when only binary collisions are taken into account. The
Landau equation reads:

Of +0-Vaf = 1QU )

where € > 0 is the Knudsen number which is the inverse of the average number of collisions
for each particle per unit of time and () is the Landau collision operator. It is defined as

1) QD) =0 [ aiyw—v.) [9(0:)0,0(0) = F(©)D,,9(0.)] dos,

where we use the convention of summation of repeated indices. The matrix a;; is symmetric,
semi-positive and is given by

(1.2) aij(v) = [o]7*? (% - qlm\);) » 3syslL

v
We have the following classification: We call hard potentials if v € (0,1], Maxwellian
molecules if v = 0, moderately soft potentials if v € [-2,0), very soft potentials if
~v € (—3,—2) and Coulomb potential if v = —3. Hereafter, we shall consider the cases of
hard potentials, Maxwellian molecules and moderately soft potentials, i.e.

-2<y<s L

The Landau equation preserves mass, momentum and energy. Indeed, at least formally, for
any test function ¢, we have

13) [ QU
1

O, f(v) _ v, f(v4)
f(v) ()

_ aij (v — 0.) f(0) £ (1) (

2 R3xR3 ) (81)]'90('”) - aijO(U*)) dv, dw,
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from which we deduce that

oty G g TR W= [ 20U w0~ et )| ) v
=0 for o(v)=1,v,v%

Moreover, the Landau version of the Boltzmann H-theorem asserts that the entropy

H(f):= [r?wRSf log f dvdx

is non increasing. Indeed, at least formally, since a;; is nonnegative, we have the following
inequality for the entropy dissipation D(f):

d 1

D(f) = ——H(f)

S dt ) T3xR3xR3 aij(v —ve) f(v) f(vs)

<avlf(v) _ amf(“*)) (avjf(v) _ 8vjf(v*)
f(’U) f(U*) f(U) f('U*)

The second part of the H-theorem asserts that local equilibria of the Landau equation are
local Maxwellian distributions in velocity. In what follows, we shall consider the following
centered normalized Maxwellian independent of time ¢ and space x which is a global
equilibrium of our equation defined by

> dv,dvdx > 0.

1 2
M(v) = e 2.
(2m)3
Taking ¢ small has the effect of enhancing the role of collisions and thus when e goes
to 0, in view of the above mentioned Landau version of the Boltzmann H-theorem, the
solution looks more and more like a local thermodynamical equilibrium. As suggested in
previous works (see for example [4]), we consider the following rescaled Landau equation
in which an additional dilatation of the macroscopic time scale has been done in order to
be able to reach the Navier-Stokes equation in the limit:

(1.5) oL fe + év Vi ff = E%Q(fs, ) in RTxT?xR3.

To relate the Landau equation to the incompressible Navier-Stokes equation, we look at
equation (1.5) under the following linearization of order &:

(1.6) fE(t,z,v) = M(v) + eV M(v)ge(t, x,v).

Let us recall that taking € small in this linearization corresponds to taking a small Mach
number, which enables one to get in the limit the incompressible Navier-Stokes equation.
If f¢ solves (1.5), then equivalently ¢g° solves

1 1 1

(1.7) Ohg" + —v-Vag® = 5Lg" + -I'(¢°,¢°) in RT xT?xR?
€ € €

where the nonlinear collision operator I' is defined by

(18) (i o) = = (VATA VAT L)

and the linearized collision operator L by

(1.9) Lf =T (VM,f)+T (f,VM).

Notice that the property (1.3) implies that for any suitable functions f; and fa,
(1.10) /R3 L(f1, fo) (W) p(v)dv =0 for @(v) =VM,vVM,v|*VM.

We also define the full linearized operator A, as

11
(1.11) Aci= 5L = vV,
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It is well known (see for example [14]) that the kernel of L is given by
Ker L = Span{\/M,Uﬂ/M,Ug\/M,U;;\/M, |v|2\/M} ,

and we shall denote by 7 the orthogonal projector onto Ker L which is defined by:

(1.12) 7f(v) = ( Rgf(w)\/ﬂ(w)dw+/Rg wf(w)VM(w)dw - v

lw|? — 3 |v]? — 3
+/R3 5 () VM () duw U )m(v).

Throughout the paper, we shall also use the following notation: For a given kinetic
distribution f = f(x,v), we denote by f* its microscopic part, namely

(1.13) fr=d-n)f
and by (pf,ur,0y) its first macroscopic quantities defined through

(1.14) / Fa, )M (v) dv,

(1.15) wp(z) == /Rgvf(:c,v)\/ﬂ(v) dv,
and

1 2
(1.16) r(a) =5 [ (10l =)z, o)A (0) do,

so that 7f = (pf +up-v+ 6’f o 73) VM. Using for example Proposition 3.1 from [8], we

also have:
Ker A, = Span{\/M,Ul\/M,UQ\/M,Ug\/M, \UP\/M}

and the projector II onto Ker A, is given by

T3xR3

(1.17) TIIf(v) = <[I‘3><R3 f(z, w)VM(w) dwdzx + f(z, w)ywvM(w) dwdz - v

lw|? — 3 [v|* -3
—I—/T3XR3 Tf(x,w)m(w)d’LUdl‘ 2 )\/M(v).

Notice that IIf(v) = / 7 f(z,v)dz.
T3

1.2. Cauchy theory, decay and regularization for the Landau equation. We in-
troduce the following H'-norm in velocity which naturally arises in the study of the Landau
equation:

L18) 1% = 1) I3 + ) ERVL A, + () FH1d PV £,

where P, stands for the projection on v, namely, P,w = (w |v\) ol We define the weighted
Sobolev-type spaces 2 and %4 as the spaces associated to the following norms:

7 7 bt
(119) 713 = [ ED 12+ 0PE IV, R, + [V, + VAR
and
1135 = 1> CHD f17a gy + 102GV f (722
+ ||<U>2+1VifHL%(HU17*) + ”VifHLg(H},’*)'

Remark that as in [32, 13], we work with “twisted” Sobolev spaces in which the weights
depend on the order of the derivative in z, it allows us to close our nonlinear estimates.

(1.20)

Let us now state our main result on the well-posedness, decay and regularization of the
rescaled Landau equation (1.7).
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Theorem 1.1. There is ng > 0 small enough such that for any ¢ € (0,1), if g5, € X
satisfies

(1.21) A‘S s g5, (x,v) p(v)dvdz =0 for @)= VM, ovVM,v|*VM,

and || g5, |12 < no, then the following holds:

(i) There is a unique global solution g € L®(Ry; Z) N L*(Ry; 21) to (1.7) associated to
the initial data g5, which verifies moreover

1 o o 1 o o
) A (O O R R ) Al PG R e

for any 0 < o < g, where oq is the decay rate of linearized operator A. given in Proposi-
tion 3.2, and where we recall that (¢°)* is defined in (1.13).

(1.22)  supe*™||g°(t)
0

=

2
Z

(ii) In addition, the solution satisfies the following regularization estimates, for all t > 0,
. e—at . ~ . e—at
(1.23) 1" Dllon & ——F—F=lgiullz,  and €l|[Vag*(¢)]2 < W

min(1, v/)

where Vg is a weighted anisotropic gradient defined in (2.6).

195l

Remark 1.2. Tt is worth noticing that the condition (1.21) is equivalent to g5, € (Ker A.)*.

Remark 1.3. Let us point out that the results obtained in Theorems 1.1 could be obtained
in larger spaces of the type & := H2L2({v)*/M) for k large enough. More precisely, due
to the linearization (1.6), working in spaces like & means that the original data f¢ lie in
polynomially weighted Sobolev spaces, which is more relevant from a physical point of
view. We chose to only present the proof in the functional space 2" because this functional
framework is compatible with the second part of the paper which is about hydrodynamical
limit of the Landau equation (1.7). Let us though explain the strategy to perform such an
extension of our results from the functional space 2" to &. The strategy is the same as
the one used in [9] by Briant, Merino-Aceituno and Mouhot where uniform in ¢ estimates
on solutions to the hard-spheres Boltzmann equation have been obtained. The trick is to
rewrite the equation (1.7) as an equivalent system of two equations thanks to the splitting
of the linearized operator A. = A. + B; introduced in Section 5: We write ¢° = ¢7 + ¢5
with

1 1 1
o9t = Begi + gl“(gigi) + gF(gigS) + gf(gi,gi) and ¢i(t=0)=g;, €&
and )
Ovg5 = Aogs + gf(gi,gi) +Aegi and g5(t=0)=0€ 2.

The first equation can be studied in the large space & thanks to the nice properties of B; in
all type of spaces and the second one can be studied in the smaller space 2 since it starts
from 0. Moreover, we have some nice estimates on this equation because the operator A,
enjoys some regularizing properties, it is bounded from & into 2, we can thus use the
estimates obtained for the first equation satisfied by gj. Following those ideas, one can
obtain some nice nested a priori estimates on the system, which allow to conclude.

Remark 1.4. Our method should be robust enough to also treat the case of very soft and
Coulomb potentials —3 < 7 < —2 in which the linearized operator does not have a spectral
gap (in this case, the inequality (2.10) does not provide coercivity anymore). More precisely,
we should be able to obtain a similar result of Theorem 1.1 with the exponential time-decay
in (1.22) being replaced by a sub-exponential one, by combining the arguments developed
in this paper together with the study made in the case ¢ = 1 in [12] by Carrapatoso and
Mischler. We do not treat this case in the present paper.

The Cauchy theory and the large-time behavior of the Landau equation for € = 1 have
been extensively studied. We here give a small sample of the existing literature: Let us
mention [1] for renormalized solutions with defect measure, [19] for the convergence to
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equilibrium for a priori smooth solutions with general initial data, [32, 50, 13, 12] for strong
solutions in a perturbative framework. Concerning the well-posedness of our rescaled
equation, it has already been obtained in [33, 54] respectively by Guo and Rachid in
Sobolev spaces (respectively in HQJXU with N > 8 and in H3L?) thanks to nonlinear energy
methods. In [8], Briant has obtained a similar result in Hé\fv with N > 4 thanks to the
so-called H'-hypocoercivity method at the linear level.

Our global strategy to prove Theorem 1.1-(i) is based on the study of the linearized
equation. And then, we go back to the fully nonlinear problem. This is a standard
strategy to develop a Cauchy theory in a close-to-equilibrium regime. However, we have to
emphasize here that our study is quite involved as explained below.

At the linear level, our strategy is based on a L2-hypocoercivity method which heavily
relies on the micro-macro decomposition and is thus particularly adapted to the study of
hydrodynamical problems. Recall that the challenge of hypocoercivity is to understand the
interplay between the collision operator that provides dissipativity in the velocity variable
and the transport one which is conservative, in order to obtain global dissipativity for the
whole linear problem (see [59, 36] for a presentation of this topic). The L?-hypocoercivity
method has been introduced by Hérau [35] (see also [21]) for one dimensional space of
collisional invariants and introduced by Guo in [34] for a space of collisional invariants of
dimension larger than one (including the Boltzmann and Landau cases). Let us explain

into more details the strategy, we first define a norm || - [|z2 = (associated to the scalar
product ((-,-))72 ) which is equivalent to the usual one |[| - [|z2 ~uniformly in e and is such
that ’ ’

1
(et iz, S~ s — 132,

Such a norm is defined in Subsection 3.1 and is inspired by [34] (see also [7]) in which the
more complex case of bounded domains with various boundary conditions is treated. Due
to the fact that derivatives in x commute with A., it is easy to deduce a similar result on
the space H2L2. However, it is not an easy matter to recover such an energy estimate
in larger or smaller spaces than H2L2. Actually, the methods presented in [31, 48] by
Gualdani, Mischler and Mouhot to develop shrinkage or enlargement arguments at the
level of energy estimates is not easily adaptable to rescaled equations if one wants to get
uniform estimates in the parameter of rescaling. To develop an enlargement argument,
one can use the trick introduced in [31, 48] of splitting the original equation into several
ones. This trick was already used in [9, 2] to obtain uniform in € estimates on the rescaled
Boltzmann equation for respectively elastic and inelastic hard spheres in a large class of
Sobolev spaces (see also Remark 1.3). However, we do not have such a method of splitting
to perform a “shrinkage” argument. In the present paper, we exhibit a norm equivalent to
the usual one that provides dissipativity for A, in a smaller space than H2L? (namely in
the space 2" defined in (1.19)) and that also preserves the gain of 1/e on the microscopic
part of the solution. This is done in Subsection 3.1. Notice that it is also possible to obtain
decay estimates directly on the semigroup associated to A, thanks to Duhamel formula
once one has exhibited a nice splitting of A, (see Section 5).

We then prove some new and sharp nonlinear estimates on the Landau collision operator
(see Subsection 4.1) to be able to develop our Cauchy theory for the whole nonlinear
problem in a close-to-equilibrium framework. It is worth mentioning that to prove good
a priori estimates on the nonlinear problem, we use the hypocoercive norm defined in
Subsection 3.1 and we only perform energy estimates. It is actually important that our
analysis does not rely on the use of Duhamel formula because of the rescaling parameter
(see the beginning of Section 4 for more details).

The strategy that we use to prove the regularization estimate in Theorem 1.1-(ii) is
quite classical for linear hypoelliptic equations and has been introduced by Hérau and
Nier [37] for the kinetic Fokker-Planck equation. Such a method has been used for many
hypoelliptic equations: In [38] for the fractional kinetic Fokker-Planck equation, in [13, 12]
for the linearized Landau equation, in [39] for the linearized Boltzmann equation without
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cutoff etc... To our knowledge, it is the first time that such a strategy is used for a
nonlinear equation (even in the simpler case ¢ = 1) and for a rescaled equation (with
uniform estimates in the rescaling parameter). Roughly speaking, the idea is to introduce
a functional with weights in time which is a Lyapunov functional for our equation for
small times. From this property, we are then able to recover some regularization estimates
quantified in time as stated in Theorem 1.1-(ii). Here, the difficulties are threefold:

- First, we study a nonlinear equation, our computations are thus much more intricate,
the idea behind our computations being that we work with small data which allows us
to absorbe the nonlinearity. Our proof also requires some new and sharp nonlinear
estimates on the collision operator (see Subsection 4.1).

- Then, the functional has to be suitably defined to handle the dependencies in €. The
differences of behaviors between microscopic and macroscopic parts of the solution
have to be taken into account and in the spirit of the definition of the H'-hypocoercive
norm of Briant [8], some terms of the functional only involve the microscopic part of
the solution (see (4.38) for the definition of the functional).

- Finally, since we want to obtain the optimal gain of regularity (the corresponding
hypoelliptic estimates are provided in [54] by Rachid), our functional has to be defined
accordingly. For example, in [13] in which the authors were not interested in getting
the optimal gain of regularity (and in which only the case ¢ = 1 was treated), only
classical derivation operators were involved in the definition of the functional. Here,
the definition of the functional is much more intricate: We have to work with the
anisotropic operators V, and V, defined in (2.6) and our functional also involves
additional terms which are necessary to close our estimates.

To end this part, we mention that our proof also provides a regularization estimate in the
space variable which is not uniform in ¢ (see (1.23)). The non-uniformity in ¢ of such a
gain is expected since the transport operator and the linearized collision operator (which
gives the gain of regularity in velocity) do not act at the same scale.

1.3. The fluid model. In the second part of the paper, we shall prove that the hydrody-
namical limit of (1.5) as € goes to zero is the incompressible Navier-Stokes-Fourier system
associated with the Boussinesq equation which writes

O +u - Vau — 1 Azu = —Vep
00 +u -V —1oA0 =0
divy,u =0
Va(p+0)=0.

In this system, the temperature 6, the density p and the pressure p are scalar unknowns,
whereas the velocity u is an unknown vector field. The pressure can actually be eliminated
from the equations by applying to the momentum equation the projector IP onto the space
of divergence-free vector fields. This projector is bounded over HY for all ¢, and in L?
for all 1 < p < oco. To define the viscosity coefficients v; (see for example [4]), let us
introduce the two unique functions ® (which is a matrix-valued function) and ¥ (which is
a vector-valued function) orthogonal to Ker L such that

\/%L(\/MCD) :@Id—v@m and LL(\/M\IJ) Rl

(1.24)

3 M 2
The viscosity coefficients are then defined by
1 2
mi=— [ @:L(VM®)VMdv and vyi= - | - L(VME)VMdo.
10 JRrs 15 /s

In what follows, we call well-prepared data the class of functions f € Ker L that write

v]? —
(125) f(a.v) = VI <pf<x>+uf<x>.v+' - 3ef<x>>

with Vg-uy =0 and pyr+6;=0
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where we recall that pf, uy and ¢ are defined in (1.14), (1.15), (1.16).
It is known that for mean free (pg,ug,6p) € H> small enough and satisfying
(1.26) Ve -upg=0 and pg+6y=0,

there exists a unique solution (p,u,f) € H3 to (1.24) defined on RT with associated
initial data (po,uo,6p) (see [23, 44, 45, 24]). For such an initial data, we also define gy a
well-prepared data with (po, ug, 0p) as associated first macroscopic quantities, namely

(1.27)  go(z,v) := VM(v) (po(x) +uo(x) - v+ |v|22— 300(:U)>

with V;-ug=0 and pg—+6y=0.

Notice that from the definition of the space 2", we in particular have that gg € 2" and
the mean-free assumption made on (pg, ug, fp) implies that go € (Ker A.)*. Notice also
that due to the definition of 27, the smallness assumption made on (pg, uo,8p) can be
translated into a smallness assumption on gg. Indeed, given the form of gy, by triangular
inequality, it is clear that

lgoll2~ < [1(pos wo, Oo) |l -
Moreover, since {\/M, vV Mui, vV M(|v|> — 3)/2} is an orthogonal system in L2, we also
have that
lgoll 2= Z lgoll a2 2 |1(po, o, Oo) | m3-
As a consequence, there exists 7; > 0 such that if go is of the form (1.27) and satis-

fies ||gol|2~ < 11, then there exists (p,u,0) € H? defined on R* solution to (1.24). We
define the kinetic distribution lying in Ker L with associated macroscopic quantities (p, u, 0)

(1.28) g(t,z,v) := VM (v) <p(t,:v) +u(t,z) v+ |v\22— 39(15,1‘)) :

We also have the following estimate

(1.29) 9l 2y S Clllgoll )

where C(||go]|2°) is a constant only depending on the Z-norm of the data gp. The
aforementioned results on the system (1.24) can be found in [24, Appendix B.3] in which
more details and references on the subject are given.

1.4. Hydrodynamical limit result. For the statement of the main hydrodynamical
result, we first introduce the following notation for functional spaces: If X; and X5 are
two function spaces, we say that a function f belongs to X; + Xo if there are f; € X,
and fo € Xy such that f = fi; + fo and we define

1fllxi+x, == min  ([[fillx, + [ f2llx.) -

f=fh+rf
fi € X
Theorem 1.5. Let g5, € 2" N (Ker A.)*t for e € (0,1) such that ||g5,|| 22 < no (where ng
is defined in Theorem 1.1) and g° € L°(Z") being the associated solutions of (1.7) with
initial data g5, constructed in Theorem 1.1. Consider also go € X N (Ker A.)* such
that ||go|| 2= < m1 and g defined respectively as in (1.27) and (1.28) (where we recall that m
has been chosen small enough so that g is defined globally in time).
There exists n2 € (0, min(no,m)) such that if max (||g5, |2, |lgoll2-) < m2 and

(1.30) 19in — g0ll 22 — 0,
e—0
then we have
£
(1.31) 19" = 9ll o2y =57 O

If max (||g5, |l 275 |90l 27) < m2 and
€ —_ g
(1.32) 1795 — g0l 2 = 0,
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then we have
£
(1.33) 19" = 9llLy @)+ Lge () —5 O

Remark 1.6. One can get a rate of convergence in (1.31) and (1.33) if we suppose that gg
has some additional regularity in =, namely a rate of €° if the regularity is supposed to
be H2%9 for § € (0,1/2]. We refer to Theorem 6.1 for a quantitative version of this result.

Remark 1.7. As explained in Remark 1.3, the results of Theorem 1.1 could be obtained
in larger spaces & = H3L2((v)¥v/M). A similar approach as the one used by Gervais
in [26, 25] in which the hard spheres Boltzmann equation is treated in “large” Sobolev
spaces, might yield the associated hydrodynamical result.

Remark 1.8. As explained in Remark 1.4, the strategy of the proof of Theorem 1.1 should
also work in order to treat the case of very soft and Coulomb potentials. However, in order
to obtain the associated hydrodynamical result, our method employs some fine spectral
estimates that are known to hold only for the case —2 < v < 1 by [60]. Therefore, if we
are able to extend the results of [60] to the case of very soft and Coulomb potentials, we
might then be able to obtain the analogous result of Theorem 1.5.

We first give a short overview of the existing literature on the problem of deriving fluid
equations from kinetic ones (we refer to the book by Saint-Raymond [56] for a thorough
presentation of the topic). The first justifications of the link between kinetic and fluid
equations were formal and based on asymptotic expansions by Hilbert, Chapman, Enskog
and Grad (see [40, 16, 29]). The first rigorous convergence proofs based also on asymptotic
expansions were given by Caflisch [10] (see also [43] and [17]). In those papers, the limit
is justified up to the first singular time for the fluid equation. By using the nonlinear
energy method introduced by himself in [32], Guo [33] has justified the limit towards the
Navier-Stokes equation and beyond in Hilbert’s expansion from Boltzmann and Landau
equations (see below for more details on this result).

There has also been some convergence proofs based on spectral analysis in the framework
of strong solutions close to equilibrium introduced by Grad [30] and Ukai [57] for the
Boltzmann equation. In this respect, we refer to the works by Nishida, Bardos and Ukai,
Gallagher and Tristani [53, 5, 24]. These results use the description of the spectrum
of the linearized Boltzmann equation in Fourier space in the space variable performed
in [52, 15, 22]. Our approach is reminiscent of these ones and relies on the generalization
of the paper [22] to several kinetic equations (including the Landau one) made in [60] by
Yang and Yu. Notice also that such a spectral result has recently been obtained in [26] by
Gervais for the hard-spheres Boltzmann equation in a larger class of Sobolev spaces.

More recently, some uniform in ¢ estimates on kinetic equations have allowed to prove
(at least) weak convergence towards the Navier-Stokes equation. Let us mention [42, 55] in
which the cases of Boltzmann equation without cutoff and the Landau equations are treated.
In [8, 9], the authors have obtained convergence to equilibrium results for the rescaled
Boltzmann equation (and also the Landau equation in [8]) uniformly in the rescaling
parameter using respectively hypocoercivity and enlargement methods. In [9], the authors
are able to weaken the assumptions on the data down to Sobolev spaces with polynomial
weights. We also refer to [2] in which a similar approach combined with perturbative
arguments has been used to derive a fluid system from the inelastic Boltzmann equation.
Notice that Briant [8] has combined this with Ellis and Pinsky result [22] to recover strong
convergence in the case of the Boltzmann equation.

Finally, let us mention that this problem has been extensively studied in the framework
of weak solutions, the goal being to obtain solutions for the fluid models from renormalized
solutions introduced by DiPerna and Lions in [20] for the Boltzmann equation. We shall
not make an extensive presentation of this program as it is out of the realm of this study,
but let us mention that it was started by Bardos, Golse and Levermore at the beginning
of the nineties in [4, 3] and was continued by those authors, Saint-Raymond, Masmoudi,
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Lions among others. We mention here a (non exhaustive) list of papers which are part of
this program (see [27, 28, 46, 47, 56]).

Let us focus on the Landau equation for which the literature is scarcer. As mentioned
above, in [33], Guo justifies the limit the Navier-Stokes limit and beyond in the Hilbert’s
expansion from (the Boltzmann and) the Landau equations (even for the case of very
soft potentials) in the torus by using his nonlinear energy method. Our result on the
hydrodynamical limit is reminiscent of the one obtained in [33] for the hard and moderately
soft potentials in the sense that we work with strong solutions and we prove a strong
convergence result. It is however worth noticing that our functional framework is less
restrictive (we only work with 3 derivatives in « and no derivative in v whereas in [33],
regularity on 8 derivatives in both variables x and v is required). Moreover, there is an
important loss of regularity in the estimates of convergence proven in [33] whereas we
only lose § derivatives in = and there is no loss in v to get a rate of convergence of 9
from Landau to Navier-Stokes equation (see Theorem 6.1). In the present paper and
in [33], the fluid initial data are supposed to be well-prepared, namely the divergence free
condition and the Boussinesq relation (1.26) are supposed to hold. We refer to [41] by
Jiang and Xiong for an extension to the case where the fluid part is not supposed to be
well-prepared and the creation and propagation of initial layers is studied. In [33, 41], the
kinetic initial data is supposed to have a specific form so that there is no creation of kinetic
initial layers. Our presentation is slightly different since we do not use Hilbert expansion
to study the limit towards the Navier-Stokes equation, our assumption being the following:
The projection of the kinetic initial data onto the kernel of the linearized operator L is
supposed to converge towards the well-prepared fluid initial data as e — 0. Finally, in [55],
Rachid obtained a result of weak-x convergence in L (H2L?2) towards the incompressible
Navier-Stokes-Fourier system, we have thus strengthen this result for the type of initial
data that we consider here. One can notice that the assumptions made on the fluid initial
data in [55] are a bit less restrictive since the divergence free condition for ug and the
Boussinesq relation for pg and 6y are not supposed to hold. The initial layer that such an
initial condition creates is absorbed there in the weak convergence. In our framework, we
can not hope to absorbe it in a strong convergence framework because the initial layer is
propagated over time in the periodic domain (see [41]). Note also that in [24], the authors
were able to treat this type of “completely ill-prepared” data only in the case of the whole
space since those terms have some dispersive properties in the whole space.

