THE LANDAU EQUATION IN A DOMAIN

KLEBER CARRAPATOSO AND STEPHANE MISCHLER

ABSTRACT. This work deals with the Landau equation in a bounded domain with
the Maxwell reflection condition on the boundary for any (possibly smoothly position
dependent) accommodation coefficient and for the full range of interaction potentials,
including the Coulomb case. We establish the global existence and a constructive
asymptotic decay of solutions in a close-to-equilibrium regime. This is the first existence
result for a Maxwell reflection condition on the boundary and that generalizes the similar
results established for the Landau equation for other geometries in [33, 61, 62, 17, 36]. We
also