Let us describe into more details our strategy to obtain strong convergence. It is inspired
by the ones used in [5, 8, 24]. Indeed, as in [24], using the spectral analysis performed
in [60] by Yang and Yu, in order to prove our main convergence result, we reformulate the
fluid equation in a kinetic fashion and we then study the equation satisfied by the difference
satisfied between the kinetic and the fluid solutions. However, let us point out that we are
not able to perform a fixed point argument as in the aforementioned paper. This is due
to the fact that the structure of the Landau bilinear operator is more complicated than
the hard-spheres Boltzmann one. Indeed, there is an anisotropic loss of derivatives and
weights in the nonlinear estimates which prevents us from closing a fixed point estimate.
To circumvent this difficulty, we use some new a priori estimates on the solution of the
linearized rescaled Landau equation and on the nonlinear rescaled Landau equation (1.7)
that are uniform in the Knudsen number and that have been presented in Theorem 1.1.
By intertwining these refined and sharp kinetic estimates and fluid mechanics ones, we are
able to prove a result of strong convergence from the solutions of the Landau equation to
the Navier-Stokes one as stated in Theorem 1.5.

1.5. Outline of the paper. In Section 2, we give some technical results on the Landau
collision operator that will be used all along the paper. In Section 3, we develop hypocoer-
civity and regularization estimates for the linearized problem. In Section 4, we develop our
perturbative Cauchy theory for the whole nonlinear problem as well as some regularization
estimates on it. In Section 5, we develop some new estimates on the linearized problem
that are useful to prove our hydrodynamical result, which is proven in Section 6.
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2. PRELIMINARY RESULTS
In this section, we present some technical results and tools that will be useful throughout

the paper.

2.1. Collision operator. Recalling the definition of the matrix a = (a;;);; in (1.2) and
that we use the convention of summation of repeated indices through the paper, we define
the following quantities

bi(v) = 0ja;i(v) = =2 |v|7 vy,
c(v) = 05ai;(v) = =2(y + 3) |v]?,
in such a way that one can rewrite the Landau operator (1.1) as
Q(g, f) = (aij * 9)0v, v, f — (cxg) f
= 00, { (01 % 900, f — (bi )},

where * denotes the convolution in the velocity variable v.
We now state a technical lemma in which we provide a rewriting of the nonlinear
operator I' defined in (1.8) and the linearized collision operator L defined in (1.9).

(2.1)

Lemma 2.1. There holds
T(f1, f2) = O, { (aij * VDM A]) O o} — 00, { (bi+ VIL) o}
(2.2) - (aij « [VMA]) 0idy, fo + i (aiy * VM AY) vivs fo
(au « [VMA]) fo,
and
Lf =0, {(aij * M) (%jf} + {—i (ag; * M) vv; + %%[(% * M) Uj]} f
+ (i * VM f]) viv, VM = (a5 % [VMf]) VM = (ex [VMf]) VM.

Proof. From the definition of I' in (1.8) and using the formulation (2.1) for @, we first
obtain

(2.3)

T(g1,92) = jMa { (i * [VMg1)) 0, (VM gs) = (b1 * [VMgu]) VMoo |
By writing 9, (\/Mgg) \/M@Ujgg — %vj\/Mgg we thus obtain
v, {(aij * [\/Mgl]) maujgz} L {(aij * [\/Mgﬂ) Ujmgz}

1 1
I'(g1, — ——0,
(gl 92) \/M 92 \/M i

1
7\ﬁ {(bz * [V Mgl]) VMQQ} :
Applying the derivative 0,, inside the brackets to the term v M we then get

['(g1,92) = Oy, {(aij * [\/Mgﬂ) &Jjgz} (aw [\ﬁgﬂ) Vi 0y, G2

- %(% {(aij * [\/Mgl]) 'Uj92} (azy [\ﬁgﬂ) ViVjg2

Oy, {(bz * [\/Mgl]) 92} t3 (bi * [\/Mgl]) vig2.
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Finally, we apply the derivative to the third term in the right-hand side of the above
equation and using that a;; = a;; for any 7, j , we get

Dg1,92) = B, { (a1 * V3 91]) Duy00} — 3 (0 [VETor]) i, 90
%(b *[\ﬁngv]gz—*(au [VMgi]) 2—*(% VMg1]) v;00,9:
i(aij*[\/Mng vivigs — Do, { (b [VMa]) g2} + ( # [VMg1]) vigs
{(am [ng]) 1}192}—(ai]~*[\/ﬁg1]) iy, g2

(au [\ﬁgl])gﬁ (aij * [VMa1]) vivgge — 00, { (b % [VMa1]) g2 }

which completes the proof of (2.2).

We now prove (2.3). From (2.2) we get
(VM f) = 0y, { (a5 * M) Dy, f } = 0o, {(bi = M) f}
— (aij * M)v;0y, f + % (aij * M)vv;f — % (ay; * M) f.
For the second term in the right-hand side of above equation, we observe that
— 0, {(bi x M) f} = — (cx M) f — (bi x M) Oy, f,
as well as
— (bl * M) &)Zf = — (&,jal-j * M) &sz = (aij * UjM) 81,2]0 = (aij * M) ’L)javif
by using that a;;(v — w)(v; — w;) = 0. We also remark, using that a;;(v — w)(v; — w;)(v; —
w;) =0,
! —(C * M) = —(al-j * avﬁva) = (aij * 5”M) — (aij * ’UinM)
= (aii * M) — (CLU * M)Uﬂ]j,
as well as
&M[(aij * M)Uj] = —(aij * M)’Uﬂ)j + (aii * M)
Putting together previous equalities, we finally obtain
1 1
F(\/M, f) = &Ji {(aij * M) &,jf} + {—4 (aij * M) (e iayi[(aij * M)U]]} f
Moreover, from (2.2) we get
T(f, VM) = 0y, { (aij * [VM[]) 00, VM } = 0y, { (s [VMf]) VM }
_ (aij * [\/Mfl]) vi&,j\/]\?—i— i (aij * [\/Mf]) vivj\/M
(a“ [\ﬁf]) VM
so that, developing the derivatives 0,,, we get
D(f, VM) = (b % [VMf]) 0, VM + (aij + [VM]) 9,00,V M
— (ex VMF)) VM — (b« [VMf]) 00, VM
_ (aij * [mf]) vi&,j\/ﬂ + % (aij * [\/MfD UZ"U]'\/M
(a” [\ﬁf]) VM.

Observing that

1 1
Oy, VM —*UJ\/M and 9y, 0y, VM = —§5ij\/M—|— vaj\/M,
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we then get
T(f,VM) = (aij * [\/Mf}) viv; VM — (aii * [\/Mf]) VM — (c* [\/Mf]) VM,
which concludes the proof. O

For v € R?, we define the symmetric matrix A(v) = (4;;(v))1<i j<3 whose coefficients
are given by

Aij(v) = (aij # M) (v).
We can decompose A(v) as A(v) = BT (v)B(v), where B(v) = (B;;(v))1<i <3 is a matrix

with real-valued smooth entries (see [54]). Recall also that from [18], for v € R?\ {0}, the
matrix A(v) has a simple eigenvalue ¢;(v) > 0 associated with the eigenvector v and a

double eigenvalue £2(v) > 0 associated with the eigenspace v*. Moreover, when |v| — +oo,
we have
(2.4) (1(v) ~2(v)? and  fa(v) ~ (V)72

As such, one can write that for any v € R3\ {0},

A(v) = fl(v)m ® ol + £2(v) (Id_M ® |U|) ;

where Id denotes the identity matrix and

(2.5) B(v) = Vi (v) 2 ® % + Vi) <1d”®“).

CI CI
In what follows, we will use the following differential operators
(2.6) V. :=B(®)V, and V,:=B()V,
as well as their adjoint operators in L? given by, for F': R — RY,
(2.7) (Vo)*F ==V, - (B(v)F) and (V,)'F=-V,-F.

Using the formulation (2.3) of the linearized collision operator L, we can therefore rewrite
it as

Lf = -Vi%0f = {{B@? - 59, [BT@B()e] | 1

(2.8)
— {— (aij * \/Mf) VU5 + (CLZ‘Z‘ * \/Mf) + (C* \/Mf)}\/ﬂ

The functions A;j, B;; verify the following properties (see for example [33, 54]): For any
multi-index a € N3 we have, for all v € R3,

(2.9) 109 A ()] S ()27 199 By (v)] < (wy2 e

From [18, 32, 49, 51], we also know that L has a spectral gap, more precisely, there
is oz, > 0 such that

(2.10) (Lf, s < —oLllf =7 flF

for any f € Dom(L), where we recall that 7 is the projector onto the kernel of L defined
in (1.12) and the H; ,-norm is defined in (1.18). Notice that in the case —2 <y < 1 which
we study in the present paper, the previous inequality is indeed a coercivity estimate
because |- [l > || 13-
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2.2. Functional spaces. We first notice that there exist some universal positive con-
stants C1 and Cy such that the H} ,-norm in velocity defined in (1.18) satisfies

) _
Culfllagy, <2 FIL + IVof Tz < Callfllp,

where ﬁy is defined in (2.6). This comes from [18, 32], more precisely, we use the smoothness
of the eigenvalues /1 (v) and f(v) in v € R3\ {0}, their asymptotic behavior at infinity (2.4)
and the fact that if |v| < 1, they are bounded from below by a positive constant independent
of v. In order to lighten the notations, in what follows, we will still denote

5 -
118 . = I0)FF 125 + 1911
We also introduce some H? norm in velocity defined through the following norm:
~ 5 . ~ -
117, o= W) 2 £ 1122 + IV (@) 2T + 10) 2V fIITs + (Ve VafllZs-

Similarly to the definitions of 2~ and %4, we define the weighted Sobolev-type space % as

the space associated to the norm
X i
o) 1FBs = 102 Ff R s + 10 E IV f 22
: ol
+ 1) TV Ty + IV T2 2 -

We then introduce the spaces Z;° for i« = 1,2 that involve derivatives in z: 27 is
associated with the norm

(2.12) 115 = IF1% + 1 f13 + €1 Vafll%,
and Z5 is associated with
(2.13) 1% = 1% + 115, + *IVEFI -

For the sequel, it is worth noticing that if f € Z5, then eVoVa f e Z. Indeed, a simple
computation based on integrations by parts shows that

elVoVaflle S EIVaflla +I1f 2.

For i = 1,2, we also define the associated dual spaces (#%;)" and (Z7)" with 2" as a pivot
space, more precisely, they are associated with the following norms:

(2.14) 1fllgy == sup (f.¢)o
lelle, <1
and
(2.15) [fll(zey = sup (f,0)a
Il <1
where (-,-) 2~ is the scalar product associated to | - || 2~ defined in (1.19). Notice that we
have the following interpolation result:
(2.16) [%v (%6)/]1/2,2 = (27)".

The notation used above is the classical one of real interpolation (see [6]). For sake of
completeness, we briefly recall the meaning of this notation. For C' and D two Banach
spaces which are both embedded in the same Hausdorff topological vector space, for any
z € C'+ D, we define the K-function by

K(t,2) = inf (lellc +tldln), ¥t >0
The space [C, D]y, for § € (0,1) and p € [1,400] is then defined by:

(€, Dlgy = {z € C+ D, t s K(t,2)/t" € LP (dt/t)}
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2.3. Basic estimates. We gather in this subsection some basic estimates concerning the
collision operator L that will be useful in the sequel.

In order to simplify, we recall the formulation of the operator L in (2.8) and we introduce
the function

(2.17) U(v) = B ~ V.- [BT0)B(w)]
as well as the operators

(2.18) Lif = =ViVof —¢f

and

(2.19) Lof = — {— (aij * \/Mf) vivj + (an' * \/Mf> + (c* \/Mf)} VM
so that we have L = L1 + Lo.
We start with some basic commutator estimates.
Lemma 2.2. For any suitable function f = f(z,v) and any (z,v) € T3 x R3, there holds:
(i) [V, v - Vol f(z,0) = Vo f(2,0).
(ii) For any o € R and 1 < j < 3, one has
[(0)* Vo 1 fl(,0) = [[(0)* V5, 1l (2,0) S @) 2 fl(,0).
(iii) For any 1 < 1,5 < 3, one has
Vi, Vo1 fl(,0) S (0)F Vo fl(,0).
(iv) For any 1 < 1,5 < 3, one has
Vi, V3 1@, 0) S (0)7F Vo fl(,0) + ()] f (2, v).
(v) For any 1 < i,j < 3, one has
Vo, Va, 1f1(2,0) = [[V5,, Vo, If|(@,0) S @) Ve fl(2,0).
(vi) For any a € R, one has
|[[@)*, 5.1, Vo] | @,0) S @)Y £l (@, v).
(vit) For any 1 < i,7,k < 3, one has
(Vo Vo, V| £ @,0) S () FH 90 f (2, 0).

and

(V0 V3,1 V| £ @,0) S ) FHV0 fl(,0) + () F | f] (2, 0),
(viii) For any 1 < 1,7,k < 3, one has
[V V0,0 Vo] ] @0 = [[[V20, 92,1, 9] £] (@0) £ 40) 71Vl (a,0),
Proof. Recall that we denote B(v) = (B;;)1<ij<3 and that we have
Vof = BinOuofo Vaif = BinOufo Vi f = =00, (Binf), Vi f = =BimOu,f = =V f.
(i) We have

(Vo 000z, ) f = BimOy,, (0003, f) — v60z,(BimOy,, f)
= Biéazgf + Bimvéavmang - UZBimaxgavmf

(ii) We easily compute
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as well as
[(0)*, Vo, = (Vo (0)*) f-
We conclude the proof by remarking that 6,,]. (0)* = a(B(v)v);(v)*~? and using that
IB(v)v| < (v)2 1! thanks to the definition (2.5) of B(v).
(iii) We easily compute
[61)1'7 6vj]f = Bima’um (Bjéavgf) - ijavg (Bzmavmf)
= Bimijavmawf + Bim(avaj )8Ugf - BjZBimavgavmf - Bjﬁ(avgBim)avmf
- Bim(avajé)avgf - ij(avgBim)avmfv
and we conclude the proof using (2.9).
(iv) We have
[61}“ ﬁij]f = _Bimavmavg (Bjﬁf) + a’l}g (BjKBimavmf)
= _BimBjZavm&sz - Bim(avaj )avzf
- Bim(a'um 61)[ Bjﬁ)f - Bim(a'ugBjﬁ)avmf
+ Bim(avgBjZ)avmf + Bjé(avgBim)avmf + BjZBimavgavmf
— _Bim(avajé)avgf + ij(avgBim)avmf - Bim(a'umavijZ)f-

We can simplify last expression by relabelling the indices m and ¢ of the second term,
which gives

Vs Vi 1 f = [Bjim (0o, Bit) = Bim(Bu, Bje)] Oy f — Bim (v, 00, Bje) -
We then conclude the proof by using using (2.9).
(v) We have
[Vors Vi, | f = Bimu,, (BjeOs, f) — BjeO, (BimOu,, f)
= BimBj10y,, 0z, f + Bim(0u,, Bjt) 0z, | — BjtBim0r,Ou,, f
= Bim(0v,, Bjt) 0, f
as well as
— [V, Va1 f = 0v,(BimBjedu, ) — BjtO, Ov,,,(Bim f)
= Bjjt0r, 0, (Bim [) + Bim(0v,, Bje) Oz, f — BjjeOz,Ov,,(Bim [)
= Bim(9v,,Bj¢)0u, f-
We then obtain the estimate by using (2.9).
(vi) Thanks to the proof of item (ii), we write
[(0)*, V5 IV, f = (Vo (0)*) Vi, f
= 61)]-((6113- (V") f) — (671]' (6713' (V") f
= Vi, [(0)*, V3 1f = (Vo (Vo (0)) f-
We conclude the proof by using %vj (V) = a(B(v)v); (v)*? and the upper bound (2.9).
(vii) Thanks to the proof of item (iii), we first write
[Vuir Vi,V f = Bim(0v,, Bje) Oy (BipOu, f) = Bje(Ouy Bim) o, (BipOu, f)
= Bim(0u,, Bje)V 0,00, f + Bim(0v,, Bje) (0, Brp) o, f
— Bje(00, Bim) Vo 0o f — Bje(8u, Bim) (Do, Bip) O, -
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We then obtain
Vi, Vo, Vo f = Vo, [Bim(9u,, Bje) O, ] = (Vo [ Bim (Do, Bje)]) O, f
— Vo [Bje (0o Bim) Doy f] + (Vo [Bje(u, Bim))) Do f
+ [Bim (0u,, Bjt)(Ov, Bip) — Bje(Ov, Bim) (v, Bip)|Ou, f
= Vo Vors Vo,  f = (Vo [Bim (9o Bie)) o, f + (Vo [Bje (D, Bim))) D, f
+ [Bim (0u,, Bjt)(Ov, Brp) — Bje(Ov, Bim)(9v,,, Bip)|Ou, f

and we conclude the proof of the first estimate using (2.9). The second estimate is obtained
in a similar way by using the computation of item (iv), thus we omit it.

(viii) Thanks to the proof of item (v), we write
Vi Vo, IV f = = Bjin (0o Bit)92, Vo f
= ~Var (Bim(9u,, Bit)0s, f) = (Vo [Bjm (9r,, Bit)]) s, f
= Vo [Vai, Vi If = (Vo [Bjm (Do, Bic)]) 2, f.

The estimate then follows from (2.9).
O

Using the above result, we shall now compute some commutators related to the L; term
defined in (2.18) of the collision operator L.

Lemma 2.3. For any suitable function f = f(z,v) and any (x,v) € T3 x R3, there holds
(i) For any o € R, one has

(), Lalf = =3, [(0)7, Vo, f = Vo [0, T3,1F = [[(0), 95,1, 9,,] £
(ii) For any 1 < k < 3, one has

[ﬁvlw Ll]f = _6; [ﬁvm ﬁve]f - 61}@ [ﬁvk’ ﬁz/]f - [[%Uk’ 625]7 ﬁvz} f - (ﬁvkiﬁ)f

(iii) For any 1 < k < 3, one has
Vo Lalf = =V5, Ve, Val f = Vo [Var Vi = Ve, Vi1, V| f
and
[(0)3 0y, La]f = =V, [(0)30n, Vi | f = Vi [(0)
Proof. (i) We first write
() (L1 f) = =)V, Vo, f = {v)*f

X
2

Oers Vi ) f = |[(0)3 00y, V3,1, Vi) f-

and

Li((0)*f) = =V, Ve, () f) = $(v) .
We now observe that
W)V, Voo f = Vi (0) Vo, f+ [(0)* V5, IV, f

= 1,90 (00 F) + V3 [0, Vo f + Vo [0, T3, 1F + [[(0), 93,0, 94, £

which completes the proof.
(ii) We first compute

Vi (Lif) = =V, V3, Vo f = Vi (¢f)

and

Li(Vu f) = =V, Vo, (Vu, f) = V0, f.
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We conclude the proof by observing that
6%67’?@%%]‘1 = ﬁiﬁvk%vef + [ﬁvkv %Eﬁwf
= V3, VYo f + Vi, Voo, Vo lf + Vo Vo, Vil + (Vo Vi1 V| f

and writing V., (¥ f) = ¥V, f + (Vo 00) f-
(iii) We compute B o B
Vi (Lif) = =V, Vi, Vo f =9V f

and N o ~
We now observe that

vﬂ?kv:gvvzf = v:evxkvwf + [vxk7 V@Wwf

= Vi, Vo Var f + Vi, Voo Vol + Vi [Var, VI + [Var V3] Vi | f

which gives the first estimate.

The computation for [(v)Zd,,, L] can be obtained in a similar fashion, thus we omit

it. O
Lemma 2.4. For any suitable function f = f(v) and any v € R3 there holds:
(i) For anyi,j € {1,2,3} one has
[(aij * )(@)] + |(ai; * F)(v)vi] + |(ai; * F)(v)vivs| S (0)7F2[(0)" fll 2
(ii) For anyi,j,0 € {1,2,3} one has
|Dueais * F) ()] + (b * )W) S W) () fla

and
| (Bugaij * f) (0)vil + | (B, a55 % f) (0)oivg| S ()72 (0)* f 2

(iit) If v > 0, for any ¢ € {1,2,3} one has

[ (e f) ()] + 1 (Dubi  f) ()] S ()7 [1{0) fll 2.
(v) If v € [-2,0), for any £ € {1,2,3} one has

[ (e f) ()] + 1 (Dubi  £) ()] S ()7 [1{0) fll 4.
Proof. All estimates in point (i) come from [13, Lemma 3.4]. The estimates on the term
|(b; * f)(v)| in point (ii) and on the term |(c * f)(v)| in (iii)—(iv) also come from [13,
Lemma 3.4], and the proof of the estimates on |(0y,ai; * f)(v)] in (ii) and on | (Oy,b; * f) (v)]
in (iii)—(iv) follow the same lines since |9y,a;;| < [v[7™! and |0,,b;] < o).

We thus only prove the second estimate in (ii). Using that a;j(v — vi)viv; = ai5(v —

Us)(v4)i(vs)j, we observe that

(Ovpaij * [) (v)vivj = (aij * Ou, f)(v)viv
= (aij * 000, f)(v)
= (Ou,aij * [viv; f1)(v) = (aij * [0y, (viv) 1) (0)-
Using the the estimate in (i) and the first estimate in (ii), we thus deduce
|(Bupaij * )(0)vivg] S ()W) f 2 + (W) 2 (1(0)* fl 2.

O
Lemma 2.5. For any function f = f(v) smooth enough and o € R, there holds:
o 1
[(cx (VM [)) ()" VM2 S [M75f| 2.
Proof. See [13, Proof of Lemma 2.12]. O

We are now able to obtain some upper bounds on the term Ly defined in (2.19) of the
collision operator L as follows.
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Lemma 2.6. For any function f = f(x,v) smooth enough, there holds:

(i) For any o € R, one has

1
()" Lafllzz, S 1M3fllLz -

(ii) For any 1 < k < 3, one has

IV (L2f)llzz, S NME fllzz, + 1MV fllzz -

(iii) For any 1 < k < 3, one has
IVar(Laf)llzz, S IM3Vaf 12,
Proof. (i) We write
(V)*Lof = — {— (aij *y \/Mf> Vv + (am' %y \/Mf) + (c *y \/Mf)} <U>a\/M
from which, thanks to Lemma 2.4, we deduce
() Laf] S M3 Fll g2 (o) ™+ + (¢ %, VAL )| ()2 VAT
We conclude the proof by taking the L? norm of the last estimate and using Lemma 2.5.

(ii) Writing 6% = Bj¢0y, we compute
6vk(L2f) = —Bke{— (aij *u 3@4(\/Mf)) VU5 — (aij *u mf) 3@@ (ij)

+ <aii *y 8U£(\/Mf)) + (C *y 8U£(\/Mf)) }\/M
— {— (aij *y \/Mf) vV + (aii *y \/Mf> + (C *y \/Mf)} ﬁvk \/M

Thanks to Lemmas 2.4 and 2.5, we obtain that
IV (L2 f) (@, )2 S (IM7f (2, )z + M3V f(z, )| 2,
and we conclude by integrating in x this last estimate.

(iii) Writing ﬁrk = Bj0,, we compute
Voo (Laf) = _Bké{_ (aij *y \/Mamgf) v;vj + (az‘z‘ *y \/M&zef) + (C *y \/Margf) }\/M;

and we obtain the wanted result thanks to Lemmas 2.4 and 2.5. O

3. ESTIMATES ON THE LINEARIZED PROBLEM

For the rest of the paper, the parameter £ will belong to (0,1). We recall that the
functional spaces 27, %1 and Z7 are respectively defined in (1.19), (1.20) and (2.12),
that the operator A; is given in (1.11) and that IT is the projector onto the kernel of A,
(see (1.17)). We consider U¢(t) the semigroup associated with A, and study its decay and
regularization properties.

Theorem 3.1. For any o € (0,00), we have:
IU=()Ad ~ID) || 2n S e,

ot —ot

e e
U0l $ s and US040 S e

~ min(1, V%)

where g is defined in Proposition 3.2.
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Our proof is based on hypocoercivity tricks and thus on direct energy estimates on the
whole problem 0, f = A.f. Our method to prove this theorem is of particular interest when
one wants to extend the analysis to the whole nonlinear problem (see the paragraph at the
beginning of Section 4). Indeed, it is based on a micro-macro decomposition of the solution
and thus allows to identify the different behaviors of the microscopic and macroscopic
parts of the solution. We will use this approach in Section 4 in which we develop a Cauchy
theory for the nonlinear Landau equation as well as some regularization estimates on it.

Let us finally notice that we are actually able to prove Theorem 3.1 by using a splitting
of A, as presented in Section 5. By establishing nice estimates on each part of the splitting,
we are then able to recover the wanted estimates on the whole semigroup U¢(t) thanks to
Duhamel formula. Such an analysis does not allow us to develop our Cauchy theory and
regularization estimates for the nonlinear problem but will be useful to study our problem
of hydrodynamical limit, we thus postpone it to Section 5.

3.1. Hypocoercivity estimates. In this part, we state some hypocoercivity results for
our linearized operator A, defined in (1.11). The first one provides a result of hypocoercivity
in wa and the proof is a mere adaptation of the one provided in [7, Theorem 5.1] in the
more complicated case of bounded domains with various boundary conditions. For sake of
completeness, we give the proof of Proposition 3.2 in Appendix A.

Proposition 3.2. There exists a norm || - |2, on L3, (with associated scalar prod-
uct (+,-) 12 ) equivalent to the standard norm | - |2 ~which satisfies the following property:
For any f € Dom A, N (Ker A.)*,

KQ
(Aet, iz, < —ooll Iz, = moll A1y, — 1 2 s

for some constructive constants 0 < o9 < o, (where oy, is defined in (2.10)), ko > 0 and
where f* is defined in (1.13).

Roughly speaking, the norm || - [[[z2 is of the following form

3
IFIZe, = 1172, +e D m (0n A7 7 f 7k ),
=1 *

where 7; : L2, — L2 is some suitable moment operator, the inverse laplacian A;! is

T,V
suitably defined and the constants 7; are chosen to be small enough (see (A.19) in the
proof). The norm || - [z = thus depends on e but is equivalent to the usual norm || - |2

uniformly in e, this explains the fact that we do not mention the dependency in ¢ in our
notation.

In the following proposition, we provide a result of hypocoercivity in £ . Notice
that obtaining hypocoercivity in H2L? is a straightforward consequence of the previous
proposition since derivatives in x commute with A.. Due to the presence of additional
weights in the definition of the space 4, we have to exhibit a new norm equivalent to the
usual one for which we can recover a suitable energy estimate.

Proposition 3.3. There exists a norm ||| - ||2 on 2~ (with associated scalar product
denoted by ((-,)) 27 ) equivalent to the standard norm || - |2 which satisfies the following
property: For any f € Dom A. N (Ker A.)*,

(3.1) (At £) o < =ollFI = A1 — S 1B,

for any 0 < o < o¢ (where og is defined in Proposition 3.2) and for some k > 0. As a
consequence there holds, for all t > 0,

(3.2) |0 (@)1 ~TD) - < Ce".



REGULARIZATION AND HYDRODYNAMICAL LIMIT FOR THE LANDAU EQUATION 21

Proof. We define the inner product ((-,-)) ,- on 2" by
(3.3)

(f,9) 9 = é <5 <<U>(3,i)(%+1) Vi ft (o) B-DG+D) vi”gL>Lg,v I <<prf, vig»sz)

v,

so that its associated norm is given by

2
(34) NI =3 (BN IEIVEE, +IVEFIZ: ) + IVEAI3:
i=0
for some constant ¢ € (0,1) to be chosen small enough, and where (-, >>L% . and Iz,

are defined in Proposition 3.2 (see (A.19)). We first observe that this norm is equivalent
to the norm || - || 4.
Let o’ € (0,00) be fixed and f € 2 N (Ker A.)*. We shall prove

(3.5) (At £ o < =0 Il = S5 1515

for some constant ' > 0. Since there exists a constant cg > 0 such that

Imf13 < collmflidrs < coll 3z < coll 1%

the previous inequality readily implies (3.1) with some constant £ = min (” ;" a ) by

decomposing the first term with ¢/ = o + (¢/ — ). Estimate (3.2) is then a direct
consequence of (3.1).

Step 1. We first compute

2
(At )y = 38 (@EDED LA, @)CIED L)
1=0

T,V

Ly (Virer. WLs)),,

1=0

and we observe that, thanks to Proposition 3.2 and the fact that V, commutes with A,
we already have

3
; (Verer Vif)) .
3

<=3 {ollVirllts, + rol VifIEss + IV g }-
1=0

Step 2. We first observe that

(Aef)* = (d = m)Af = (14 = M)Lf — ~(1d = 7)o V..f),
from which we obtain, since 7L = 0 and Lf = Lf*, that
(3.6) (At = L~ 2 {0 Vaft 40 Valwf) — 7o Vaf)}-

We therefore get, for any ¢ € {0,1,2} and using that the transport operator v -V, is
skew-adjoint,

. . . . 1 . 1 . 1_.
3—4)(24+1) i € 3—i)(L+1) i gL . i i i
(@CICTLAN @)EDENTLE) = R - R+ R

T,v
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with
] —i)(3 i —i)(3 i
R} = ()0 IG D L LpE () ¢-0G ) 7L pt)

2 Y
Lac,v

Ry = (@) GL (0 Va(nf)), )CIGD L)

T,v

9
,U

Ry = ()G Vi (n(v- Vo)), ()G VL)

2
and we treat each term separately. For simplicity we denote w; = <v>(3_i)(%+l) in the
sequel.

Step 3. We deal with the term R{. Since V, commutes with L we have

R} = (L@iVif ) wiVift) |, + (lwn DIV wiVift)
+ ([wi, Lo VEfH @i VEF)
=: R}y + Ri, + Ri3,

where we recall that Ly and Ly are defined in (2.18) and (2.19), respectively. Thanks to
the spectral gap estimate (2.10), we have

Ry < —op|wiVef* = w(@iVef s
< oWV s )+ CIVES 2
for some constant C' > 0. From Lemma 2.3 we get

to = = ([0 Vo VA FE Vi (@iVEFD) |, = (i Vi IV, Vi, @i Vefh)

x,v

NICAIA R O

2
Lz,v

Using Lemma 2.2 and Cauchy-Schwarz inequality, we first get

J_

Riol < CIVu(wiVif Dz o) 3 i VEF I+ CIV @i Vaf Dz, l1(v)
+Cl W) 32w Vi L2,

5 .
2 1infoLHL§,U

[N

Using Young’s inequality to write (v) %w,- < n(vﬁ“wi + (), for any 7 > 0 (and similarly

for (v)2~'w;), and observing that

5 - -
1) 3 gz, + [¥uglliz, + 19590z, S gl
we deduce from the previous estimate that
Rio| < (01 — 0" | Vi F B sy + CIVEF s
for any 0" € (¢/,00) by using Young’s inequality again and taking 1 > 0 small enough.
For the term Rj3, we use Lemma 2.6 to obtain
|[Ris| < CIVLStIIZs -
Gathering previous estimates we finally get

R} < =" |wiVa S Ry + CIVEFIZ:

Step 4. We deal with the terms R} and R}. Observing that
|l V(v - V@ Dlzz, + lwiVam(o- Vaf Dz, SNV fllrz,
we obtain
|Ry| + Ry < CIIVET Fllce Nlwi Vi f iz,

( o — J///)

< sV F 2 e + CEIVER A2,
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for any o' € (o', 0"), where we have used Young’s inequality and that [|- |72 and [|-[[z2
are equivalent in last line.

Step 5. Gathering previous estimates we then obtain
3

i i KO | i
(A )y <=0 {oouvmnig,v + ol VES s + €2Hvfo|ig(H;*)}
i=0

2 " i el 12 Co i 12 i+1 12
+§ oz Vel s )+ Z Vel ke + GOV Sy

Recalling that || - [[z2 | <+ [|2(m2 ), it follows

3 ;7 2
i g i
(Af, £ o < —00llfI2, = (00— CO) D NVLflT2, — 2 > 5sz‘foL||%gm
=0

i=1
(ko — C8) K| o (0" —0') & .
S IV By — S eV g

i=0 i=0
We then choose § € (0, 1) small enough such that g — Cd > o’ and kg — C§ > 0, therefore
we obtain (3.5) with £ = min((¢”" — ¢’)d, kg — C§) > 0, which completes the proof. [
3.2. Regularization estimates.
Proposition 3.4. The solution f(t) = U%(t) fin to the equation

of=Af

£(0) = fin € 2" N (Ker Ao)*
satisfies, for allt > 0,

efat
(3.7) 1f @)l < Cm | finll 22
and

e—at
(3.8) 1f )]z < CW | finll2

for any 0 < o < o¢ (where oq is defined in Proposition 3.2).

Remark 3.5. Notice that thanks to the second inequality, one can in particular recover
a gain of one derivative in the spatial variable (with the associated anisotropic gain of
weight in velocity), at the price of loosing a 1/¢. As already mentioned, this is explained
by the fact that the gain comes from the transport operator which does not act as the
same scale as the collision operator in velocity. Notice also that in [9], the authors were
facing a similar singularity in ¢ when wanting to obtain a gain of regularity in the spatial
variable for the hard-spheres Boltzmann equation. The latter equation is not hypoelliptic
but thanks to a suitable use of averaging lemmas, the authors were also able to obtain
regularization properties in the spatial variable with the same singularity in €.

Proof of Proposition 3.4. We shall prove that for any ¢ € (0, 1] there holds

C
(3.9) 1f Ol < 7 || finll 2
and

C
(3.10) IF Oz < 575 [ finll 2,

which readily imply (3.7) and (3.8) thanks to the exponential decay of U® in 2~ from
Proposition 3.3.

Step 1. Define the functional

U(t, ) = 1A% + oat (Vo1 + K@) 3713 )
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+east® (Vof . Vaf) . +ast® ([Vaf % + KI(0)3Vaf %)

with constants 0 < a3 € ags K a1 < 1 so that oo < /ajag and K > 0. The constants «;
will be chosen small enough and K large enough during the proof.
We easily observe that

— ol
IF1% + ¢ (IV0f 1% + 1) P11 + 281 Ve bl S %, £)-
Remarking that || f||z < ||f*llos + ||7f]l 27, we thus obtain

— X
1o S IVof 1% + 1) 2 e + 7 fllr,

from which we deduce the following lower bounds: For all ¢ € [0, 1] there holds

(3.11) 1% S %t ) and €| f[%: < 2%, ).
Therefore, in order to prove (3.9) and (3.10), it is sufficient to show that
d
—U(t, f) <0, Vte]|0,1],
dt
which we shall do next. We thus compute
d

d ¥ ~
%(t,1) = G + o (KIS + 19004 1%)
d x ~
+ont (K@) 1% + V1)

dt
(3.12) 2000t (Vof Vof )+ 00e2S (V1.9
+ 3038 ([ Vaf I3 + Kll(w)2 Vo f1%)

dt
d/ =~ ol
+ase®® = (IVaf I3 + K@) 2 Vas Il )

and we estimate each term separately in the sequel. In order to simplify, we introduce the
notations g; = Vi f, g = (VLf): = Vi fL and w; = (0)39GE*D 5o that

3 3 3
1 =S ligilBa o 15 = 3 iz e 1713 = 3 lwsgillZe e
=0 1=0 =0

Step 2. From Proposition 3.3, we already have

d Ko
(3.13) a“’f”‘?&’f < —roll f1I% — ;ngLH%/U
for some constant kg > 0.

Step 3. We deal in this step with the time-derivative of the term (K||<U>%+1fL"EoZ‘ +
Vo fL]%:). We split the computations into two parts.

Step 3.1. We first compute

1S d
I41plp2 _ I4+1 1912
a0 I = 53 Gl
Observing that f* satisfies the equation 9;f+ = (A.f)*, with (A.f)* given by (3.6), using
that the transport operator is skew-adjoint and that derivatives in * commute with 7 and
A., for any i € {0,1,2,3} we obtain

1 . 1. 1.
241 L 241 1 1 1
FGHE, = (i) g wi) ) = - ST+ 2

x,v

5 = llnto



REGULARIZATION AND HYDRODYNAMICAL LIMIT FOR THE LANDAU EQUATION 25

with
: ol
Ji = (wi0) 3 gt wilo)3 gl ) |

T = (o) (0 Valrg), i) Tt )
T = (o) 3 (- Vg wilo) )
For the first term, we write
Ji= (L) P gh) + fwilo) 7, Lalgit + [wilv) 3T, Lolgi wi(o)3 gt
= Ji + Jia + Jis,

where we recall that L; and Lo are defined in (2.18) and (2.19), respectively. Thanks to
the spectral gap estimate (2.10), one has

T < ~26]lwito) FHgd — wlwiv) g e
S
~2nllwr ()3 G 2y )+ Cllai 22

for some constants x,C > 0. From Lemma 2.3, we get

Ty = = ([wilo) T, Vo lgt, Vo (@i (0)3 g1
= (leit) 7, V2 Jat Vi (wito) g
— ([lwi®) 3, V1], Vo g wie) 2 g )

Using Lemma 2.2 and observing that ||V, hllzz, + HV*hHL% o S IPllp2 (a2 ), we then obtain

ol
2

[Tal < Cllwi(w) 2 gl 2y 10) 2 wil) 2 gz, + Cll ()2~ 2wi(0) 2 g |7,

< Kllwi(v)? EAR J_”L2(Hl + Clwiv)? ERR J_HL2

where we have used that v < 1 and Young’s inequality in last line. For the term Ji5, we
use Lemma 2.6 to obtain

|=]13| C”Wzgz ”L2 .

We deal with the terms J§ and J4. Observing that

ol ol =
lwi ()2 (v - Va(mgi)llzz, + lwi{o)2 ™ (w(v - Vagi) 2, S lwiVagillLz
we obtain
7
T3] + |3 < CllwiVagill 2, lwi(0)2 g 2 -

Gathering previous estimates and using that || (v)7+% 2 SN+, we obtain

1d

X 1 K X2 1 C 1 C 1 ~
§all<v>2“f ||§z-<—;2||<v>2“f II%/lJr;gllf ||3yl+;||f 9 |V fll 22

for some constants x,C > 0.

(3.14)

Step 3.2. We now compute
5 d

Z *sz v9i HL2

=0

l\DM—t

1
S =

Q.

1 1 1.
S (Lt by )
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with
I = <w¢§vkng‘LvWi€vkgiL>Lazw
IL = <w26 (v- Vx(ﬂgi))7wiﬁvkgg_>Lgv
= (90, (00 Tag) g,
I} = (wiV, (v ngﬁ)vwﬁvkgﬂﬁv

For the first term, we write

I{ = <L(wi€vkgil)vwi€vkgil>L2

x,v

+ <wz[%vk7Ll]gzL7wZ€’ngzJ_>L

+ <[wi7Ll]ﬁvkgfvwiﬁvkgil>[/2.

+ <[W17L2]6vkgzj_)w26vkgzj_>

2 2
T,v Lz,v

+ <Wz'[6vkaL2]giLywi6vkgiL>L2

=i Iy + iy + Iis + Iy + 15
Thanks to the spectral gap estimate (2.10), one has
Ij; <

—2k|w; Vi, g — W(wivvkgf)H%g(Hg,*)

< L2 112
20Vt By sy + Clloi s
for some constants x,C > 0. From Lemma 2.3, we get

IiQ = - <[wiv61}@]%%9%7ﬁve(wiﬁvkgz#)>L2 - <[wz'a6;}]6%9%7ﬁzg(wiﬁvkgfwy

— ([l 93,1, %] mkgf,wﬁvkgﬂ% | ,
and

fis = = (Vo Voot Vo @i Vugl)) 1, = (Vo ViJot Vi @i Vo)

(B 92 B o, (Pt st

For I{,, using Lemma 2.2 and observing that Hﬁvh”Lgv + H%zhHL%U S Wl 2 gay Ly we

obtain
[is] <
For Ii,, we first observe that writing
Vo, (W2h) = WiV, (wih) + (Vy,wi)wih
Vi (Wih) = —wiVe,(@ih) = | (B, Bep)wi + (Vi) | wi

J_q X
2 2

o L -1 L
Cllwi Vo, gz o I0)F ' wiVa g1 lzz , + Clw)2 20V g |7 -

and using the bounds (2.9), we have
(3.15) i ' Vo, (@) 22, + Nl V5, PRIz, S wibillza -
Therefore, using Lemma 2.2 and noticing that

Vb S ()2 W, S ()2 (o)

we obtain
’If:a’ < CHwi%ngiLHLg(Hg,*) i<U>'Y+1vvgilHL2 +C”wi%’l)k9’f—||L%(Hgy*)
+ Clwi(0) Vgt Iz, [1(0)* iV g7 12,
+ Cllwi(0) gt 2, I1(0)* iV gl 22,

)
+ Cllwi(v) g 2, I1(0) 2 wi Vo il 12,

wi{v)gi Nz,
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Putting together the estimates for I%, and Ii; and using Young’s inequality, it follows
[ Tal + [s] < KllwiVo,gi 172y + Cllwslo) gt 122 | + Cllwi (o)™ Vgt [125 |
For the terms I%, and I};, Lemma 2.6 yields
[Ii4] + 10is| < Cllwsgi B, + CllwsVugi3s
The terms I§ and I} can be dealt as before in Step 3.1, and we obtain
|31+ |I5] < CllwiVagill iz wiVogi |22,

For the remainder term I%, we use Lemma 2.2 and the fact that the transport operator is
skew-symmetric to obtain

I = (wiVa gt wiVu gt ) |, < |0V gt Iz, IVt s,
x,v

Gathering previous estimates, we obtain

K = C
R R A I

C
v SIS

Finally, we observe that [|(v)? " 4|12 + [(v) TV, fH% S H<U>%+1fL||% and thus,
gathering (3.14) and (3.16) and taking K > 0 large enough, we obtain

1d ~
(Kl 1% + VoIS
(3.17) 2dt ) . -
1 _
< =SB + S 1% + 21 e Vel

for some constants x1,C > 0.

Step 4. We deal in this step with the time-derivative of the term <€Uf, %xﬁ%
compute

d /~ -

& <vaa v$f>

P di <Wz'6fugia wi6m9i>L2

T,v

M ';'Mw

s
Il
=)

1 . 1 . 1 . 1 .
(EQR; ~ R+ 580 - 555>

with

=,
i

ng 'vakgi>

= (i
St <w on9i> Wi Ve, (Lg; )>
= (@

2
La:,v

LQ

2.
i

w;V vk U ngz) Wzvmkgz> 9

Sé <W1vvk Gis wlvxk (v vxgz)>L2

T,v

Recalling that ﬁzk = —ﬁxk, we then write

L+ 81 = (Lot Vi @7V 090) = Vi (07V0,90))

< leiLgt iz, (o Vi @291z, + oo iy 2V 090 lls2., ) -
Observe that

so that using Lemma 2.2, we get

(3.18) ;! Vo (@7 Vi gi)llz, S l0iVagill 2z -
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Writing w; Lg; = w;L1g;- + wiLagi- and using the explicit formula (2.18) of L; together
with the bound of Lemma 2.6 for Ly, we obtain

(3.19) Lotz , < Noighlagra..
Together with (3.15), we hence get
) . . -
[Ry + S| < Cllwigi Nl 22 a2 ) lwiVagill L2 )-

For the remainder terms, we observe that using Lemma 2.2 and the fact that the
transport operator is skew-adjoint,

é + 5% = szﬁzkng%%v + <ww . Vx(ﬁvkgi),wiﬁxkgOLQ

x,v

s < S 2
+ <Wivvkgi,wiv ’ vx(vxkgi)>L2 = [[wiVa,gillZs |
Gathering previous estimates we obtain

d Coiln ne L= .o
3 (Vl Val) . < Sl Vaflla = ZIVat I

for some constant C' > 0.

(3.20)

Step 5. We deal in this step with the derivative in time of the term (K||(v)2V,f||% +
Ve f ||?%) We first compute, using that the transport operator is skew-adjoint,

]. 3 d s 2
IOV = 5 3 o) Vgl

3
= Zé<wz< >%a (ng> l< > ivkgi>L%U

=0

Since 9,, commutes with L, we can argue as for the term J¢ in Step 3.1 above to obtain
(wilv)? Ou, (Lgi), wi(v)? D :)

for some constants x,C > 0, therefore

2 2 - 2
L2, < _“||Wi<v>2vzgi||Lg(H}“*) + C”Wivxgz‘Hng

K

2 (o=
(321) )3V < 5103Vl + SITar %

2dt

Using that the transport operator is skew-adjoint and commutes with ﬁxk, we Now
compute

1d 5.4 ~
thH Vaf % = *E&Hwivmgi!\%gw
3 1 3 1
= EO 2 <wlvﬂﬁk (Lgi), wi zkgz> EO *2

We then write
Ni — <L(w16xkgz) Zﬁxkgl>L + <[w17 Ll]ﬁxkgz, wlﬁvkgl>

sV

2
L:c,v

<Wz[vack s Ll gu Wi mkgz> < Wi, LQ]ﬁmkgiv Wz'%;vkgi>L2

+ <wiﬁxk,L2]gi, Wivzkgi>L% )
=: N} + Ni + Ni+ Ni + N
Thanks to the spectral gap estimate (2.10), one has
Ni < —26|wiVa, g5 — W(Wiﬁxkgi)H%%(H%Y*)

2|V 0 2y + CllwiVagill3s |
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for some constants x,C > 0. From Lemma 2.3, we get

Nj = = ([wis Vol Varis Voo @iVar90)) = (w0 ViV is Vi, (@i Vi 95) )

x,v

2
Lz,v

_ < |:[(-Ui7 6:2], 61}5} kagi, wivxkgi>

2z’

T,V

and

Ny = = ([Var Vuli, Vo @i Vii90)) |, = (Voo Vi Vi, (Vi)

z v T,V

< {[vxkaV* ] ﬁw} i, W; xk91>

Arguing in a similar way as in Step 3.2 above (for the term Ii, and Ii3), it follows
N3]+ N3] < KllwiVagill Ty ) + Cllwiv) ™ VagillZs -
For the terms Ni and NV, g, Lemma 2.6 yields
NG|+ N3] < CllwiVagillZs -
Gathering previous estimates, we obtain

K~ C
(3.22) IIfoII;r < f;zllvzfllz’% + ;2||<v>v+1vxf||3@-

2dt

Finally, we observe that ||(v)?™!'V,f||% < ||<v>%fo||g/1 and thus, gathering (3.21)
and (3.22) and taking K > 0 large enough, we obtain

1d
2dt

for some constants ko, C' > 0.

- K9~ C =
(3.23) (K1) 2Vt 1% +1V2f %) < = 1Vf 13 + S1VaS 1

Step 6. Conclusion. Gathering (3.13)—(3.17)—(3.20)—(3.23), we thus obtain
Lt £) < roll FIB = 21, + o (KIS + 1905413
dr ey X 0 % 22 Bz 1 ra v ra
K1 C C ~
+ant (=S 1F1B + S4B+ Sl )
~ ~ C ~ 1 =
+ 2005t (9. Vaf) o+ cast? (Gl Dt s — 2192115 )
+ 303 (| Vo fl% + K(0)3 Vet |y )
K9 =~ C =
+aget (<2191 + SV )

Observe that
5 ~
K|[@) 2 S + Vo1 < 111
and
SaIE 2 2 T £2

IVaflla + Kl[(0)2Vaflly S IVefla

and also that, thanks to Young’s inequality, there holds
Oth

1/ l24 Ve fll2r < 1tz’HVale‘"ll,z +o2 o 2‘IIfLH@l

Ckgt C 0‘3"‘?2

Ve fllF, + C ||fl||§y2

7 126 Vafllas <

2006t (V.. f, va>%, < ZtQHmeH% + Coz252||f||§]1.
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We therefore deduce that, for any ¢ € [0, 1], there holds

d 1 OZ2 n
S0 < = = Can) 1B, = s (0 Con - 023 ) 1718,

. o2 -
(3.24) -5 <a1m - Caj,) 1FH1%, -2 ( - Ca3> IV £l %

Oég/ﬂ'/gt

IV f 115

We now choose a; =1, ag = 7]5, and ag = n§, with 7 € (0, 1) small enough such that each
quantity appearing inside the parentheses in above inequality is positive. We hence obtain
that %%E(t, f) <0 for any t € [0, 1], which concludes the proof as explained in Step 1. O

4. CAUCHY THEORY AND REGULARIZATION ESTIMATES FOR THE NONLINEAR PROBLEM

In this section, we provide a Cauchy theory for (1.7) for small initial data as well as
some new regularization estimates for this equation. Notice that our proofs are based
on the results developed in Subsection 3.1. It is actually crucial to be able to avoid the
use of Duhamel formula to obtain nice estimates on the nonlinear problem because of the
singularity in e that is in front of the nonlinear term in (1.7). Our strategy is to perform
direct energy estimates with the norm || - || 2 introduced in Subsection 3.1 (see (A.19)
and (3.4) for the precise definition) and exploit the facts that I'(f,g) = (I'(f,g))* and

<F(f7 9)7 h>L%’v = <F(f, g), hl>L%’v so that
(C(f,9).h)pa, = (D90, b)),

and thus

(r(f i5< FDVID(f,g), () GG vint) |

_0 x,v

.

3
i i 3L
+ > (Vil(f,9), Vikt)
i=0 o

where we recall that 0 € (0,1) is a small enough constant chosen in Proposition 3.3. Notice
also that we used the particular form of || - [[;2 ~defined in (A.19) and the fact that

7m['(f,g9) = 0. Rearranging terms, we then deduce

(C(f.9): 1) 5 = 5 (T(f.9).h") . +Z<v2 ), Viht) |

(4.1) L
+(1-9) <v;°;r<f,g>, v;?;hwp

4.1. Bilinear estimates for the Landau operator. In this part, we start by establishing

some new and sharp nonlinear estimates on the Landau collision operator, we recall that

the matrix B(v) is defined in (2.5) and that the spaces 2, %1, % and % are respectively

defined in (1.19), (1.20), (2.11) and (2.14).

We start by establishing some convolution estimates for the coefficients a;; and b;:

Lemma 4.1. For any suitable function f = f(v), vector fields G = G(v), H = H(v) and
¢ € {1,2,3} there holds, for any v € R3:

(4.2) |(aij * /)GiHj|(v) S [(0)" fll 2/ B(0)G(v)[|B(v) H (v)|
(4.3) |(Du,aij * [)GiHj|(v) S [(0)° fll 2| B(0)G (v)[|B(v) H (v)]
(4.4) |(Duybi # £)Gil () S 1) Fllz2 () 2 B)G)| if 0<y<1
(4.5)

(@i % F)GH(0) S (10 Fllg (0) 7+ 10} fll2z) () BE)G@)| if —2<y <0,
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Proof. We split the proof into three steps.

Step 1. Proof of (4.2). We only prove the estimate for |v| > 1, the case |v] < 1 being
trivial. Recalling that P, denotes the projection onto v, we decompose

v

G = (P)i(G) + (1d — P)i(G) = v (G - ||2) 4 (1d — P,)i(G)

and

We thus obtain
(@ + DG ) = (a3 Nehos (60 ) (H0)- 775

+ (agg * £)(©)0;(1d — P):(G >>( <>H)
+ (a * £)(0)(1d — P)i(G(w))(1d — B,);(H(v)).

Using Lemma 2.4, we estimate each term of the previous splitting. First,
v v
(@ + Doy (G0) - 75 ) (0 5
a2 2
S 1) fllz (0)21G(w) [ ()2 [H (v)].

Then,
(@ = Do) (G0) - o5 ) (1= P (1)
S 1) 2 )2 Gl 00— oo
and
(@ = )y (14 = P)(GW) () - 5 )
S 1) 2 ) 41101 = PG)| () H (o),
Finally,

[(agj * f)(v)(Id = P,)i(G(v))(Id — Py);(H (v))]
S )Tl ()31 = Po)G(0) () 2 (1d — P) H(v)].
We conclude the proof of (4.2) by gathering previous estimates and recalling that
B)G(0)] S (0)2|P,G(0)] + (v)2 ' [(Id = P,)G(v)] S [B)G(v)].

Step 2. Proof of (4.3). The proof of (4.3) is similar to the one of (4.2) by using the bounds
on (Oy,aij * f), (Ov,aij * f)vi, (Ov,aij * f)v; and (Oy,asj * ) v;v; given by Lemma 2.4. We
thus skip it.

Step 3. Proof of (4.4) and (4.5). Again, we only prove the estimate for |v| > 1. Recall
that [9y,b;] < |v[?. If 0 <y < 1, then using Lemma 2.4, we have

|(Bucbi * £)(0)Gi(0)] S {0)* fll2 (v) |G (w)].
If —2 < v < 0, we use the above decomposition of G to write
v
(O = £OG) = O+ s (G0) - 7 ) + Db )10 = R)(G(),
Remarking that (0,,b; * f) = (b; % 0y, f), we also observe that

(bi * awf)(v)vi = <8vjaij * 81,[,]6)('0)1)@‘
= (aij * v0y; 0y, f)(v)
= (bi * (viOy, f))(v) — (ai; * Oy, f)(v),
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from which we obtain

(bi * Oy, [)(v)vi = (b; * Oy, [vi f]) (V) — (bi * (Op,vi) f)) (V) — (ai; * Ou, £)(v)
= (O, bi * [vi f])(v) — (be * £)(v) — (Oppaii * [)(v).

From Lemma 2.4 and using classical Sobolev embeddings, we have

|(@uebi * F)()] < (W) 1(0)* Fllza < (W) 1K0)> Flls.

Therefore, using once more Lemma 2.4, we obtain

|(Bu,bi # f)(@vil < )V 10Y Fllay + ()T 0) fll 2.

Hence,
(@i N)0)Gr(0)
S el g ({0710 = POGE)] + (@G ) +110) Sz )G,
which concludes the proof. O

We shall now establish bilinear estimates for the nonlinear operator I' in Proposi-
tions 4.2, 4.3, 4.4 and 4.5 below. Recall from (2.2) that

I'(g1,92) =T1(91,92) + T'2(g1, 92) + 's(g91,92) + Ta(g1,92) + I's5(91,92)

le-t;) Ti(91,92) = Do, { (a1 * [VMan]) 00,92}
(4.7) Ta(g1,92) = =0, { (b * [VMan]) 92} .
(4.8) D391, 92) = — (ai; * [VMg1] ) vid, g2,
(4.9) Ca(gr, 92) = § (a1 * [V3g1]) vy,
(4.10) Csg1,92) = — (ai+ Vi) .

Proposition 4.2. Let g1, go and g3 be smooth enough functions. For any a € R, there
holds for anyi=0,...,3,

@11 (@ Vi(0102), Vigs) , S lonllmsrall 0 gellmpcan s s
and
(4.12) ((v)°T(91,92),93) 2~ < Mgl 1 (v)* g2l | 931124 -

As a consequence, one has by duality

(4.13) IT(g1: 92) |2y < Mgl (g2l -
Proof of Proposition 4.2. We shall first prove that for any o € R, there holds

1
(4.14) ((v)*T(g1,92),93) 12 S M3 g1l 22| (v)*g2ll g2 Nl g3l -

Once this estimate is established, we shall prove (4.12) in the final step of the proof by
integrating it in  and using Sobolev embeddings. Notice that we only prove (4.12) because
the proof of (4.11) is similar and simpler. Estimate (4.13) is then a direct consequence
of (4.12). We thus write I'(g1,92) =T'1(91,92) + - - + I'5(g1,92) as in (4.6)—(4.10), and we
estimate each term separately in the sequel.
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Step 1. We write, from (4.6) and making an integration by parts,
(0)°T1 (91, 92),95) 1 = = ( (5 [VM01]) 0,02, 00, (0)03)))
= —((a+ wﬁbﬂ)uﬂ%<>aw@>2—<@m[¢*@D Oy 92 (D0, (0) )95,

LU v
=1; + 1.

For the term I;, we use Lemma 4.1, which yields
L S IM3grl g ((0)°1Vog2l, [Vess])
< 1M g1 2]/ (0)°Vogel 2211 Vogs 2.
In a similar way, thanks to Lemma 4.1 and using that |V, (v)?| < (v)2~'+* we obtain
I S Mgtz ()21 0)*[Vogol: lgs])

1 ~ y_
SIMiagy|| 2 [1(0)*Vogall 2]l (v) 2" gs| 2.
We therefore obtain

l ~
(4.15) () T1(g1,92),93) 12 S M3 gull 2 [[{0)* Vogall 2 lgsll a1, -
Step 2. Starting from (4.7) and making an integration by parts, we get
{((v)*T2(g1,92), 93) 12 = <(bz * [V Mgﬂ) 92, 3vi((v>a93)> )

= (b VM01)) 92, 0)*Dusgs) |, + (b= [VM0n]) 9, (0u(0))g)
=:1I; +1II,.

For the term II;, we use Lemma 2.4 to obtain
1
M S 1M gz (o) (0) ool Vsl )

1
S IMEgi| 2] () )2 gall 2 [1(0) Vogall 2

In a similar fashion, Lemma 2.4 yields
1 _
I S [Mig i () @) el lgsl)

1 X J_
S IM g || L2l (0)* ()2 gal 2] (v) 2 g3l 2
We thus get

1 X
(4.16) {(v)°Ta(g1,92),93) 12 S 1M1 L2 [ {0)*(0) 2 g2l L2 |93 .-

Step 3. All the remainder terms associated to I's, I'y and I's can be estimated directly
thanks to Lemma 2.4 or Lemma 4.1 and Cauchy-Schwarz inequality. Indeed we first have,
using Lemma 4.1 and |B(v)v| < (v)2+1,

() Tslor,92), 95015 = = (s * VM) vidoy 2. ()" 03)
M3 g1 g ()% (0) 5 Vool lgs])

1
S IMEgi]| 2 [ (0)*Vogall 21l (0} gsll 2.

(4.17)

A

In a similar way, we also get
1
{(v)*Ta91,92): 93) 2 = § <( [V 91)vzv]gzy< ) 93>L2
l
(4.18) < 1M gz ()2 0)%9al, s,

'Y

S IM 3 g g1 (0)* (0) 3+ gl 2l () 3 g5 | 1
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Finally, now using Lemma 2.4, we obtain

L

SN

((0)°Ts(g1, 92), 93) 13 = =5 () (i * [VMa1]) g2, 93)
% )

(4.19) S IM g1z ()% (0)2|gal, g5

'Y

1 X
SIMgi] ez ll{v)*(v)= ™"

We thus conclude the proof of (4.14) by gathering estimates (4.15)—(4.16)—(4.17)—(4.18)—
(4.19) and observing that

L
A

SN

ngLgH(U 93||Lg-

= X
(o) gally , < 1) VogallZa + 1(0)* ()2 gall7s < (o) g2l -

Step 4. Let us now prove (4.12), (4.11) is proven in a similar and simpler way. Recalling
the definition of (-,-) ,- in (1.19), we have

3
()T (g1 92). 98) - = D_ ((0)* () EVETIVET (g, go), (0)* VG IV gy)
1=0 z,v
=To+ T+ 1o+ T5.

Thanks to (4.14) and the fact that || - || S || - [| 2, We get

1 X X
Ty 5 /TS 1M 7 g1l 22 [1(0)*(0)* D gall *H<”>3(2+1)93HH3 L dz

1 ol
SIME gy 22 [0} (0)*EH  gal 2 )l (0 )@ gl (H}.)
S gl [1{v)* g2ll [ g3l 24 -

Using that 0;,I'(g1,92) = I'(0x, 91, 92) + I'(91, 0z, 92), Holder inequality and the fact that
from classical Sobolev embeddings, || - [[zs + || - [[zs < || - || 71, estimate (4.14) yields

1 X
75 [ IV o gl 02 FH) () gl

[ I g2 0)* D (0) Vol gy 023 Vgl da

<U>2(%+l)v

() TV g5l da

S IMEVagi [l 2l F D )2l 1111, 293/l 2 ot )

1 J ol
10 gz 023D )9V agall 2 103DV agall 2
S llgull 2 10)* g2 a1 gl

Moreover, for the term 75, similarly, we have
Ty < /T 3 (uMivzgluLgH<v>¥“<v>“muﬂg,* + 1MV 2| (0) 2 0) Vagal gy
+ 1M 7 g2 [1(0) 3 0) V2 o 11 )H< )3V 20s]| gy, da
S (1M V2aliz 10V (00 gy
+ M3V gl 22 1 0) 2 0) Vgl

1 J 2
+ 1M 3g1]| g2z (v) 2+1<U>O‘V3;92||L26(H5,*)) 1) 2 V2 gsll 2 g )

S llgall 2 [1(0)* g2l [l 93|21 -
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Finally, for the term T3, we have

U, *

1
7,5 [ (V30 gl 0) gl + 1339201121 0) Vgl
1
MVl 00Tl + 1001220 (0) 9292l )90l 0
1 1
< (M3 V3 lzz2 00 gallmzn o + 1MV g2 100 Vgl o

1 1
MVt lzr 1) Vg lzzns ) + 1M 100V S0al s ) 1 V2 s
S llgall 2 [1(0)* g2l [l g3l
which concludes the proof of (4.12).

Step 5. Proof of (4.13). The result is immediate using the definition of the norm of %/
given in (2.14) and (4.12). O

Proposition 4.3. Let g1, go be smooth enough functions and Gs a smooth enough vector
field, then

(4.20) <€UF(91,92), G3>
Proof of Proposition 4.3. We shall only prove that for any o € R, there holds
<<U>a€vr(91, 92), G3>L%

1 1
S (1M gill 2l 0) g2l 72, + M3 g1l [1(0) 921 22) 1Gll ...

from which we obtain the desired result by integrating in « and arguing as in Step 4 of
the proof of Proposition 4.2. We thus write I'(g1,92) = I'1(91,92) + -+ + I'5(g1,92) as
n (4.6)—(4.10), and we estimate each term separately in the sequel. We shall use during
the proof the following equivalence:

e
(o) g2ll gz . < 1(0)*(0) ™ gallzz + [[(0)*(0) 2! Vugall 2

+ 1) Vu(Voga)liz < 10)* g2l 2 -

o < (lgr 2192 ll35 + g llasllgall ) Gl

(4.21)

Step 1. Term associated to I'y. Writing ﬁvk = Bjy0,, and observing that [ﬁvk,ﬁvi] =
—(0y; Bie) 0y, , we first get that for any k € {1,2,3},

Vo191, 92) = 0, { (i % [VM91]) 00, (Virg2) | + 0, { Vo (i # VM 1)) Dy, 90 )
— Oy, {(aij * [\/Mgl]) (311‘7-316@)31;492} — (Ou; Bre) Oy, {(au [\ﬁgﬂ) %92}

whence

<<U>a€kal(91, 92)s G3,k;>L2 =T + 1o+ I3 + 1y,

where G5, denotes the k-th component of Gi3.
For the term I, we first make an integration by parts, then we use Lemma 4.1 and the
fact that |V, (0)?] < (0)2 7 (0)® together with Cauchy-Schwarz inequality to obtain

(0 o« ) S 1)
—<(CLU [\/791]) ( Uk.q?)a <U>Q’G3:k>L2

S HMigluLg(<<v>“m<mg2> : )i {020 Vo(Vuyg2)], Gg,kr>L%)

1 — — — J—
< 1 gl 140) 2T (Vo) 22 (vaGanLg )3 lcgnLg).
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We argue in a similar fashion for the term Is. We first make an integration by parts and
write that V,, (a,-j * [V/ Mgl]) = By ((%eaij * [V Mgl]), then we use Lemma 4.1 together
with |Bye| < (0211, thus we obtain

Io = — ((v)" By (Ougais * [VM1]) 90,0, 00, Gi)
- <Bk€ (avgazj [Fgl]> v; 9281;1( > ’GB,k>L%

#l) (@ W) Vgl |G3”“|>L%>

S gl ()03
S M gl 2 | (0)* () 3+ Voo |12 (WvGSHLg + H<v>;/1G3”L%>-
For the term I3, arguing similarly as above using also that lﬁkaA < <v>%+1<v>%, we get
I3 = <<U>a (aij * [\/Mgﬂ) (avak€)8v59270viG3,k>L%
<<% [\ﬁgl]) (Ouv; Bre) 00,920, (v), G3,k>L%

1 a2 x =
S \|M4gl||Lg(<<v> (0) 3 (0) Voo, VoGl )

~

+ ()0 0) Vol Gal),, )

1 X d = J_
S IM gy g2 [l (0)*(0) 2 Vgl (HVszlng + [[(v)2 1Galhg)-

We treat the term 14 in the same way, first performing an integration by parts and using
also that |0y,0,, Bre| < ()2~ and (v)2 |V,Gs| < |V,Gsl, it gives us

L = ((0) (@i % [VM1]) Du,02(0u, Bie), 0, G 1)
<(azg* \ﬁg1) ;92 (v, Bre) Oy, <>a>G37k>L%
<<U> (am [\ﬁgl]) UQZ,(aviavgBkZ)G3,k>

L3

L

S]]

1 e . Pk, e < -1
S Mgz ({0 0Tl [9,Gal),, + (01 (03 031 Dugal, Gal) , )

1 X i~ - J_
< IM3ga]|z2ll(v)*(v) 2 Vogo| 2 (I!VUG3\|L3 + [I{v)2 1G3HL3>-
Finally, gathering previous estimates, we get

(4.22) ((0)*VoT1(91,02). Gs) |, < IM 3 gnllzs]l(0) gallig |Gl .-

Step 2. Term associated to I'y. We write 6% = Bj0,, so that [6%, Op;] = —(0y, Bre) Oy,
thus we get, for any k € {1,2,3},

ﬁvk]:é = _61);68@- {(bz * [\/Mgl]) 92}
= 0 { (b ¥ [VMg1]) Virg2} = 00, { Vo (b V1)) g2}
+ (O, Bre) Oy {(b * \ﬁm)gz}

whence

((0)* V0, Talg1, 92), G ) = Ty + 1y + Ty,
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For the term II;, we make an integration by parts and then use Lemma 2.4 together with
(1)2|V,Gs| < |V,Gs|, which yields

= ((0)° (b= [VM0r]) Vo0, 00Gs)

+ (b VM) V0200, (0)%, G )
S Mgl (1) 00 Dol

#)p + (gl Ganl),, )
1 o) A dal1e ~ 2
< Mgz o) <v>¥“vu92HLg(vaGSHLg )3 1G3||Lg).

For the term Ils, we first make an integration by parts using that 6% (b» * [V gl]) =
Byt (9u,bi + [VMgi]), which yields

1y = ((0)* B (90,01 + VMa1]) 42.00, G

+ <BkZ (awbi * [\/Mgl]) 920y, (V) G3,k>L% :

We now split into two cases according to the estimates of Lemma 4.1: If 0 < v < 1, using
that |V, (0)] < (0)2 717 we get

M < 1303l ({10030 2 gals 96l ), + (10035 ()l ()3 1Gal) , )

1 ~ v
S IM g all(w)* () gall 2 (HVszHLg + [[{v)2 1G3HL5)

and if —2 < v < 0 we get, using also that (v)? <1,

Iy < [[M gz <<v>“<v>%+1<v>%\g2\, VuGal)
1
+ [ Mgy

< 27 go, |V G3\>
+ Mgz ()3 (0)3 v

(w3

v)

ERTA |G3|>L2
v

_ J_
Ho)3 0 gal, Gal)

1 ~ y_
< Mg 2 1 (0)* o >V+192HL2 (19.:Gsllz + 1) Cllzz)

1
+ 1M5 g1 a

ol
2

1 2
+ (M3 gl 10 g2 22 (V0 Gllzz + [1v)3 Gl z)

We deal with the term II3 by first making an integration by parts and then using Lemma 2.4
together with |8y, Bre| < (v)2 and |0y, 8y, Bre| < (v)2~

II3 = — <<’U>O‘ (bi * [\/Mgl]) 92(0v; Bre), 81}4G3,k> )
— <<bz * [\/MQID 92(0u, Bie) Oy, (v), G3,k>L%
- <<U>a (bi * [\/Mgl]) 92(0v; 0v, Be), G3,k>

! which yields

L3

1 2 a1
S ||M4gl||Lg(<<v>a<v>‘y+1|92|<v>z,\vUG3|>L2 + () () gal(v) 371, |G3|>L2>
< 1 oy, \v+1 Y. -1
SIMagilzzll(0)*(W) " g2ll2 ( [VoGsllzz + [(v) 2 Gsllzz )

Finally, gathering previous estimates, we get

o ((0)*VaT2(91,02), Gs) |, < IMEgnllzz | () galliz |Gl

+ | Migi|m {v)*g2ll 2 |Gl 712, -
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Step 3. Term associated to I's. We write ﬁuk = B0y, so that [ﬁvk, Oy;] = —(Oy, Bre) Oy,
thus we get, for any k € {1,2, 3},

Vo WL'3(g1,92) = V {(a” [\/791]) Vi UJQQ}
( \/791 ) ;0 vj (vvk92) - ; Vg (aw [\/791]) (% UJQQ
% ( « [VMgy) ) (Vi 0i) 0y, 92 + % (aij * [\/Mng i (O; Bre) Ov, 92

whence N
((0)*V,Ts(g1,92), Gy ) = 1Ty + 11T + I3 + 111,

We now bound each term separately using Lemma 4.1. For the term III;, using that
IB(v)v| < (v)21!, we first obtain,
1 i
IHI = _5 << > (alj [ gl]) Uz vj (vvk92)7G3,k>L%
1 X -~ -~
S Mgl (@) 0) 2+ V(Yo g2)|, | Gapl)
1 S S ol
SIM g1 L2 (o) Vo (Voga)ll a1l (v) 2 T Gl -

Using also that |By| < (v)2 7!, we then get
1 (0%
=3 <<U> By ((%aij * [V Mgl]) 00y, g2, G3,k>L%
1 o) A2 Y1
S Mgl () ()3 (w) 3 Vogel, |Gal)
1 Ti1= o
SIM gyl [[(0)* (0) 2 Vgl 2| (v) 2T G| 2.
Since 6%1)1- = B;;, we obtain
1
I3 = D) <( e (azj [V 91]) B0y, g2, G3, k:>
1 o
S Mgl () ()2 Vogel, |Gal)
1 ~
S IM g1 2]1(0)* (@) Vogal 2 1 (0) 2 Gsll 13-
Using now that |V, Bpe| < (0)2 T (0)2 and (v)2
1
1, = 5 <<U> (az] * |V 91 ) vzav]Bkéanga G3 k>
X X
< Il () @) ) ) B0, Gl

1 X i~ X
S M3 g1 2l 0)0) Vo]l 21 (0) 3Gl 2.

Finally, gathering previous estimates, we get

~ 1
(4.24) ((0)*Vuls(g1,92).C3) |, S IMAgu] 2l 0) g2l 2 Gl

2|Vyg2| S |vag| we thus get

Step 4. Term associated to T'y. Writing 6% = B0y, and observing that [%k,aw] =
—(Oy,; Be) 0y, we first get, for any k € {1, 2,3},

61;;6114 = iﬁ {(az] [\/791]) UleQQ}

1 ~ 1~
=1 (aij * [V Mgl]) ViV Vo, g2 + Zvvk (aij * [V Mgl]) ViV g2
+ 5 (a5 < [V 0r]) Vo (i)

whence

()" V2, Talg1, 02), Ga g ) = V1 + IV + V3.
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We now bound each term separately using Lemma 2.4. For the term IVy, we first obtain
IV, = % <<U>a (aij * [\/Mgﬂ) 0iV; Vo, G2, G3,k>
S Mgz ()0} V02l Gl ),
SIME g 2 ll{0)® (02 T Vogall 2l 0) 2+ Gl 5.
For the term IV, we also use that |By| < (v)2 1! to obtain
IVy = % <<U>O‘Bke (&JNU * [\/Mgﬂ) V92, Gs,k>L%
S IM g g () )3 @) gl 1G] ),

1
S 1M gzl (0)* (0) 2 gall 311 (0) 7 Gl 2.

For the last term IV3, we write 6% (vivj) = v Bij + v; By, and thus we get

L3

1
Vs =7 << ) (au [V 91]) [v; Byj + UjBki]927G3,k>L2
1 o
S Mgl (o) ()2 ()3 gal, [Gal)
1 1
SIM g2 (o) (@) 2 g2l L2 | (0) 2T Gl 2.
Finally, gathering previous estimates we get

135) (0 Vululg1.92).Ga),, S Izl (0) el |Gl

Step 5. Term associated to I's. We write ﬁvk = Bj0y, so that [6%, Op;] = —(0y, Bre) Oy,
thus we get, for any k € {1,2,3},

ﬁka5(91,g2) = —%@; {(aii * [\/Mng 92}

= (a“ [\/791]) w92 — ; (azz [\/791])

whence

<<U>a€kas(91, 92); G3,k;>L2 =Vi+ Vs
We now bound each term separately using Lemma 2.4. For the term Vi, we get
1
Vi = =5 () (i [VM1]) Vo0, Gar )

1

S Mgz () (0) 72V, g2, |G3,k|>L2
1 ~

S Mgl | (0)* () 2 Vogal g 1) 5 Gl 2,

and, for the term Vy, we use |Bge| < (0)27! to deduce

1
Vo = . <<U>aBk€ (avgau‘ * [V Mgl]) 92, G3,k>L2
1
S Mgl () ()3 ) gal, [Gal)

1 X
S IM gy l[{0)*(0) ™ g2l 22 [1(v) 2 G 2.

Finally, gathering previous estimates we get

(4.26) <<U>a6vf5(91,92),G3>L2 < HM491HL2H< )92l 2 NGl -

Step 6. Proof of (4.21). We gather estimates (4.22)—(4.23)—(4.24)—(4.25)—(4.26). O
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Proposition 4.4. Let g1, g2 be smooth enough functions and Gs a smooth enough vector
field, then

<§mf(91, 92), G3>@,

(4.27) ~ ~
S (91112 1Vagolla + 1V2g1ll-llg2 o + lgrll 2 92115 ) 1Gllay.

Proof of Proposition 4.4. We shall first prove that for any o € R, there holds
<<U>O‘€zf(g1, 92), G3>L%

1 i 1 ol
< (IM21ll oz | 0)°Fagall . + 1M Vil 2 | 0) 003 gy ) Gl

We thus write I'(g1, 92) = T'1(g1,92) + - - + I's5(g1, 92) as in (4.6)—(4.10), and we estimate
each term separately in the sequel. The desired result (4.27) is then obtained by integrating
in x, the proof is given in Step 7 because it differs from Step 4 of the proof of Proposition 4.2.

(4.28)

Step 1. Term associated to I'y. Writing 6% = DBy¢0,,, observing that [%xk,(%i] =
—(Ov; Bie)0z, and using that 6@ (aij * [\/Mgl]) = By (aij * [\/Mﬁmgl]), we first get
that for any k € {1,2,3},

V:vkrl(91792):8v-{(azj [\/791]) ( Ikg2)}+avi {BM (aw [\/7896;91]) v]QQ}
O, { (@i + [VDM@1]) (9, Be)0r, 92 } — (9, Bre) (ais % (VM 1]) Doy 9
— (90, Bre) (@i * [VMa1]) 9y, (92,92)-

whence
<<U>avzkr1(917 92), G3,k>L2 =h+h+I3+1+1Is

We can then estimate each term separately using Lemma 4.1 and arguing similarly as in
Step 1 of the proof of Proposition 4.3, which we brief explain below.

For the term Ij, we make an integration by parts and use the fact that |V, (v)®| <
()2~ () to obtain

L = — () (aij * VMg1]) 9y, (Var02), 0u.Ci)
— {((aiy * [VM91)) 80, (Vi 9200 <>Q,Gg,k>L%

1 eSS (S = 2
< Mgyl 0T (Tago) 2 (nvaguLg T H<v>2“G3\Lg).

In a similar way, for the term I, we make an integration by parts and use that |Bgs| <
(v)2 1!, which yields

I =— <<U>aBk:£ (azj [\ﬁaxggﬂ) ;925 00, G'3, k>
— (@) Bre (aij * [VMO2,01]) Do, 9200, (v)° 7G3,k>L%
S M5V g1 12ll(0)* (0) 31 Voo 2 (II%G:))HL% + ’<U>;+1G3”L3>'
For the term I3, arguing as above and using also that |V, Bge| < (0)27(0)2, we get
I = ((0)° (a5 % [VMa1)) (anka)amgg2yaviG3,k>L%
<(azj [\ﬁgl]) (Ov; Bre) O 9200, (0) %, GS,k>L%

1 ol i i ol
<M gy 22 [ (0) () 31T g 12 (||vvc*3uLg + u<v>2+103|Lg).
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For the term Iy, we use that [V, Bye| < (0)71 to get

L = = ((0) (a5 * [VMOy,1]) (0, Bre) Oy 92, G )

1 o lad X
S M3V 12| (0)°(0)E Vool 2| (0) 3 Gl 12

Performing an integration by parts in the term Is, we first obtain
Is = = ()" (aij * [VMa1]) (9. Bre)dr, (0n,92), G )
= ()" (a1 * [V7M1]) (B0, Bre)r, 92,00, G ),
+ ({0) (asy * [VMa1]) (90,00 Bre)Or,92. G ),
+{ (ai % [VMg1)) (00, Bre) (Ds,92)0s, ()" G )
+ <<U>a (bi * [\/MQID (Ov; Bke) Oz, 92, G3,k>L% :

Using Lemmas 2.4 and 4.1 together with |0y, Bre| < (v)2
hence obtain

1 a Vi
I S Mgz () (0 Vaal VuGal)
1
1M gl g () )2 @) 3 Vol Gsl)
1
+ Mgl () )7 (0)* | Vagal Gsl)

1
02 gull g (o) (o) (003 [VagaliGal)

L3

L2

v

and |9y, 0y, Bre| S ()27, we

Y

1 X -~ -~ X
S Mg 2]/ (0)* (0) 2 Vaga| 2 (IIVvG3!\Lg + H<v>2+103!Lg>-
Finally, gathering previous estimates, we get

(4.29) (0" VT 1(ar.22). Ga)

1 = 1 X =
S (||M491|\Lg||<v>ang2HHg’* + ||M4V:c91||LgH<v>“<v>2+lvvg2HLg) Gl -

Step 2. Term associated to T's. Similarly as for I'1, we have that for any k € {1,2,3}
VD2 = =V, 0y {(bz * [\/Mgﬂ) 92}
{(b * [\ﬁgﬂ) xk92} D {Bke (bi * [\/M@xggl]) 92}
+ (Ou; Bre) (bi * [\/Mgl]) 02,92 + (O, Bre) (bi * [\/M(%gng g2

We can then estimate each term separately using Lemma 4.1 and arguing as in Step 2 of
the proof of Proposition 4.3, which yields

(4.30) (0¥ lanos2). Ga)

1 = 1
S (||M491\|LgH(UWngzHHg,* + !!M4ngllng||<v>a<v>7+292\ng) 1Gslla1, -
Step 3. Term associated to I's. As previously, we first get that for any k € {1,2,3}
vmkFB - v {(am [V gl]) vz U 92}

( \ﬁgl ) v;0, vj (mGQZ) — By (aij * [\/Maxgng Uz'aujvgz
( * [VMgi] ) i (Oy; Bre) Oz, 92
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We can then estimate each term separately using Lemma 4.1 and arguing as in Step 3 of
the proof of Proposition 4.3, which yields

()" V.Ta(01,2),Ga)

(4.31) ) N ) ~
S (1M1 22 ll()*Vagally . + M5 Vagi | 2]l () (0) 2 Vsl 2 ) Gl

Step 4. Term associated to T'y. As previously, we first get that for any k € {1, 2,3},

6%114 = iﬁ {(az] [\/791]> UZUJQQ}

1 ~ 1
=1 (aij * [V Mgl]) VV; Vg, g2 + — By (aij * [V Maa:ng]) ViV;g2.

4

We can then estimate each term separately using Lemma 2.4 and arguing as in Step 4 of
the proof of Proposition 4.3, which yields

<<v>a§mF4(91, 92); G3>L%

(4.32) 1 3 1
S (IIMZngLg {0} Vagallgy, + IM3Vag1] 2 ||<v>a<v>7+292HLg) 1Gsllmy -

Step 5. Term associated to I's. As previously, we first get that for any k € {1,2, 3},

mkm:_%e er [rgl])@}

- (a” [\ﬁng wp 92 — BM (aii*[\/ﬂawgﬂ) g2

We can then estimate each term separately using Lemma 2.4 and arguing as in Step 5 of
the proof of Proposition 4.3, which yields

<<v>a6xr5(917 92), G3>L%

(4.33) ) 3 )
S (M5 g1 221 (0)°Vagall g, + M5 Vagn 2]l (0)°0) 201 12) |1 Gs L

Step 6. Proof of (4.28). We gather estimates (4.29)—(4.30)—(4.31)—(4.32)—(4.33).
Step 7. Proof of (4.27). We first write

3
<fo(91,92), G3> =3 <<v>(3—z)(%+1)v;vxr(gl’92)’ <U>(3—z)(%+1)vzw(;3>

Z L2

=0 z,v

=To+TW + 1>+ T3

and recall that 9;,I'(g1,92) = I'(0z,91, 92) + (91, 0z,92) and that V, and V., commute. In
the remainder of the proof, we shall use (4.28) as well as some classical Sobolev embeddings
as in Step 4 of the proof of Proposition 4.2 without no further mention. We here point out
that in estimate (4.28), it is important to keep ||<v>a(v>%+1gg||H% _ in our estimate instead
of bounding this term by |[(v)®g2| g2, and also that to close our estimate, we widely use

that the weights in our functional spaces depend on the order of the derivatives in .
For T, we have:

1
7o 5 (1331223l 0 Vol

+ 1M Vg1l 22 1 0)*E D (0) 3 ol 12 11 >||<U>3(g+1)G3HL§(H5,*)

< (lo1ll 2 V29135 + 1911l 21921135 ) Gl
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For T, we have:
71 5 (10 a2 102 F OV (Fag) 3
+ IMAVagil a1 22 | (02 E D Vagol 1 )H<v>2(;+1)va3HL?E(H5,*)
+ (1339201 0P F DV ()3 gl 2

1
+IM3V2g1 a2 (0 0) 2 gol gy oy )||< )OIV Gl

S (lg1ll 2 1V2galls + llgill 2 g2 llas ) Gl

For T5, we have:
1
7, 5 (10 g1 lzrz [0 V2 (Tage) sz
1 Y41 -
MVl 1001V iy

1 ol = ol
+ ||M4vigl||Lng||<v>2+1vxgzuH;<Hg,*>) [€0)2 " VeGsllzm )

1 2
+ (||M4vxgl||Hngu<v>3“v§<<v>Zﬂgzﬂug(w
1 ol ol
FIMAVEg gz ll0) 2 Ve ((0)2 gl )
1 ol
Il | 0)F 0 el ) 162Gl

S (g1l [1Vagallan + llgrll - gall ) 11Gallas.

For T3, we have:
1 =~ 1 -
T3 S (”M491HH§L%Hvagc<vw92)HLg(H%7*) +IM3Veg1 ) 51221V 2 (Vag2) |l 1)
+IM V2010 12 121V (Vo g2) ] 12 (HL.)

l ~
MV glz21 Va2 iz ) 98l

- (nMivxglquLg\vi<<v>%+lg2>uLg(H;*> +IM3V2g1 | 11122 | V2((0)F 2 02) ey
+ M3 g1 12 22 1V ((0) 3 g2) |2y
VAV 215000 2l o, ) IV Gl
S (Hng%‘Wxng% + gl o llgallzs + 1M TV 2g1 [l 12 2 1(0) 2 g2l 2o ) 1G3lla; -
We conclude the proof by gathering previous estimates and observing that

1 Y41 =
IM3Vagillzzl (002 gl ) S IV201l 2 [lg2]l 2 -

Proposition 4.5. For any smooth enough functions g1 and go there holds

IT(g1, 92)ll 2 S Nlgnll 2 llg2llas + llgrlla llg2ll 2
Proof. We shall only prove that for any o € R, there holds

1 1
(4.34) [{0)*T (g1, 92)ll L2 S (1M 3 g1l 2 [{0)* g2/l 2, + M3 g1l gz, [1(0)* g2l 2,
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from which we obtain the desired result by integrating in x and arguing as in Step 4 of the
proof of Proposition 4.2.

Starting from the formulation (2.2) of I'(g1, g2), we perform the 0,, derivative in the
first two terms, which gives

1 1
I'(g1,92) = (aij * [\/Mgl]) {3vi3uj92 — ;i0p; 92 + 4ijg2} - ({Qan’ + C] * [\/Mgﬂ) g2

—=:T1(g1,92) + Ta(g1, 92) + T3(g1, 92) + Talg1, 92),

and we estimate each term separately in the sequel.
The terms I'2(g1, g2) and I's(g1, g2) can be easily estimated thanks to Lemma 4.1. Indeed,
we have

o) Fa(g1. g2) 12z = 1) (aig * [VMg1]) vid, g2 12

1 Jalgy 1
SIM gl 10 ()2 Vagallog < 1M gzl 0) g2z
and also 1
o) Talg1. 921z = 7o) (ai; * [VMg]) vivgell oz

1 1
S IM g2 [1(0)* () gall 2 S M3 g1llzll(w) g2l 2 .-

Moreover, we can easily estimate f‘4(g1, g2) thanks to Lemma 2.4. We have
1
1) (ais + [VAZar]) gallzz S 1M gt Lzl ) 0) 2l 12

1
S IMagirzll(w)*g2ll gz, ,

as well as, if v > 0,
1 a
1) (e * [VAG1)) gall iz S IMF gl 2 | 0)° () g2 5

1
S IMAgzll () g2l mz

and, if —2 < <0, since || - 22 < || - [ z1, we have
1
1) (e (VAZgr)) gallzz S 1M E gyl 1) o) g2l 52
1
S M5 g1l [[{0)* g2l L2

We now prove (4.34) for I'(g1, g2). When |v| < 1, the result is straightforward using
Lemma 2.4. Consider now |v| > 1. We first write

vi v
Oy, g2 = ]vﬁﬁaﬂé% + (Id = P,); Vg2

and v v
aviavaQ = — iavkavaQ + (Id - Pv)ivv(avaZ)v

|v] o]
thus we obtain
V; Vg Vi Up V; Uk
Op. Oy g2 = ——0y, | == —0. ) ——0 Id-P,);V
Vi ’UJ92 |’U‘ |U‘ Vi (’U| "U’ ’0492 + |’U‘ |U‘ Vi (( U)] UgQ)

+(Id - P,);V, <”j vt ang) + (Id — P)iVy (Id — P,);Vug2)

o] Jv]

Thanks to a straightforward computation, we remark that

Vi Uy
(Id — P,);V, (38U g2>
ol Jo]
vj vy Vj Uy Vi Vg
B 0+ 0 () (1= ) 0
o] |v] ‘ "\ o fo] [of [o] )

and

V; Vg V5 Uy Ui Vj Vi Uy
— X9, (=0 = (L), 0 )
o] Jo] <| 0] ”f”) o] Jo] (|v| o] “f”)
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Therefore, we get

(0)°T1(g1, 92)(v) = {0)° (ai; * [VM 91]) i (0,00 )

|
oy [(1d = P) V9]

+(0)7 (e * VM) 17000

+ (v)® (aij * [\ﬁgl]) ‘U’ B ’(Id P,)iVy(0y,92)
()" (g« VT ]) 0 (475 (1= 752 ) 0
+ () (aij * [VMg]) (1d = P,)iV, (Id = P,);Vg2)

= Lh+1o+ 13+ 14+ I5.

We can now estimate each of these terms using Lemma 2.4 and Lemma 4.1. We obtain
1111l S 1M %9 221 (0) (0) Vo Vugall iz < IMEgill2ll(0) g2l 2,
L2/l s S I1M Tl 2| (w)* (0) 1V, [(1d — P)Vugalllzz S (M3 g1|z2[1(0) g2l 2 .
sz S Mgy g2l (0)* (0) 1 (1d = P)Vi(Vuga)llze S M7 g1|lz2ll(0) g2l 2 .

1 1
a2z S 1M1 22 [[(0)* () ™ Vogall 2 S 1M 7gull 211 (0) g2l 2,
and finally

1 1
1s]lz2 < 1M gallzz ]l (0)* (v) 2 (1d = Po)Vo[(Id = Po)Vugalllzz S 1M 2 g1z {v)“g2ll 2 .-

We conclude the proof of (4.34) by gathering previous estimates. O

4.2. Well-posedness for the Landau equation. In this section, we shall prove the
well-posedness part of Theorem 1.1.

Proof of Theorem 1.1-(7). Let g° be a solution to (1.7) associated to ¢5, € 2 satisfy-
ing (1.21). Notice that it implies that g, € (Ker A.)* and thus ¢°(t) € (Ker A.)* for
all ¢ > 0 from the conservation laws (1.4). We shall use the norm ||| || 2~ (and the associated
inner product ((-,-)) 5-) defined in (3.4) during the proof of Proposition 3.3, in order to
establish below an a priori estimate for g°.

Let o € (0,00) be fixed and compute

g% = (e 0% o + - (T(6% %)%

For the linear part, estimate (3.1) in Proposition 3.3 already gives us
K 1L
(Mg, 0N o < —0llg° % — wllg"l%, — 2 (g°) 1%
For the nonlinear part, from (4.1), we get

(D(g%,9), %) 5 = 6 (T(o", 9°) >%+i< ) Vile))

i=0 vy
+(1-0) <v3 (o, 9°), V3(g)* >
Thanks to (4.12) in Proposition 4.2, we have

(T 97). (99)") - SNl 197121 1 (9) s

and also from (4.11), since the additional weights involved in the spaces 2" and %} are
greater than 1,

1 1
(V3D 6, T3a)S) Sl e ™)

x,v
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Similarly, (4.11) also implies that

2
Z<V2F(ga,ga),vé(ga)L>L2 S gl llg™llas 1l () s

i=0
In summary, and recalling that || - || 2~ and || - || 2~ are equivalent, we then have

1 € €\ € ¢ € € €
(4.35) ~ (0" 99,90 2 < Zllgwll 2 llg"lan (%)Ml

for some constant C' > 0.
Denoting e, : t +— € and ¢ = e,g°, we therefore obtain

1d K e\l lH

OB < b 3 — S0EY 13 + <65 115 o (65 N

Thanks to Young’s inequality we write

i

K
*HggHIH%H%H (95)" 121 < Cllg5 1% 1165115, + 55 11(95) 113

which then glves the following a priori estimate

< —
o= (v~ Cllz

At least formally, from this differential inequality we easily obtain that if ||g5,[|2 is
small enough then ¢° satisfies the uniform in time estimate (1.22). The proof of existence
and uniqueness of a solution ¢° to (1.7) satisfying (1.22) for small data ||g5,|| 2= < no follows
a standard iterative scheme that uses estimate (4.36) (see for example [13]). O

(4.36) 1%

oI5 %) g5 13 — 5511 (95) 1.

4.3. Regularity for the Landau equation. In this part, we provide a result of regu-
larization for the solutions to the nonlinear Landau equation which is quantified in time,
namely the regularization estimate of Theorem 1.1. Notice here that if we only wanted to
handle the case ¢ = 1, we could have used the triple norm introduced in [31] (see [13] for
the Landau equation) which is dissipative for the whole linearized operator and equivalent
to the usual one. Here, to handle the e-dependencies, we have to use our hypocoercive
norm defined in Proposition 3.3 and separate carefully the behaviors of microscopic and
macroscopic parts of the solution. Some additional remainder terms coming from the fact
that the transport operator and the projector 7 onto the kernel of L (see (1.12)) do not
commute have to be treated. The computations are thus much more intricate.

Proof of Theorem 1.1-(ii). Let g° be a global solution to (1.7) associated to the initial
data g5, € 2 satisfying (1.21), with ||g5,|| 2= < 10, provided by Theorem 1.1-(i). As in the
proof of Theorem 1.1-(i), we shall only obtain an a priori estimate implying the desired
regularization estimates.

We recall that the spaces 27 and ZF° are defined in (1.20)-(2.12) and we shall prove that
for any ¢ € (0, 1], one has

1 1
(4.37) lg Dz < 7 lgiallz- and lg"(Oll27 S 575 I9inll2

which readily implies that, for all ¢ > 0, there holds
—ot —ot

€ €
€(¢ | 2 d )| e < ——— g% || 4
Hg ( )”% ~S min(l \/i) HgmHQ” an ”g ( ) AN min(1, t3/2) ”gln”ﬁb"

by using the exponential decay in 2" given by Theorem 1.1-(i) and hence concludes the
proof of Theorem 1.1-(ii). We split the proof of (4.37) into several steps. We shall use
without no further mention that since 7 € Z(2", %), we have ||¢°||z < 1195112+ 11(9°)* | 2
fori=1,2.

Step 1. We consider the same functional % as defined in Step 1 of Proposition 3.4, which
we recall is given by

(438) %(t.9°) = Nl 113 + et (190" % + K103 (691 1%)



REGULARIZATION AND HYDRODYNAMICAL LIMIT FOR THE LANDAU EQUATION 47

+eant? (Vog®, Vag®) |+ ast® (IVag I3 + K[[(0)3 Vag Il )

with constants K > 0 and 0 < a3 < az < a1 < 1 so that as < (/ajaz. We recall that the
constant K > 0 is chosen large enough in the proof of Proposition 3.4. The constants «;
will be chosen small enough during the proof here. We also recall that for any ¢ € (0, 1],
one has the lower bounds

(4.39) tlgllo, S %(t, ) and £)g°|I%y < %t 9°).

Step 2. Thanks to the proof of Theorem 1.1-(i) we already have

1 d £ £ £ 1 £ £ &
sl 1% = (Acg®, 6% o + ~ (g9 07D

il 1
<= (k= Cllg" I ) 1913 = 5116 1

for some constants x,C > 0.

(4.40)

Step 3. We first observe that since 7T'(¢%, ¢%) = 0, (¢°)* satisfies the equation
1
0g°)* = (14— m)Aeg” + T(o",4°).

We then compute
1d ¥ ~
S BN F IS + 1900 13}
= K ((0)31(1d = m)Acg®, (0)2 H(g) ")+ (Vold = m)Acg®, Vol

F 2@ ), (), (Tl 69, Tule) )

Z £
=01+ 1+ I3+ 4.

VA
7

From (3.17) in the proof of Proposition 3.4, we already know that
c 1 Criaviy &
S 1B+ 26 o197
for some constants k1, C' > 0. Thanks to (4.12) in Proposition 4.2, we have

1 s s 1 1
I3 S llg o 1) = gl 1 0) 2T (07) llon S Zllo% I llg% a1 (9%) s

Moreover, thanks to (4.20) in Proposition 4.3, we have

K1
L+ 1< —?”(QE)J—”%JQ"’ X

oy

1 - 1
LS gl llglaeVe(g™) "o < Zllg”llz llg”llas I (9°)
1 1 1 1
S o511 (o) las + 2Nl 11 (97) s
We therefore obtain, using that ||kl 2 < ||h||#,
2 1 v 1
LRI + 19 1)

9 g
g2 €

K1 =
(4-41) < =10 M5 + S0 3 + o)l Va7l

c C
+ 9%l 19"l 9% o + —llg" Il (o) 12

Step 4. We compute

% <€vgga 6acge>%, = <€’U(A5g€)7 6x96>3{. + <€I(A€g€)7 €Ug€>3{

1 /e e e\ T € 1 /s e €\ T €
+ g<VvF(g 19%); Vayg >,[ + E<Vx1“(g 19°), Vg >,[
= J1+ o+ J3+ J4.



48 K. CARRAPATOSO, M. RACHID, AND I. TRISTANI

Thanks to (3.20) in Proposition 3.4, we already have

C ~ 1 =
Tt T2 < Sl sl Vag®llan - ZIIV
fo some constant C' > 0. For the term J3, estimate (4.20) in Proposition 4.3 yields

J3

A

gl e 192 s
S éllgsﬂirll%gsl\% + é\lgsllyll(ga)ﬂl%WngII%-
Moreover, for the term Jy, estimate (4.27) in Proposition 4.4 gives us
S é (||gf\|gg||%gf\|% +[1Vag®ll 2 19°ll2s + ||g€|!gr\|gsll%) V09" [l
S % (Ilggllgzllﬁxggll% +[1Vag®ll 2 16l + ||9€”%H96||%> 191225
S i(llgsl@\lﬁwsl\% 19 2 1Veg o 1(97) Nl + 197121V g™ .2 197 |24
+ 1912 1V2g7 12 1(9%) Nlae + 11(97) 12 [ Vg7 12711 (9%) N1 2
19 + NI 1007 s + 1 N (6°) B )

Putting together previous estimates, we get

d

a <vvg vxg >

~ C ~ C -
< —gHVngH% + ?vang%H(gE)ﬂ\% + ;H(QE)LH%HVasgaH,sz(gs)LH%
(4'42) C € < £ e\L €112 € ~ £
+ gl (IVag™ll 1(97) " o + N7l + Nlg7llas [ Vag©llag

+ 197l 1 (9%) Nl + 11V o9 ll25 11 (9°) llas + II(QE)HV%)-

Step 5. We compute

Q-l‘g_‘

A IVeg 1%+ K(0) 3 Va7 )
= <%(Asg ). Vag®) +K<<v>

<vr(g %),V > )2V, (g5, g)<>Vx9€>%
—.R1+R2+R3+R4.

N |

From (3.23) in the proof of Proposition 3.4, we already know that

R2 &= C =
Ri+ Ry < —;QHV:cge’@l + gHngsllf@

for some constants k9, C' > 0. Thanks to (4.27) in Proposition 4.4 for the term R3 (and a
slight adaptation of it for the term Ry), we obtain

1 - - ~
Ry + Ry S - (HQE”%HVMEH% + IVag®ll2llg°lla + Hgsllgrllge\l%> V29Il
1 - - ~
< 8(!!95\!%!!%95\!% +[IVag Nl g2 + [ Veg®ll21(97) |24

. -
+1g°11% + 1ol 2 1l (o) II%> IVag®l| -
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We therefore obtain

1d
577 {IVag™l1% + K1 (0)# Vag M}
K2 & d ad =
@13) <2 B+ ST + SN otV 10

C - - - -
+ g%l (Hvxgsl\gx\lvmgsll% +IVag |3, + IIngsH%II(ge)lH%) :

Step 6. Conclusion. Gathering estimates (4.40)—(4.41)—(4.42)—(4.43) and using that
sup [|¢°(t)]| 2= < mo from Theorem 1.1-(i), we then obtain
>0

d 1
3 %(6.97) < = (5 = Ong = Cant®mo) 9713 — 5 (= Cont — Cen) | (9°) I3

dt
t COélt ~
— 5 (a1 — C=2aztn — Cearm) ||<gE>L||% 19 34 [ Vgl
OO[lt ~ ~
+ =gl l1(9) 1 + 2e0i2t <vvgf,vxg€>

G (a2 — Ce%a3 — Cast) | Vg3 Vg2l (9) s

1 1
+ Caot?|[ (%) Nl | Vool Il 2-[1(9°) N2

+ 9% o 1(97) g + HVngH%H(ga)LH%>

— 3 (koaz — Ceagno) H%xggH?yl + Caagt?’H(ga

+ Cant*no( [IVag®ll o 1(9%) llae + 9% IVag®

) 1o [V2g% 21V 2g® | g
+ Ceagt®no ([Vag® |2 [Vag®llon + 67194 | Ve los + [Vag®llo1 1 (95) 122 ) -

We now use Young’s inequality to write

SO 1G5 s < 21T+ C 2L %)

S ol N(5") s < “ij;tr\<g€>L||%2 +0a1tn§||g€u?yl
Co‘?ﬁnvxg U6 N < 222271, + 022 ) 1B,
Cmoazt?llg las [ Vogllon < 528 Vgl + ciﬁt!iﬂ@
Croazt?|lg® o [1(9°) |2, < “jlj;tmgwg,z +cengt3/2&5||gs|@l
Cmoaat?|[Vag® [l | () llag < “20‘3t IVag®l3, + Crit 2||< )13,
Cenast? o712 | Vag" 121 < “jg‘%?’nvzg I3 +Ce noa3t3||g 134
Cenoast®||Vag®llas 11 (9°) llay < “2“3t IVag® 13 + Cndast®| (%) 113,

Ceagnot®|Veg®l 2 IVag®llan <
< £ U &
25a2t’<vxg » Vg >%

as well as
Cast?||Vag |l 2 1(9%) o (%) ]2
Ceast?|| Vg || 2199 21 1V ag® I

Ca3not IVag % + asmot® | Vag® |3,

a9 o =
< 3 CIVag (1% + Cane® g7 54,

v/ €L 1
< Cant? | Va5 (6713 + Cantll(9%) " 113

< C2a3t?|| Vgt |5 1(9%) 113, +

H2Oé3
t3||ng 1% -
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We thus obtain

d
E%(t, 9°) < — </€ - C’ng — Coant’ny — Cape® — Cozltng

a3 2 3/2047% 2,2 .3 €112
C 770t—C’5170t 041_06 moast” ) 197115,
1 @
— k—Cogt — C—L 12
5 (o QQ) 1) 13
2

t (K1« a
— < 171 — C’52a2t770 — C&Otl?]o — sz
2 (e%:}

— O~ Cetragt? - C<as ) (g B,
—¢? ( 5 — Ce%a3 — Cast — Ca3n0t> HVg;g 1%
— ('”;3 — Ceazny — Ca3no) 1V29°11%
+Ct* (az + %a3) [ (6°) 13 Vg™ 1%

We now choose a; =1, ag = 17%, and ag = 77%, with 7 € (0,1) small enough as well as 7
small enough, so that we deduce, for all t € [0, 1],

d K;/ L n =~
3 %(t97) < —5ll(g7) 1% — #'llg° I3 — & *||( VN5 — K Vag 1% — &' Vag® |15

Vi 1
+ Ot Vag 151 (9°) 1

for some constants x’, C' > 0. Integrating in time the last inequality, we hence obtain that
for any t € [0, 1], there holds

K/ t t
%(t0) + 55 [ 16 B ds + ' [ g3 s
K[ eyL2 P [t 2 2 P [t B 2
+ 5 [ sl 1B ds+ ' [ 21ag" B ds ' [ 59073, ds

t ~
<L) +C [ IV 6 3 ds

- 1t
<%<o>+c€2<sup Vg 1> S [ I 13 ds
te[0,1] e Jo

< %(0) + Crge” < sup tBII%Q‘EH?g)
te(0,1]
where we have used that — L )12
denoted %.(0) = %:(0, ¢5,). “Since

o ds < n¢ from Theorem 1.1-(i) and we have

<sup Hga(t)H?%) + ( sup tH(f@)VH&) +é? < sup t3ng£(t)H§z> S sup %(t,g°)

te(0,1] te(0,1] t€[0,1] t€[0,1]
if ny > 0 is small enough (independently of ), we finally obtain
tho* (DlIZs S %(0) = llgall S gl Vit € [0,1]
and
g Ol < 2%0) = llgall’y S

which gives estimates (4.37) and concludes the proof. 0

[O’ 1]7
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5. REFINED SEMIGROUP ESTIMATES ON THE LINEARIZED OPERATOR

In this part, we go back to the linearized problem and give some new and refined
estimates on it. The first and second subsections are dedicated to the introduction of
a nice splitting of the linearized operator A, coming from [11, 13] and to the proof of
dissipativity, regularization and boundedness estimates. Roughly speaking, the linearized
operator A. splits into two parts: A. = A. + B, the first part A. having some good
regularizing properties, the second one B. having some nice dissipativity (and also regular-
izing) properties. It is worth mentioning that the regularization estimates on B, that we
develop are sharp (it was not the case in [13] where the authors did not intend to obtain
optimal regularization estimates on B;) and only the case ¢ = 1 was treated in [13]. As
already mentioned, from those properties and Duhamel formula, we can give a new proof
of Theorem 3.1. More importantly, Duhamel formula applied with this splitting will be
used to prove our hydrodynamical limit theorem in Section 6.

In the next three subsections of the present section, we study the semigroup U®(t)
associated with A, from another point of view which is based on a careful spectral analysis
carried out in Fourier in = of A in [60], it in particular allows us to give a decomposition of
the semigroup U¢(t), study its limit as € goes to 0 and give another type of estimates on it.

5.1. Splitting of the operator. We now introduce a splitting of the full linearized
operator A.. Let x € C2°(R) be a smooth cutoff function such that 0 < x <1, x =1
on [~1/2,1/2] and x = 0 on R \ [~1, 1], consider positive constants R, R > 0 and define
Xg() = x(Jv|/R) as well as
1 1

(5.1) m?(v) = 2 |B(o)of* = SV, (BT (v)B(v)v] + Rxz(v)

where B(v) is defined in (2.5). Recalling the formulation of L in (2.8), we then decom-
pose A, = e%L — %v -V, as

(5.2) Ac= A +B: with A, := 6%%1 and B := E%B — év -V

where

AT (o VI i (s VTP) (e R 5 s
= (L2 + Rxp)f

and

(5.4) Bf = =ViNVuof —m*(v)f = (L1 — Rxp)f.

Let us now give a lemma providing estimates on m and its derivatives. We fix

+00 if —2<~v«1
(55) 01: =931 . i
N if y=-2.

Lemma 5.1. Let0 < o0 < 07.

(i) There are Ry and Ry large enough so that for any R > Ry and R > Ry, one has
m2(v) = o+ k()2 Vv eR?,

for some 0 < k < 01— 0.

(ii) For any o € R, we define
m2(v) = m(v) — (v) 2V, (0)° 2.

There are Ry and Rg large enough so that for any R > Rg and R > Ry, one has
m2(v) > o + k()" VoveR?,

for some 0 < Kk < 01 — 0.

(iii) For any multi-index o € N3 we have, for all v € R3,

00m(v)] < (v)2 el
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Hereafter in the paper, for any 0 < o < o7 we then fix R, R > 0 large enough so that
the results of Lemma 5.1 are in force.

Proof of Lemma 5.1. (i) See [13, Lemma 2.6].
(ii) We have
1

ma ) = JIB()ol - %vv [BT@)B)] - a?Bw)v]*(v) ™ + Rxp(v)

therefore
1 1
m2(0) = 76 @) = 590 [(0)] — a2t ) " + Rxg(o)

Now observe that
1 1
FRIOIC 2 ()] = a2t ()| (v)
1 1 3
= 0@ = 5Vl (v) v = Sh(0) = L @) ) 7

and from (2.4), ¢1(v)|v]*(v)~* < (v)772, hence if —2 < v < 1 we have
1 1
Fa@PP = 2V, - )] - a?G @) ()™ ——— +oo,

2 [v]—o0

and if v = —2, one has

iel(v)w - %vv [a@p] - a26 @)t —— L

lv|—sco 2
We then conclude the proof by taking Ry, Ry > 0 large enough.
(iii) Direct consequence of (2.9). O

Arguing as in Lemma 2.3 and recalling that [ﬁvi,v V] = V., and [ﬁxi,v Vi =0,
we also obtain
Lemma 5.2. There holds
(i) For any 1 < i < 3, one has
. leve o 17 lo © o
[V'UNBS]f = _?vvj [vﬂiv V'Uj]f - ?V”Uj [V”Uw vvj]f
1 — 2 ]. ~ 1 ~ = ~
- ?(V’l}lm )f - gvxlf - ? {[vviu vvj]u vv]} f
(7i) For any 1 < i < 3, one has
v 1 Tk [ V. l & V. o * 1 v ViR BRv
[vmi’BE]f - _?vvj [vl?i?vvj]f - ?vvj [vxivvvj]f - ? |:[v$i7v1}j]7vvji| f

Let us recall that the spaces 27, %;, (%;)', ZF and (Z7)" are respectively defined
in (1.19), (1.20), (2.11), (2.14), (2.12), (2.13) and (2.15).
We also have the following bounds on the operator A:

Lemma 5.3. For any a € R one has

()" Afllze, S IMTF] L2,
1) VoA Sllz2, S IMAflle, + IMIVofl2

1)V VoA flla, S IMAfllze, + MV fliz, + IMTVVyflrz,
1) Ve Afll 2, S IMAVafl2,

1) Ve VeAflz, S IMIVaVaf s .

In particular, one has A€ B(X), A B(%) and A€ B(ZF) fori=1,2 and since A is
self-adjoint in L2 ,, we also have A € B(%) and A € B((ZF)) fori=1,2.

T’
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Proof. The terms coming from Ry are easily treated because x  has compact support.
The first, second and fourth estimates thus directly come from Lemma 2.6. The proofs of
the other estimates are completely similar and rely on Lemmas 2.4 and 2.5. g

5.2. Decay and regularization estimates for Sp_. In this section we provide several
results on the dissipation and regularization properties of the operator .. We start with
the dissipative ones.

Lemma 5.4. Let 0 € (0,01) (where o1 is defined in (5.5)). Then for any o € R, one has

o K
(5.6) (), 0 B- P, <~ 1) F3s, = S0 B
for some constant k > 0. As a consequence, one has for allt > 0,
—at/e?

198. )l —2 < e
Proof. We compute:
(0 18e1) , = (1= 5%i00 = Gt = o)

1 L /g o
ol mils, — o (Vo). Vuf)

Observing that
Vol @21, V0f ), = (Vo @), @)V ) , + (Vofo )f,<>°“va>

= IV ()" I, = (Vol(@)*f), (Vo lv)® f> . (Vo)) ()79 )
= IV (@) Nz, = (Vo)) 72,

and recalling that my is defined in Lemma 5.1 so that (v)2¢m2 = (v)2¢m2 — |V, ()2, we
obtain the estimate

1 1 ~
(0>, Bef>L§w = 5@ maflis, = SIVel@) Nz,

We then conclude the proof of (5.6) by using the bound by below on m, of Lemma 5.1.

The exponential decay estimate of Sp. on 2" is then a consequence of (5.6) together
with the fact that V, commutes with 5. ]

In what follows, we prove regularization results for the semigroup Sz, .
Lemma 5.5. Let o € (0,01) (where o1 is defined in (5.5)). For any t > 0, one has

e _ 2
e ot/e

(5.7) 158, ()l 2 »2 S /i

3 _ 2
and ||SB€(t)Hgg%3fls < 75376 ot/e*

as well as the dual estimates

g _ 2
e ot/e

(5.8) 155, (O)llay—2 < 7

3

and 1S5, (Ol (z5y 2 S tj - ot/

The proof follows similar ideas as the proof of Proposition 3.4 but is somewhat simpler
because, the operator B: provides 1/e2-dissipativity and regularity on both macroscopic
and microscopic parts of the solution whereas the operator A. only provided a gain of 1/¢2
on the microscopic part. We thus do not need to separate microscopic and macroscopic
parts when defining our functional that will be a Lyapunov functional for our equation
Ouf = Bef (see (B.3)). For sake of completeness, the proof is given in Appendix B.

Using the same method, we can push our previous result up to the next notch of
regularity (we only mention the dual results because they are the only ones that will be
used in the sequel) and the proof is also postponed to Appendix B:

Lemma 5.6. Let o € (0,01) (where o1 is defined in (5.5)). For any t > 0, one has

2 6
_ 2 9 _ 2
186, (g S S eV and 1S5 (Ol oy S S5 e



54 K. CARRAPATOSO, M. RACHID, AND I. TRISTANI

We also have the following dissipativity properties, the proof of which relies on the
same line of proof as the above regularization results. Indeed, the idea is to use the same
functionals without the weights in time. We thus skip the proof since the computations
are the same. As previously, the result is only given in the dual framework which will be
the only one useful in the sequel.

Lemma 5.7. Let 0 € (0,01) (where o1 is defined in (5.5)). For anyt >0 andi = 1,2,

one has
—0 52
IS8, ()l 2oy —(zey S e 7.

In our forthcoming analysis, we will use an iterated Duhamel formula based on the
splitting A. = A + B.. We introduce the following definition of convolution of semigroups:
If S; and Sy are two semigroups, their convolution product is defined by

t
Sy Sa(t) == / S1(s)Sa(t — s)ds.
0
We also introduce the semigroups V7 (t) defined through:

Vo (8) := S5.(1), Vi (t) := (S5, + AVP)(t) = (Vi ASp.)(t), j € N

so that for any n € N and any ¢ > 0, we have:
(5.9) US(t) = D Vi) + (Vi = AUS)(1).
§=0

As a consequence of the previous results on A. and B., we obtain:

Corollary 5.8. Let 0 € (0,01) (where o1 is defined in (5.5)). For anyt >0, any j € N
and i = 1,2, we have:

—ot/e2 —ot/e?
Vil oma Se7S and |V (©)ll(zeyo(zey Se 7.

Proof. Fix 0 € (0,01). The first estimate for j = 0 is given by Lemma 5.4. We then argue
by induction and thus suppose that the property is satisfies for some j7 € N. Then, we
consider o’ € (0,01). From Lemmas 5.3 and 5.4 and the induction hypothesis, we have:

1 t
Vi Ollz—s2 S ?/0 1S5, ()l 2 2 || All 27 2 IV} (t = 8)|| 275 27 ds

1 st 2 2 1 2 [t 2 2
IS ?/ e—o”s/a e—a(t—s)/a ds SJ ?e—at/a / e—(a’—a)s/a ds 5 e—Ut/E )
0 0

The second estimate can be proven in a similar way by using Lemmas 5.3 and 5.7. g

Corollary 5.9. Let o € (0,01) (where o1 is defined in (5.5)). For anyt >0 and any j € N,
we have:
£3-2j 6-2j

_ 2 & J _ 2
Vi Ollzeyoa § e and IV Olasy-rr S e

Proof. Fix o € (0,01). We focus on the proof of the first estimate, the second one is
treated in a similar way. We proceed by induction. The case 7 = 0 is given by Lemma 5.5.
Suppose then that the estimate holds for some j € N and consider ¢’ € (0,01). From
Lemmas 5.3-5.4, Corollary 5.8 and the induction hypothesis, we have:

t/2
Vi @llzeyrr S [ 16 (6o | o V5 ¢ = 8) 2y ds

t
+ /t/z V5 ()l 2oy = 2 [ Al 2y 22y 198 (8 — )|l 22y (26 ds

3-2j 3-2j
<1 / Vs ST esygg L / e s =) g
S 3 3—2j 2 3227 '
g2 Jo (t _ 8) = €2 Jt/2 g2
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From this, we deduce that

2 o t/2 ds t ds =2
ijitl(t)”(ff)’—w{ <e ot/e® J1-2j </ — 3 +/ 3—2j> S e ot/ )
0 (t—s) =z t/2 g 3 3

which yields the wanted result. O

5.3. Spectral study in Fourier space. We denote by F,, the Fourier transform in € T?
with ¢ € Z3 its dual variable. Since we will only be working with Fourier transform in z,
we will also interchangeably use the classical “hat” notation. Moreover, to lighten the
reading, for any operator that acts only on velocity, with a little abuse of notation, we will
omit the “hat” in the notation for its x-wise Fourier transform.

In this part, we are going to look at the Fourier transform in = € T? of the operator A;:

A(§):=—i&-v+ 1L

and study the spectrum of Ay (¢) for ¢ € Z3. This type of analysis was initiated in [52, 15, 22]
for the Boltzmann equation for hard spheres and then with hard cutoff potentials (see
also [58]). In [60], Yang and Yu were then able to adapt it to more general kinetic equations
including the linearized Landau one for hard and moderately soft potentials.

Roughly speaking, for small frequencies, the spectrum of A;(§) is a perturbation of the
one of the homogeneous collision operator L (which acts only on velocity). As already
mentioned, in the case of hard and moderately soft potentials (v > —2), the operator L
has a spectral gap and in [60], the authors then prove that for small frequencies £, the
spectrum of A (£) is made of “small” eigenvalues around 0 in the right part of the plan.
They also provide Taylor expansions of those eigenvalues as well as for their associated
projectors. For large frequencies, they prove that the operator A;(€) has no spectrum in
some suitable right part of the plan. All those spectral results provide a decomposition of
the semigroup which is given in Lemma 5.10.

In what follows, we write

US(t) = FLUS(t)F; !
so that U¢ is the semigroup associated with the operator
1, .
(&) = ?(—zaf -v+L).

We also introduce the bilinear operator W¢(¢) defined by

)

(5.10) \lie(t)(fl, fg) = i/ot U€(t — s)F(fl(s), fg(s)) ds.

We recall that y is a fixed, compactly supported function of the interval (—1,1), equal to
one on [—1/2,1/2].

Lemma 5.10. There exists k > 0 such that one can write
US(t) = > Us(t) + U (t)
j=1
IS ~ st ~ ~ur i
. € — N et — gl
with U (t,€) - U](€2,5§) and U(t,€) =0 (52’65)’
where for 1 < j <4,
i1, = x (&) v

with X\ satisfying

Xj(€) = iajlg] = Bile? + 5 (1€D),
(5.11) a1 >0, a>0, ay=as=0, [;>0,

W () =pej0 OUEP) and  ;(I€]) < BilElP/2 for €] < &,
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and

Pie) = P () + eI} () +1eP i)

with Pj* bounded linear operators on L? with operator norms uniform for |¢| < K
We also have that the orthogonal projector 7 onto Ker L (see (1.12)) satisfies

= P0 ( )

Z §
and is independent of £/|€].

Moreover, PJO(§/|£|), le (&/1€]) and P]-Q(g) are bounded from L2 into L2({v)?) uniformly
in|&] < k for any £ > 0.

Finally, for any € >0, Ut satisfies

—ot
(5.12) HU ||L2 912w < Ce™®
for some positive constants C' and « mdependent of t and &.

Proof. The decomposition of U#(t) follows that of U(t): We recall that according to [60,
Theorem 3.2 and Remark 5.2], one can write

tfzz (4,6 + Uk, €),

where for 1 < j <4,
. ¢ _
Uj(t,€) = x (! MO Py(¢)

and \;j(§) € C are the eigenvalues of Ay (&) with associated eigenprojections P;(€) on L2
satisfying the expansions stated in the lemma. The fact that = = E (‘ EI) also comes
from [60, Theorem 3.2].

Let us now prove that P{(&/[¢]), P} (£/]¢]) and P (€) are bounded from L7 into L2((v))

uniformly in |¢| < & for any £ > 0. We first prove that this property is satisfied for P;(&).
Recall that for [£| < k,

A1(§)F;(8) = Ai(§)P5(E)-
Thanks to the splitting Ay = A; +B; introduced in Section 5, denoting B;(§) := —i&-v+ By,
we have for |£] < &:

Pi(€) = (Ai() = Bi(€)) T AP (€).
The dissipative properties of By in L2((v)*) and the regularization properties of A; (from L2

into L2((v)")) established respectively in Lemmas 5.4 and 5.3 and the fact that from [60,
Theorem 3.2], we already know that P;(€) is uniformly bounded in [¢] < x from L2 into

itself, imply that P;j(£) is bounded from L? into L2((v)%) for any ¢ > 0 and uniformly
in || < k. To conclude that the same properties hold for PJO(§/|§|), le(§/|§]) and sz(f), we
notice that PP(¢/|€]), P} (£/1€]) are given by explicit formula (see the proof of Theorem 3.2
in [60]) that clearly define bounded operators from L2 into L2((v)") for |¢| < &

Finally, the estimate (5.12) comes from [60, Remark 5.2] for £ = 0. We can also prove
it for any ¢ > 0 thanks to Duhamel formula applied with the splitting Ay = A + B3
introduced in Section 5. We write that

v = v F (n—x (E) evore) 7
= (S, (1) + (S, + AU (®)) F7! (Id x(’f‘) e”f(f)Pj(ﬁ)) Fo.

We are able to get the wanted estimate in L2((v)*) thanks to the uniform boundedness
in |¢] < k of the projectors P;(§) in L2, the dissipativity properties of By in L2((v))
and the regularization properties of A; (from L2 to L2((v)%)) established respectively in
Lemmas 5.4 and 5.3. O
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Remark 5.11. Denoting

(513) B(e ) =8 (jg) rleme

for 1 < j <4, we can further split U £(t) into four parts (a main part and three remainder
terms):

US = Usy + Uiy + U5 + UG

where

(t f) - ew‘ﬂ lﬂ’_ﬂJﬂfPPO <;)

ﬁfg(t,f) = (x (f) - 1) Z%\&If—ﬁjt\gﬁpo <é’>
U5 (1,€) = x (5’§‘> i €1 £=Btlel? (ef”fz'g') ) P <é’>
K

~ 2, ,5(el€D) ~
o(t,6) = x (IS ) et g (o, £ ).

One can notice that Usg := Ug, and Uy := Uj, do not depend on € since oz = ag = 0. We
set

U := Usp + Uyo.
We shall see that the operator U(t) is in some sense the limit of U¢(t) (see Lemma 5.14).

The decomposition of the semigroup U*(t) also gives us a decomposition of the opera-
tor W.(t) defined in (5.10) (see [24, Lemma A.4] and its proof).

Lemma 5.12. The following decomposition holds

4
=3 w4 v

j=1

with
PO 1) = 1 [ 0= P () £a) ds
and
W = WS, + WS+ U5, + UF,

where

(€ = /Otemj i (t— s|£|2‘§|P1<|§’)f(f1,f2)(5)d5

(X (Slf') - 1) /Ot ol €112 —B; t—s)|§|2|§‘pj1 (é) T(f1, f2)(s)ds

o g gy aCeleD .
:—xKUAeWﬂeWtMPG“)EQ—4>Hﬁ<é>mhhﬂ@®

t t—s 2 \ 1) ~
=y <§|)/0 dou €| 222 — B (t—s) €2+ (t— 5) L ¢ 5‘§|2PJ-2(€§)F(f1,f2)(S) ds

Remark 5.13. Let us notice that as in Remark 5.11, there holds
\Ifgo = \:[130 and \I/io = \1140

o
/
S|
.M
[=E=2
~—~
o~
N—
—~
=
)
S—
—
I
N—
Il

and we set
U= Wag + Wy
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5.4. Limit operators U(t) and ¥(¢). The following lemma studies the limit of U®(¢)
as € goes to 0, its proof is completely similar as the one of [24, Lemma 3.5], the only

difference being that we use that the projectors are bounded from L? into L2 (<U>3(%+1)>
(see Lemma 5.10), we thus skip the proof.

Lemma 5.14. Let f be a well-prepared data as defined in (1.25). Then, we have that

(5.14) [(US(t) =U®) fllree 2y S N fllmzee
and
(5.15) [(US(t) =U®) fllee 2y S el flmarz-

In the following lemma, we study the convergence of We(t)(f, f) towards ¥(t)(f, f)
when f is a well-prepared data and its associated macroscopic quantities solve the limit
system (1.24). The proof is similar to the one of [24, Lemma 4.1], we thus omit the proof
(notice that this result relies on refined estimates on quantities related to f that can be
found in [24, Lemmas B.6 and B.7)).

Lemma 5.15. Consider f a well-prepared data as defined in (1.25) with associated macro-
scopic quantities solving the limit system (1.24) on R and with mean free initial data
(po,uo,00) € H and associated kinetic distribution fo € 2 (as in (1.27)) satisfying
Il foll2z < m (so that f is defined globally in time), then

N=@)(f, f) = Y@, Hllpge 2y S e Clllfollmzrz),
where C(|| follgzr2) is a constant only depending on || foll 3 rz-

5.5. Decay estimates on the linearized Landau semigroup. We recall that 7 is the
projector onto the kernel of L and is given in (1.12) and that the spaces % and (Z;°) are
respectively defined in (1.20) and (2.15). From Lemma 5.10, as in [24, Lemma 3.2], we can
prove some new decay estimates on the linearized Landau semigroup:

Lemma 5.16. Let 09 := min(e, f1,...,01) (where a and B; for j =1,...4 are defined in
Lemma 5.10). Then, for any o € (0,02), we have

e—at

\/E )
Combining this with Corollaries 5.8-5.9, one can deduce the following result which mixes
decay and regularization estimates:

[US(t)Id—7)||lz =2 S¢ V> 0.

Corollary 5.17. For any o € (0,min(o1,02)), there holds

—ot

U= () (Ad =) | sy, S & = Vi >0,

\/z )
where o1 is defined in (5.5) and oy in Lemma 5.16.

Proof. Let o € (0, min(o1,02)). From Duhamel formula, we have:
Us(t)(Id —m) = Sp.(t)(Id —7) 4 (SB. * AU®)(t)(Id —).

From Lemma 5.5, since o < o1, we have:
e—Ut 6—0’t
Sp.(t)(Id —7 Se——||1d—7 7 <e .
I, ()(1d =)l 7 S < oy S

For the second term, we use Lemmas 5.3 and 5.5:

t
1(S5. * AU%) () (Ad =) || 272 S/O 155.(t = 8) AU (s)(Id =7)[| -, ds

t efa(tfs) .
< U Id —7)|| -, o ds.
< | = IH @ -ml - as
Finally, from Lemma 5.16,

t efo(tfs) e 08

ds <ee 7,

(S5, * AU -) ooy S 2 [ © s s
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which yields the conclusion. O

By using an interpolation argument, one can deduce the following result:

Lemma 5.18. For any o € (0,min(0g, 01,02)), we have:

—ot

10 (0 =)l 2y szpy SVE s VE>0,
where 0, 01 and o2 are respectively defined in Proposition 3.2, in (5.5) and Lemma 5.16.
Proof. Step 1. First, by using an enlargement argument (from [31]), we prove that
(5.16) 10O Tl py 25y S €

For sake of completeness and in order to carefully handle the e-dependencies, we write the
proof. From Duhamel formula, we have that

3
= VR + (UF # V)(0).
j=0

Moreover, we have U¢(t)(Id —II) = (Id —II)U#(t). Then, from Corollary 5.8 and the fact
that I € Z((Z5)), for any j =0,...,3, we have:

—ot/e2
(5.17) |1 —I)VF ()| 2y S €7

For the last term, using that 2" — (25 )" (independently of £) and Theorem 3.1, we have:
0T = VOOl a5y 55 S [ 100 =TT = )VE 6l 5

S [ e VO gy s

Corollary 5.9 allows us to conclude that
t 2

(18) - V)l zpy iz S [ €7 ds 5 e
0

From estimates (5.17) and (5.18), we can conclude that (5.16) holds.
Step 2. From (5.16) and the fact that U®(¢t)II = II € B((Z5)’), we deduce
1Ol 25y —(25y S 1-
Since ™ € B((%5)'), it implies that
U= () (Ad =) | 25y —(25)y S 1.

Consequently, combining this with Lemma 5.16, we can conclude the proof by interpolation
because from (2.16), we have (27) = [2,(25)"]1/2,2- O

6. HYDRODYNAMICAL LIMIT

We first state a quantitative result which provides estimates on the difference on the
solution ¢° to the Landau equation constructed in Theorem 1.1 and the solution g defined
in (1.28) whose first macroscopic quantities are solution to the fluid system (1.24). As
explained in Subsection 6.2, this theorem combined with a density argument allows to
prove Theorem 1.5. It is important to notice that thanks to the estimates obtained on the
kinetic equation in Theorem 1.1, under some suitable smallness assumptions on the initial
data of both kinetic and fluid equations, only extra-regularity in x on the initial data of

the fluid system is needed to obtain a quantitative rate of convergence in €, as can be seen
n (6.1) and (6.2).
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Theorem 6.1. Let g5, € 2" N (Ker A.)*t for e € (0,1) such that ||g5,||2- < no (where ng
is defined in Theorem 1.1) and g° € L°(Z") being the associated solutions of (1.7) with
initial data g5, constructed in Theorem 1.1. Consider also go € H3TOL? N (Ker A.)* for
some 0 € [0,1/2] such that ||gol|2 < m and g defined respectively in (1.27) and (1.28)
(where we recall that n1 has been chosen small enough so that g is defined globally in time).

There exists n2 € (0, min(no, 1)) such that if max (||g5,|| 2, llgoll27) < 2, then we have

4
(6.1) lg = gllzz=(2) S °C (g0l gravsa, lgfall o) + llgfa — goll -
and
1
(6.2) 19 = gll Ly @)oo 2y S €°C (goll yavopas llginll2 ) + lmghy — goll 2
t t T v

where C (HggHHerng, Hgan;g) is a contant only depending on ||gol| yz+5,> and [|g5,| 2.
x v x v

Remark 6.2. Since gg € Ker L, it decays better than any polynomial in velocity at infinity,
it explains the fact that we only use classical Sobolev spaces for gg in the RHS of the above
inequalities, as already noticed, we have

lgollzzrz < llgoll2- < llgollmars
and similar inequalities could be obtained for higher order Sobolev spaces.
Remark 6.3. We restrict ourselves to the case 6 € [0,1/2] in our estimates but one can of
course suppose more regularity on the initial data gg, notice however that we will still have

a rate of y/e. It should be noted that we did not look for optimality in terms of rate in our
estimates.

6.1. Reformulation of the hydrodynamical problem. Before starting the proof of
Theorem 6.1, we reformulate the problem. Using the definition of the operator W&(t)
in (5.10), we have that the solution ¢ of (1.7) constructed in Theorem 1.1 writes

g°(t) = U (D) g + ¥=()(97, 9°)-
| that given a well-prepared data gg € 2" of the form (1.27), the
1.28) satisfies

(6.3) g(t) =U(t)go + ¥(t)(g,9),

where, as explained in Subsection 5.4, the operators U(t) and ¥(¢) (defined respectively
in Remarks 5.11 and 5.13) are in some sense the limiting operators of U®(t) and W*(¢).
Formulation (6.3) is thus a way to reformulate the fluid equation in a kinetic fashion.

It also follows from [5
function ¢ defined in (

Lg°-estimate. We first reformulate the problem in order to prove the estimate (6.1). To
this end, we write the relation satisfied by h® := ¢° — g:

h® =U*(t)gin + V() (9%, 9°) — U(t)go — ¥(¢)(9, 9)
= (U=(t) = U(t))go + U(t)(gin — g0) + (L°(t) — ¥(¢))(g,9)
+ U ()((9°)5, () ) + T () 7g7) + ¥ (1) (g™, (9°))
+ W (t)(mh®, mg®) + WE(t) (g, Th).

In the next subsection, we are going to study each term in the RHS of the above equality.
Some terms are going to vanish in the limit ¢ — 0 and other ones will be absorbed in
the LHS under suitable smallness assumptions on the initial data. Let us underline that
the singularity in € in the definition of ¥¢ is going to be handled thanks to Lemma 5.16
which provides a gain of € when the semigroup U¢(t) acts on microscopic quantities. Using
that 7[(f1, f2) = 0 for any suitable functions fi, fa, we are thus going to be able to remove
the singularity in € in the operator W¢. In what follows, we shall prove that:

(6.4)

- The three first terms tend to 0 as € go to 0 (see Lemmas 6.4 and 6.5): For this purpose,
we use that the limits of U®(¢) and W¢(¢) as ¢ — 0 are U(¢) and U(¢) (see Lemmas 5.14
and 5.15).
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- The fourth, fifth and sixth terms tend to 0 as ¢ — 0 (see Lemma 6.6) because those
three terms involve the microscopic part of the kinetic solution g°, which provides us
some extra smallness in € in L?(%;) thanks to Theorem 1.1.

- The last two terms are bounded by some quantity that involves the norms of the kinetic
and fluid initial data multiplied by the L°(Z2")-norm of h° (see Lemma 6.8). It will
thus be absorbed in the LHS of the equality if initial data g;;, and gy are chosen to be
small enough. Notice that one can not hope smallness in ¢ for those terms because
they only involve macroscopic quantities.

L} + L$°-estimate. We now reformulate the problem in order to prove (6.2). To this end,
we introduce R®(t) := U¢(t)(g5,)*" and we write that

Us(t)gin — U(t)g0 = (U*(t) = U(t))go + U*(t) (g1, — g0) + B°(1).
From Corollary 5.17, we have that for o € (0, min(o1,02)),

6 —0
(6.5) ROz S 7i Noiull 2
and thus
(6.6) IR Ly ) < ellginllz-

To conclude, it is thus enough to prove that for § € [0,1/2],
0
g = 9= ol S £°C (lgoll oo s Igiall ) + Imgts = goll -

We then write the relation satisfied by he = g° —g— R°:

h® = (U*(t) = U(t))go + U (t)(mgf, — g0) + (¥°(t) — ¥(¢))(9,9)
+ W () () (9°)7) + T (0)((9°) ", mg°) + ¥ (t) (mg®, (9°))
+ U (t)(nR°, mg®) + ¥(t) (g, TR)
+ UE (1) (nhE, mg°) + WE (1) (g, mhE).

In what follows, we shall study each term in the RHS of this equality, the ideas between
this decomposition being the same as the ones explained after (6.4). Notice furthermore
that thanks to estimate (6.5), we are also going to be able to prove that the seventh and
eighth terms tend to 0 when ¢ — 0 (see Lemma 6.7).

(6.7)

6.2. Proofs of Theorems 6.1 and 1.5. From now on, assumptions of Theorem 6.1 are
supposed to hold. As explained above, in order to prove Theorem 6.1, we have to estimate
the L2°(Z )-norm of each term of the decompositions (6.4) and (6.7).

In both decompositions, concerning the first and third terms, Lemmas 5.14 and 5.15
immediately give by interpolation the following lemma:

Lemma 6.4. We have: For anyt >0 and ¢ € [0,1/2],
W)~ U)ol + 12 (0) ~ ¥ D) a9l 7 % < (ol ses,2)-
(6

Concerning the second terms of (6.4) and (6.7), from Theorem 3.1, we have that U¢(¢)
is bounded in £ uniformly in time and . As a consequence, we obtain:

Lemma 6.5. We have:
1U°()(g5 — 90)llee(2) S llgin — 9ol and U (t)(7gin — 90)llpse(27) S 79 — goll2-

The fourth, fifth and sixth terms of decompositions (6.4) and (6.7) are the most difficult
ones to estimate. Indeed, they involve microscopic quantities, we thus have to be sharp in
terms of regularity in velocity in order to obtain the following lemma;:

Lemma 6.6. We have: For anyt > 0,
195 () (6 (99) D)l + 195 () ((6°) 7, w72 + 195 () (g7, () D)l 2 S VEN Rl
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Proof. In the whole proof, we fix ¢ € (0, min(og,01,02)) where o; for j = 0,1,2 are
respectively defined in Proposition 3.2, (5.5) and Lemma 5.16. We focus on the first term
which is the most intricate. We are going to use (5.9) with n = 2 to decompose ¥¢(¢) into
several parts, it yields

(1) ((6°) ) / V(= 9T(() (691 (5) ds
+2 / (V5 + AU%) (2 = 9)T((g°) (6°) ) (5) ds
Y B 6 + EO) ).
7=0

We first estimate \Ilj(t)((ga)l, (¢°)*+) for j = 0,1, 2. From Propositions 4.2 and Corollary 5.9,
we obtain:

156 ((99) " (69) Dl S

Then, from (1.22)-(1.23) in Theorem 1.1, we have:
t pe—o(t— s)/e? e—305/2

156 ((9°)™, (99) Dl < iy |

Using Holder inequality and (1.22), we obtain

L[ e G G ) ) ds.

€.Jo

1/2 3 2
o))y ds llgglly:

1
€ e\L e\L o < enL 1/2 3/2
LI TEES Frvrmrs BN [Ty Nl

< t 1 ds \ /4 L1 3o
S(f omas) 1@ 1l
S Vellgill% -

Let us now deal with WE(¢)((¢°)*, (¢°)*). Performing a change of variable and recalling
that 7T'((¢°)*, (¢°)*) = 0, one can notice that

1 t rs
V() () = £ [ [ VEE - AU - DI -mE((6) (6 (7) dr ds.
Remark then that Corollary 5.9 for j = 2 implies that for ¢’ € (o0,01), we have

VI _onse g
V2 Ollzgy—2 S e o)t < gt/

Using now Lemma 5.3, it implies that
19 (1) ()" (g > )l
<5 / o (s - 7)(Id ~m)D((g) - (9°) D) ()| oy dr ds.
Lemma 5.18 and the fact that 2/ — (Z7)’ (independently of ) then imply that
569", (69) )l
S [ [ e S e I D g dr s
From Proposition 4.2 and the fact that H(g Y2 < 119°]l2-, we deduce that

IO 0
2 e —o(s—T)
S [ [ R e Ol s,
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Using Cauchy-Schwarz inequality in the variable 7 and (1.22) in Theorem 1.1, we obtain

5 € 5 1 ¢ s)/e
120 (9°) 5 (9) D)l S 8@/0 e~ ds |lgl% S VE gkl

which concludes the proof of the term W& (t)((¢g%)*, (¢°)1).
The proof for the second and third terms We(¢)((¢°)*, mg%) and W& (t)(mg®, (¢°)1) is
completely similar once one has noticed that from Proposition 4.2,

IT((9%) " 79 oy + IT(mg7, (9°))llay
S lanllmglla + 1g) o llmg®lla < I(97) o llg®ll 2
where we used the facts that #; — 2" and 7 € B(2Z ", #). O

For the proof of (6.2), we also need the following lemma:
Lemma 6.7. We have: For anyt > 0,
W= (@) (m e, wg")ll 2 + [ W5 (8) (9, 7R7) |2 < € (N ginll 2 + g0l 2) llginll 2-

Proof. From Lemma 5.16, Proposition 4.5, the fact that 7 € Z(2", %) and g = 7g, we
obtain:

W () (r B, mg™) |2 + 105 (2) (g, R[] o

7O't s)
S 1B (s)ll 2 (Ilg(s)ll.2- + [lg°(s)]| ) ds
=
Using now (6.5), (1.22) from Theorem 1.1 and (1.29), we obtain:
0= (@) (w B, wg®)| 2 + (105 (2) (g, mR7) || 22

t e—cr(t—s) e 08 —at 5) ,—
< ds + 6/ ds )
which yields the final result. O

Concerning the last two terms of (6.4) and (6.7), we prove the following lemma:
Lemma 6.8. For any f € L?(Z"), we have: For anyt > 0,
(@) (xf, mg )l + 15 () (g, 7l 2 < (lgill 2 + lgoll 2) 1 Fll e 2y

Proof. The proof is similar to the one of Lemma 6.7. We use Lemma 5.16, Proposition 4.5,
the fact that m € (2", %) and g = g, and we conclude thanks to (1.22) and (1.29). O

End of the proof of Theorem 6.1. Gathering results from Lemmas 6.4, 6.5, 6.6 and 6.8, we
can conclude the proof of (6.1) by taking ||¢f,|| 2~ and ||go|| 2~ small enough. Concerning (6.2),
Lemmas 6.4, 6.5, 6.6, 6.7 and 6.8 imply that

0
lg° = 9 = Bl o) S €°C (llgoll yavs o, lggall 2 ) + Img — goll
The estimate (6.6) then allows to conclude the proof of (6.2). O
Proof of Theorem 1.5. As mentioned above, in order to obtain results of convergence in

Theorem 1.5, we are going to use a density argument that is explained in what follows. We
consider a smooth family (go;)ne(o,1) of (Ker A:)* such that for any n € (0,1), g, writes

v|>—3
o (2,0) = VM(v) <po,n<x> Fuggla)- v+ 30
with Vg -up, =0 and po,+ 6o, =0
and

(6.8) 190 = gonllz- <n and lgogllz- <m, ¥ne(0,1).
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We have stability for the Navier-Stokes-Fourier system (see for example [24, Appendix B.3]),
namely, we know that

gn(t) == U(t)gon + VU (t)(9n, 9y)
satisfies
(6.9) %1_{% lgn — gllzee(2) = 0.
Then, to study the convergence of g° towards g, we write
(6.10) S =9=9—gntm—9

We then apply estimate (6.1) from Theorem 6.1 with g, and g, instead of go and g. Notice
that for go and n small enough, g, will also satisfy ||go |2 < 72. Coming back to (6.10),
we deduce that

5
19° = gllLeo 2y S N9 — gnllzee 2y +°Clllgiall 2 1901l 27) + lg5n — goll2 + 190 — Goll 2

Using (6.9), we can conclude the proof of (1.31). The proof of (1.33) is similar. O

APPENDIX A. PROOF OF PROPOSITION 3.2

We start by recalling that for any suitable function g, we write
2
-3
g=g"+mg, mwg(x,v)= pg(x)VM(v) + ug(x) - vV M(v) + Gg(x)wz)vM(v)

with pg, ug, 0, defined in (1.14), (1.15) and (1.16). In what follows, we also use the
following notations: plg] = pg, ulg] = ug, 0lg] = 0.

For g € L2(T3), we introduce the following notation: (g) := [ps gdz. Recall the
following classical result (it can be proven straightforwardly thanks to Fourier transform).
For any ¢ € L2(T?) with null mean (i.e. (#) = 0), there is a unique solution u € H2(T?)
to the equation

—Ayu=¢ in T3 with (u)=0.
Denote by (—A,)~! the following bounded operator:
(A1) (Ag)7h + LYT)N{() =0} — HZ(T?)n{{)=0}

-1

Notice that in particular, we have that the operator (—A,)~" is also bounded from

L3(T%) n{{) = 0} into H,(T?) N {(:) = 0}.
Let f € Dom A, N (Ker A.)*. Remark that in particular we have for k = 1,2, 3:

(plf1) = (uklf]) = (6[f1) = 0

where we have denoted by wug[f] the k-th coordinate of u[f]. We thus deduce that
(=A)'olf], (—=Az) tuglf], and (—A;)~'0[f] are well-defined, and more precisely we

have
1(=22) " plf 1z S Nolf]ll ez
1(=2) ur a2 S Nurlfllz2
1(=22) " 01z < 100 2

In what follows, we shall use without further mention the following explicit computations:

for k € {1,2,3},
/ vIM dv =1, / [v|>M dv = 3,
R3 R3
/ vilv]PM dv = 5, / lo|* M dv = 15,
R3 R3

/ viEv[*M dv = 35, / lv|®M dv = 105,
R3 R3

as well as that for any odd polynomial function p = p(v), one has [gs p(v)M dv = 0.
We split the proof into five steps.
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Step 1. Microscopic part. From (2.10) and the skew-adjointness of the transport operator
one has

1 1
(A2) Aef flrz, = 5 LH Nz, — 20 Vaf flr

€L
= _ging ”L%(H%,*)'

Step 2. Energy estimate. Define for any k € {1,2,3} and any suitable function g

(A3) wnlo) = [ o 2D gviran

and remark that

(A.4) Urlgl = vrlg™]-
We first compute

9IA-1) = HolLr] ~ Lo vxf]
:vv / |v|2 vf\ﬁdv
_xv / Uf\ﬁdv——v / Iv\2 vfVM dv
:_g,vx.u[f]—gvxw[f],

and using some aforementioned classical results on the moments of M, we also obtain
(A.6)

YIS = URILIY] — Znlo - V]

fm[Lfl] - i‘?” / _— M VAT do
= e 1= on f '23 2 (ot ottt 52 v
o [ uer B2 i,

= Sl - 2o, [ e P2 P,

We now estimate the term

(Va(=20) 08011 , + (Val=20) 0L 0[S |, =t T+ Do,

T

We start by estimating I;. First, using integrations by parts and (A.5), we have

192(=20) 101N Ez = (OIAf1, (—A0) H00AST)

L2V ulf 4 VL A )
1/2 —
= 2 (ot o) Tu-a o)

Using now Cauchy-Schwarz inequality in  and (A.4), we obtain:

_ 1
IVe(-20) 018 Allcz - (el s + 1910z ) -
Then, from (A.4) and Cauchy-Schwarz inequality in velocity, we have:

1ol ez = 100 ez S 1 Nez,-

x,v
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We deduce that )
100 S 2 (lelflz + 17 ez, ) 15 Nz,

Concerning I, from the computation (A.6), we have:

1 15

? <azk (_Am)_lg[f]a wk[LfL]> - gg <8zk (_Am)_le[f]a a:vkg[f]>L2
-2 <8xk(—A T R |”| %) pviTdv >

=: Io1 + Iz9 + Io3.

I =

L3

We treat each term of the above splitting in succession. For I, we notice first that from
the self-adjointness of L in L2:

lIEs I S [ ( I (J";%M) I dv) ar

so that from Cauchy-Schwarz inequality:
(A7) 1oL lle S UF Nz,
We thus have:
I S IV 0L e iz, S g 0O e,
where we used (A.1). The term I29 is computed exactly thanks to an integration by parts:
= =~ 21011113

Is = =3 (D0, 00, (= 00) 7 (01£1), 0111)
We bound the last term Io3 using an integration by parts, (A.1) and Cauchy-Schwarz

€3 L2
inequality:

2 _
- <auaz,€< a7 o), [ o 2 v dv>
12
1
< L9220 01 s,
1
< 2161z £,

Finally, we have obtained for some x,C > 0:

(Ve(=22)0A AL 0111) , + (Va(-20) 01 UlA A1)

(A.8) Le

K C C
< = ZOLAN, + Tlulfllza e, + R
Step 3. Momentum estimate. Define, for any k,¢ € {1,2,3} and any suitable function g

1
f/ vrvelv2gV M dv if k#Y,
7 JR3

1 1
/R3 (2+v,§—2\v|2)g\/Mdv if k=4,

and remark that, using some classical aforementioned results on the moments of M, we
have

(A.10) Owelg] = Orelg™] if k£ L

and

(A.9) Okelg] =

(A.11) Orslal = Oucla +/ ( ok - W) (p[g] +ulg] -v+9[g](|v‘2_3)> M dv

= Oelg'] — 59[9}-
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We now compute for any k € {1,2,3}, writing f = 7 f + f*,
1 1
w[Aef] = uklLf] = Zulv- Vaf]
1 v]? -3
= ~Lo, [ v (it oot P72 ) ara
£ R3 2
1
— 78@,/ vrve fV M dv
e ' Jrs

= 00 plf] ~ 20u07) — 10, [ vt VAT
1 g g R3

(A.12)

We also obtain

Ore[Acf] = gi?@kZ[LfJ_] - éekf[v -Verf] — é@ke[v v

(A.13) 1 L1 1 |
= 5OulLI] ~ O v Vo (ulf] - vV/M) | - “Oulv- Vastl.
If k # ¢, then
Ore [v -V (u[f] v\/ﬂ)}
1
= 8xpuq[f]f/ VRV V[P M dv
(A.14) I R? ,
= 8ka[f]f/ vivi|v]2M dv + (%Zuk[f]f/ vivE|v|*M dv
7 JR3 7 JR3
= O ug[f] + Opuif]
because
/ viv [P M dv = / vEvg (Vi + vi +vZ) M do = T.
R? R3
If K =/, then
(A.15)

Ok [v -V (u[f] v\/ﬂ)}
= Oy, ug[f] /R3 (; +vE — ;MQ) vpveM dv

1 9 1, 9Y) o 1 9 1,9\ o
= O ug[f] _/Rg <2 U §|U’ ) vieM dv +};€axp“p[f] /R3 <2 + Uk — 5‘”’ vp M dv
= Owuk[f] = Y Ouuplf],
p#k
because

1 1 1 1
/R3 (2+v22]v|2> v,%Mdv: 1 and /R3 <2+vz2|v|2> vﬁMdv: —1.

We now estimate the term
(O, (= 20) M urlAcf), Onel 1) L, + (e (=D0) a1, OrelAef]) |, =2 i+ T

For Jp, we first notice that using (A.10) and (A.11) and Cauchy-Schwarz inequality, one
can prove that

1©kel 1z < N0L 1Mz + 1Mz,

Performing integrations by parts and using (A.12), we also have that

192 (~80) " el Ae Iy = (uslAef], (~20) M urlAef])

_ 1 <81kp[f] + 02, 0[f] + O, / vpve fHV M do, (—Aw)_luk[Asf]>
€ R3

L2

T

— 2 {pl)+ 0111, By (—A0) A f D

£
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+ % </RS vkvefL\/Mdv,axe(—A:v)1“k[A6f]> )

x

From Cauchy-Schwarz inequality (in = and also in v for the third term), we obtain:

V(=) unlAefllzz S 2 (ol ez + 16002z + £ 2z, )
Gathering the two previous estimates, by Cauchy-Schwarz inequality, we deduce
[Tl S I(=2a) " e [Ac ]l 3 | One [ £ 2
< = (holf ez + 16010z + 0742z, ) (16U Nze + 1 sz,

For the term J3, the computation made in (A.13) yields
1 _
3 (O (=00) Ml f], OmlL1])
1 _
= = (O (A il f]. O [ Valaf] - VD))

- é (Or (= 8) " enlf], Oelo - Vs 1),

=: Jo1 + Joo + Jo3.

Jo =

To bound Jo1, we first notice that as in (A.7), one can prove that
1OkelLf Mz Sz, -
Then, (A.1) and Cauchy-Schwarz inequality give
1 _ 1
J21 S 51100, (=Aa) [l 1 e, S ;llu[f]lngHlengw-

The term Jyy is computed explicitly thanks to (A.14) and (A.15) and integrations by parts:

ng_—fzz< Au) ™ url ], 0wl ) + Oy uel 1)

k 04k "
p#k L2
:_fzz< 0B (~2) il 1) welf])
k £k :
_7ZZ< 815812 x)_luk[f]’uk[f]>L2
k £k ’
_fz< Oy, Oy, (— x)*luk[f],wc[fDLg
+ - ZZ< Oz, Oy (— x)iluk[f]’up[fDL?
k ptk :
so that
Jgf—i§<—Aw<—Ax>1Uk[f],uk M Z—*lewf 111 ==l

The term Jog is treated thanks to an integration by parts, (A.1) and Cauchy-Schwarz
inequality:

J23 S *Hvi(*Az)_lu[ﬂHL%H]PLHL%”
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Finally, we have obtained for some constants x,C > 0

(0, (= 200) "k [Ae ), Onel 1) |, + (Oe(~00) Ml f), OuelAc 1),

C C
(4.16) < =ZulflZg + Z oMz 6L ez + ol ezl sz,

C C
+ ZI0UAEs + 502

Step 4. Mass estimate. We first compute

pIAA) = oL~ Zplo- V]

(A.17) :—%vx-/ vf VM do
Rd

= 29, ulfl

We now estimate the term
(00, (=) plAc Sl unl)) |, + (00, (~A0) ol uk[Acf)) , =t By + Ro.

For Ry, from the computation (A.17) and (A.1), we have

1
By S (=20) " plAc Alllma il fllzz < Il 117z

From (A.12) we rewrite the term Ry as

1

Ry =1 <8xk(—Ax)_lp[f]’8“p[f]>L§ - %% <8:13 (—Ax)—lp[f],ﬁxkﬁ[f]>

= 2 (OB U0 [ s VAL )

3

L2
L2
=: Ro1 + Ra2 + Ras.

The first term Ra; is computed exactly thanks to an integration by parts:

Ron = 2 (0000 (- 280) 0111 0111) ., = Lol

The second one is estimated thanks to and integration by parts, Cauchy-Schwarz inequality
and (A.1):

1 _

Roz £ ZIV3(=00) " pylz2 1617 22
1

S el ez 101511z
Similarly, we obtain
1 -
Ros S ZIV2(=8) " plfllz | [ owvef VT do
g Rd L%
1
S lelfMlzz s,

Gathering the previous estimates, we obtain for some constants x,C > 0

(0 (=22) 7 plA Y k1) L, + (D (= 00) 0l wnle])

(A.18) . c c c
<= Zllol 1135 + ZulfIZs + I6LAI3s + Z 112,
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Step 5. Conclusion. We introduce the following inner product on Li’v:
(A.19)

(5 90rs, o= (Fr0)ez, +me (On (~00) 0] wklo]) , +me (O (—D0)Ola)wlf1)
+ 126 <8xg(_Ax)71uk[f]a @kz[g]>L% + 126 <a:cg(_Ax)71uk[g}7 9k£[f]>
156 (O (=) 7 pl1Y ko)), + e (Or (= 200) 7 plo], il 1])

with constants 0 < 13 < 72 < m1 < 1 to be chosen below, and denote by [|g[|2, =

L3

L;

(g,9)) 2 the associated norm. We observe that

lgllzz, S Mallez, < lgllee.,

where the multiplicative constants are uniform in ¢ € (0, 1]. The norms [|-[|z2 and |||z

are thus equivalent independently of e € (0,1]. Gathering estimates (A.2)—(A.8)—(A.16)—
(A.18) and using Young’s inequality, we obtain:

1 (o
(At Dz, <~ (%~ Cm - Om = Om ) I o

— (52— om - Cm) o1,

— (wm2 = Ot = Cg) lul 1172
3
- </‘6773 —Cn — Cm) L1172

By choosing 11 :=n, n2 = n%, N3 = 772 with 7 > 0 small enough and recalling that
1By = 1712, + IolA1IEs + lulfllZs + 1617][%, we thus obtain

K
(At Mz, < =ollflzz, — I 12

for some constants o, x > 0, which completes the proof. ]

APPENDIX B. PROOFS OF LEMMAS 5.5 AND 5.6

Proof of Lemma 5.5. Let us first recall that B, = e 2B — e v -V, with B and v - V,,
that are respectively self-adjoint and skew-adjoint operators in wa. Proving that Sp.
regularizes from % to 2" and from (Z7)" to 2" is similar to prove that Sp. regularizes
from 2" to % and from 2" to 27 with same rates. We will only focus on the proof of (5.7)
and explain the adaptation to make to prove (5.8) in the first step of the proof.
Moreover, to prove (5.7), it is sufficient to prove that for any a € R and (v)® fi, € L2

09
one has: For any t € (0,¢?],

(B.1) I0)° 8. (0 ilzgang ) S 20 fnl 2,
and
(B:2) [[(v)*S. (1) finll 2, + 1(0)*S5. (1) finll p2 () + €1 Ve (0)*Sp. (8) fin) |2,

63
S Sl il .

Indeed, since V, commutes with B., from estimate (B.1) (resp. (B.2)), we already obtain
the first (resp. second) estimate of (5.7) for t € (0,&2]. Then, fix o € (0,01). We obtain the
estimates given in (5.7) for all ¢ > 0 by using the exponential decay of Sp. in 2~ given in
Lemma 5.4. More precisely, using that for ¢ > €2, Sg_(t) = Sp.(2)S5. (t — £2), we obtain
that for o’ € (0,01) and for any ¢ > 0,

3
9 e—o"t/€2 & —O"t/62

Sp. ()| 22 < d ||SB.(t S
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It implies the wanted conclusion using that o’ > o.

For the remainder of the proof, we let « € R and fi, be such that (v)® fi, € L?C »» and

consider the solution f(t) = Sg.(t) fin to the equation 0, f = B, f with initial data Fin, and
we shall prove (B.1) and (B.2).

Step 1. Define the functional
a t a < acy
(B3) &)= )72, + o1 (KN @3, +10)°9ufI2;,)
t 2 acy acy
+ear (55) (Vh, 0)°ar)

2y (5 ) (10 Vo fl22 , + K@) 0)3Vafs ).

where a1, ag, a3, K > 0 are positive constants such that 0 < a3 < as € a3 < 1 and
as < /arasz. Notice that in order to prove (5.8), one just has to change the sign in front
of the term which mixes derivatives in z and v in the definition of the functional &.. It will
allow to conclude that (5.7) holds for the adjoint of B, instead of B, and thus imply (5.8).
The constants a; will be chosen small enough in Step 6, and K will be chosen large enough
in Step 3 and Step 5. We remark that

1) s ) S KO0 FIZ, + 100 FufIs S 100 B
and
oy o o 1 v
1) T IBs . S N Fud 2 + K012 (0)FVaf s S 10)°Fus B

Therefore, we can already observe that for any t € (0,%], one has the following lower
bounds

t o
S 12y S E0)

and ;
(Z) (K012, + 10 Mgy + 01Tt I3 ) S £:00

Therefore, in order to prove (B.1) and (B.2), it is sufficient to prove that %Sa(t) < 0 for
all t € (0,¢%]. We then compute

d d « 5 ~
e = —|r<v>afrr%2 ORI )T 73, + 00T 1R, )

O41

o (Kl ) )3 £, + H<v>“%fH%gm)
+220 (0TS, 0°Fas),, + 2R (0T 00V,
+3ft2(u< o) Vaflis +K”<U>a<v>§vmf\|%gm)

d ~ 5
= (10 Vet + K@) @) Vafl?, )

and we shall estlrnate each term separately in the sequel.

+

Step 2. From Lemma 5.4, we already have

K

(B.4) o) flizz, < = 1@ FlZa s

2 dt
for some constant x > 0.

Step 3. We prove in this step that, choosing K > 0 large enough, we have

1d x =
S Kl @ e + 10 Vuf 2 }

(8.5) . . )
< ool 2y + IO Sz o 102 Ve lx,
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for some constants x,C > 0. From Lemma 5.4, we already have

1d o ol K a ol
S @I < =S @) 1

for some k > 0. Moreover, we have

1d ~ ~ ~
531 Vulllie, = (Vi f, Vo (B:)

T,v

= (Vo £, B(Vo ), + (02 Vo £, [V, BS)

Thanks to Lemma 5.4, there holds
K

(0P Vi f, Bo(Vei)) |, < =10 Vol g,

for some constant x > 0. From Lemma 5.2-(i), we have

<</U>2Oé€’0if7 [6%7 Bs]f>
1

2
Lac,v

= (Vo (P90 90, 9011), = 5 (T (V) [V V31,
- S (P VL T, = (0 f 90 T 9] 1),
1

- = <<U>2a6v¢fa 6$if>L%7v

3

1 1 2000 Vi

Waiting ¥, (0)209,,1) = (0)29 4, ((0)29,, £) + (o, (0)2) (1) ¥, using that ¥, ()7 <
()2~ (1) and thanks to Lemma 2.2-(iii), we obtain

K s N
T < gl Vof Iz, + O @)l

In a similar way, observing now that

Vi, (02 V0 f) = —(0)°F0, (000, f) — [@0,Bjo) 0% + (o, (0))] (0) T f

and using Lemma 2.2-(iv), we get
K ay o e
Ty < S0 T By ) + CI @ F3s, + Cl) @) Vs 3,

Using that |V,,m?| < <v)%+2 from Lemma 5.1, we also get
K ~
Ty < SV gy + O @) 713,

For the term 7}, we use Lemma 2.2-(vii) to obtain

Ty < S10) Tl gy + O 0~ 1, + Ol 0 V2.
Hence, we obtain
A A 1 e L e
T R i PR R PP IR A PP
We conclude to (B.5) by gathering previous estimates, observing that |[(v)* ()Y L f| 2 +
||<v>°‘<v>”/+1vvf\|L%,v < ||<v>°‘<v>%“f||Lg(H%’*) and taking K > 0 large enough. N

Step 4. In this step, we show that
(B.6)

d ag ay 1 ag c «a ay
)T V), < N0 VeI, + SN0 e |00V

,U
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for some constant C' > 0. We compute, using (5.4),

o), = (9T {55 - o vur})

L2

~ ~ 1 1
{0290t 90 { 5B~ 2o Vs })
€ < L.

__1l/s 20 £ B L /& (2o £y B _Limes g2

= =5 (V@ Vuh).BE) 4 5 (Vi Va ). BE) = 0 Vafls
where we have used Lemma 2.2-(i). We hence conclude to (B.6) by using the fact that
() Bfllrz, < [0} fll2mz,) (see (3.19) for a similar estimate) together with esti-
mates (3.15) and (3.18).

Step 5. We prove in this step that, choosing K > 0 large enough, we have

ag a i K as
I R [ Ry g g IO I

for some constants x, C' > 0. We first remark that, since V, commutes with B, we already
have from Lemma 5 4 that

K o) 2
) IV, <~ ) Ve By

for some constant x > 0.
We then write

) VaflZs, = (0)2V0f, V(B )

o 2.
_ <<U>2a6$if7 BE(ﬁmlf)>Lgv + <<’U>20‘6m¢f7 [ﬁmm Ba]f>L%,v

Thanks to Lemma 5.4, there holds
~ ~ I{/ ~
(Ve f Be(Varf) <=0Vl Iy

for some constant x > 0. From Lemma 5.2-(ii), we have

()Y, 1. [V, BIF)

L2

— 5 (0 (090 [T V)8,

1 (Vi [V V3, ). Vo | £)

62

(v
w €2 J L2,

12

U

(Rl + Ry + Rg).
(

Writing V ( v)zavajlf) (v >°‘€Uj(<v>o‘€xif) + (ﬁyj (V)*)(V)*V,, f, using the fact that
]V ()] < <v)% L{v)® and thanks to Lemma 2.2-(v), we obtain

Ry < U0V By + N 0V f 2
In a similar way, observing now that

T3, (020, ) = (00T, (0)°F ) = [(0u, B + (Fuy (0))] (0)°F, .
we get
/{; ~

Ry < S0 T f By + O 00 f s

For the term Rj3, we use Lemma 2.2-(viii) to obtain
K e o
Rs < S10)" e By + OO (@) Ve s

Hence, we obtain

~ /{ o
00T 2 <~ 1)V 122

C
252 1)* 6—2||<U>a<v>7+1vxf||%%yv

2dt
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We conclude to (B.7) by gathering previous estimates as well as noticing the fact that
1) @)1V fllrz . S 1) (0)3 Vol ) and taking K > 0 large enough.
Step 6. Proof of (B.1) and (B.2). Gathering (B.4)-(B.5)-(B.6)-(B.7), we obtain

d 2/’/{/ 2 OélC « 2
38O < — N s my ) + 2 10 Fllzz )

K ar2 C «
+ 0t (- 00 sz + 210 Az
[0 P =
+ 2531 () Vof (0)Va S ),
o 1 e C o
+ 220 (<2000 Tad By, + S0 iz

<v>amux)

<U>a€xf”L%(Hq},*)>

+ O ) Ty, S ) T I
Using Young’s inequality, we have

e a3 t? o 2 O‘% 1 a g2
0 Ta iz, < 2 LT3, + O LN

13 o
C’a1;3H<U> f||L§(H5,*)

a (%) 12

e v ay 2 a2 ar)2
2751 ((0)* Vo, (v) fo>L§m < Tl @ Vedlliz, +CZ 10 Fliaem.

2 agﬁzt

t fe! o
Cay 5||< v)® fHLg(Ha*)W v) Va:f”H(Hg*) X T 6”( v) Vacf”%g(Hg,*)

a2
+ 007;4”<U> 2 mz.,y-
We thus deduce, for any ¢ € (0,?], that

d 1 (X% a2
ags(t) < =2 2k —Cay — Coag — 0072 [[(v) f||Lg(Hgy*)

t O[% a p2 t2 @2 ayy 2
- (am - c%) 0¥ F B~ 55 (5 — Can ) 109t

3
5 < >avfoL2 Hl «)

We now choose o = 1, g = 1*/2, and a3 = n°/3 with n € (0,1) small enough such that
each quantity appearing inside the parentheses in above inequality is positive. Therefore
one obtains that $-&.(t) <0, for any ¢ € (0, 2], which concludes the proof as explained in
Step 1. ]

Proof of Lemma 5.6. The proof follows the same lines as the proof of Lemma 5.5. More
precisely, as explained in the Step 1 of the proof of Lemma 5.5, in order to obtain the
desired result it is sufficient to prove that %551 (t) < 0 for all t € (0,&?] for some well-chosen
functional £..

Let a € R and fi, be such that (v)*fi, € L2, We then consider the solution f(t) =
Sp.(t) fin to the equation O,f = B.f with initial data fi,. Recalling that & is defined
in (B.3), we then define the functional

EX(t) = (1)
¢ ? Y41 ~ ~
+ By () (Kl ) 2113 | + Ko (0) @) TV 2, + 1) VoVuf 132 )
4 ~
+e2By CQ) (K1H<U>Q<U>V+1V:cfH%%v + KQH<v>a<U>%+1vme%%v
+ () VoV fI2: )
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+ €385 (t)5<<u>a6 Vo, (0¥, V)
et (L) (K0 @ TaVaflly, + Kalle) 03 V.01,

+ ) Vo Vel )

where 1, B2, 83, B4, K1, Ko > 0 are positive constants to be chosen later such that 0 <
1< 3K o< P1 K1, By < V/P3B2 and K1 > Ky > 1.

Step 1. From the proof of Lemma 5.5 (Step 6), we already have that for any ¢ € (0,?],
there holds

d K a nKt «a
&) <~ 10 FlEam.) — 5o 10z
(B.8) 3/242 5/3, 43
032t a2 Nkt a f2
= e N Vaflze = {0 Vafllzz @ -

for some constant x > 0 and where 7 € (0, 1) is small enough.

Step 2. From Lemma 5.4, we already have

d (0% K (0%
(B.9) S A, <~ I 0 2 g
for some k > 0. Moreover, from the proof of Lemma 5.5 (Step 3), we already know that
d ATl
o) () D1,
K o) ALl C N
(B-10) < =5l )T VulllTym ) + Sl @) T,

C 3y C Jo gy e 41
+ ll(w)* (o) 2 PVuflza, + ~ {w)*(v) 2V fllez ) ()2 Ve f s
for some constants x,C' > 0. We now compute

lg”
2dt

—~

'U>a6v€vf”%%v

<U>a61}i6vjf7 <’[)>Oé%vi€vj35f>L2

From the proof of Lemma 5.5 (Step 3), we already know that

K ~ ~ C =
Li+1x < —2?2”<U>avvvvf||ig(1{;*) + ;2||<U>a(v>7+1vvf||%§,v

C /o - Coone o e -
+ STV flLs |+ I VoVafllzz 10)*VaVofliz,-

For the term I3, we use Lemma 2.2 to get

(G (90, Be1] £ = =5 [V Vi 9y, Wl £ = 5 [T T 90, 95,1) 1
1 -

v, < O = 1
o 672 [vvz" [[vvj7v:k])vvk]:| f- ?(Vvivvjﬂ”ﬂ)f
_ é[%ﬁ%] 1.
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Expanding the first two terms, we observe that
Vour Vi [V Vol + [V, Vi [V, V3]
= Vo, Vi Ve, Vol = Vi Vo, Vo Ve, + Vi, Vi, [V, Vi ] = Vi, [Ve,, Vi Vs,
= Vi [Voor Wy Vo] + Vi [V [V, V3 ]] + (Ve V5,110, Vi

+ Vi, Vi IV, V3, ],

whence

fs == 5 (o (0G0, 1). [T 190, V] 1),
_éﬁzk (Vo Vo, 1) Ve [V, V1] £)
N CRANACE N AN f>Lv
- {0 T 1 (0 o Tl T3S,
_ €l2 ()Y Vo, £, (00 [V, [V, Vi s V>L “
- {0 Fu T 0@ T,
_§<<v>avwvv]f (v)° [vavwz]f%g,,,

1 « «
=: —;2(131 + I3g + I3z + I34 + I35 + I36) — z <(U> Vo, Vo, f, () [Vvi7vxj]f>L2

x,v

Now remark that
(o)=Y, (0)* Vo, Vo, Ol 2, + 1(0) ™ Ve (0)** Vo, Vo, 2, S 10 VoV fll2mzy

and using Lemma 2.2, we obtain

~ o~ 3 3
i+ Ip S 10T sty (K09 ) V0 f iz + b () F sz )
Thanks to Lemma 2.2, we observe that
Voo Vol Vors Vo FL 4 [[Ver, Vi [Vays VI S (00T F2V, V0 fl + (0)7H Vo f|
and thus we obtain

~ o~ 3 3
Iy + T34 < [|(0)* (@) 3V Vo Lz, (1000 @) FHVoflliz, + [1(0)(0) F Vo llrz,)
~ o~ 3 3
S 1@V Vafllrzi.y (1)) V0V fllrz, + 1)) F Vofllrz, ) -

For the term I35, we write

and using Lemma 2.2, we thus get
< ay O o 341 e 3
Iss S 0T Tz (100 @ F 190 1+ 0000 Flz
0 ) VT 2.
Using that |V, V,,m?| < (v)272, we also obtain

= = 3y
I £ 10)* VoV f Lz | 0)0) 2+l .
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Gathering previous estimates and using Young’s inequality, we thus get
(B.11)

d. e = C
ST TSIy, <

K « « v
— 2 VoVl ) + S0 )V fIZs
C ~ C 3y
+ 5l <v>”+lvvvvf||%g,v + ) ) TV IZ,
C 3y c a3
52 [0)* () FHufIE, + Sl 0)* ) F 2111,

+ ;H@Wﬁv%vf”@w”<U>a6foL§(H,},*)

_l’_

Observing that
3 3 ~
1) (@) 2 P2 £llzz, + [(0)*(0) T 2V fllz, + () @) TV, fl 12,
S I @) 2 £l 2 iy
and
~ 3 ~
1) @) VYo £l , + 10} (0) TV fllzz S 1) @) 2 V0 fll 2 s

we then gather (B.9)—(B.10)—(B.11) choosing K7 > Ks > 1 large enough, which yields
(B.12)

d 1ie
(B @) 212, |+ Kallfo)* @ F s + 10V uf ;)

< =5 (IO @Y™ 2 F 2 + 10 @ F V12 ) + 10 VoVl 22 )

C a ay
+;H<U> f”L%(HE,*)H<U> szHLg(Hg,*)-

Step 3. From the proof of Lemma 5.5 (Step 5) we already have, with K; large enough with
respect to Ko,

d Y
T ABN @)Vl + Kol () @) 3V AR}

(B.13) K NI+ )2
<= SOV 12 .

We now compute

A
:< avvivxj.ﬂ( >avv1vx]B f> %
:< avm%xjﬁ( >avv18 Vx]f> < avvzvz]fa< >Q€Ui[61j)B€]f>L%U
:<<U>av’l)i€1’jf’< ) V’U-LB vx]f> 2, < Zﬁx]f (v)* [vz‘gaB]v f> 2,
+ () Vo Ve £y ) Vo [V, B )
=:J1 + Jo + Js.

From the proof of Lemma 5.5 (Step 3), we already know that

K ~ = C ~
J1+ J2 < _2—521\<v)“vvvxf\\§%(f[&*) + ?H@)O‘(’UWHVQJH%%”

C ~ C ~ =~ ~ ~
+ €3||<v>“(v)7+1%vzf||%g,v + 10 VoV fllez N0)*VaVa iz,
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The term J3 can be estimated as the term I3 in Step 2 above. Therefore, we obtain,
gathering these estimates and using Young’s inequality,

d, e = ke e Croon e
1) Vvvfo%%’U <~ 32 llw) Vvvﬂﬁf”%g(H%’*)—i_?H@O <U>’Y+1szH%gﬁv
C a — C [ et
(B.14) + Sl VL Ve fliTz |+ F 1) () 2V, Ve fllze,

C 3y C ~ ~ S
+ S0 A1+ SN0 e, | 00T 1z,

Observing that
1) @) Ve flle , + 1(0)* @)V Ve ke,
3 3 ~
+ W) @) T TV Ve fllza, + 1) ) 2 T Ve fllrz, S 1)) Vo fll 2 .y

we then gather (B.13)—(B.14) and choose K > K > 1 large enough, which yields

d a «a 141 aw o
(B )™V f s, + Koll ) )3Ty, + 10)" T, )

K ) LIS ayy o
(B.15) <= (103 Iy + 1@ VoVl lam )

C e
+ ;H(W Vafllzam.)

()., 2 .
Step 4. Arguing as in the proof of Lemma 5.5 (Step 4), we obtain

(09T, 009,
C

(B.16) 1
< I VaVallzz + M0l Vallizamz,.

) VaVafllz )

v, %

Step 5. Since V, commutes with V. and B, we already know from the proof of Lemma 5.5
(Step 5) that, with K; large enough with respect to K,

d L
AR @) )V Va3 + Kol (o) (0) VLV 3, )

(B.17) dt
<= H<U>a<”>% VoV fH2
ST 2 e Valllrzat,)

for some constant x > 0. We now compute
1d 0 S i
§a||<v> vxvxf“L%’v

<<'U>Oévzivzjfa <v>avmivxj65f>

((0)*Va, Vo, £, 00V BV, ) |, + () Ve, Vi, £, (0)°Vi, [Vay, B )

(0 VeV £ ) Ve Be(Va, ), + (0 Ve Vi £ (0) Vi, BIVe S )

+ () Ve, Vi, £ () Vi, [Viry, B )
=: R1+ Ry + Rjs.
From the proof of Lemma 5.5 (Step 5), we already know that

L2

K - = C -
Ri+ Ry < —@H(@avzvzﬂl%g(m )+ 6—2||<U>a<v>v+1vxvxf|\%gm.

v, %

The term R3 can be estimated in a similar way as the term I3 in Step 2 above. Therefore
we obtain, using Young’s inequality,

ay o K ay o ¢ o V.
0TV b, < g 10 FaVef B ) + S0 @) VLT s

C

|

(B.18) 4t 3
el

+ 1) () TV VLS,
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Observing that

~ 3y o 5 ~
1) @ VoVl + 10 (0) TV VoSl S 100V 3V f 2y

we then gather (B.17)—(B.18) and choose K1 > Ks > 1 large enough, which yields

d v~ -
_— = (Kil )0 VuVaf 7, + Kall0)* (03 VaVaflZa, + 100)*VaVafl?s )
. p RO
< _?H@szvmeLg(Hg’*)'
Step 6. We can then conclude the proof as in Step 6 of the proof of Lemma 5.5. O
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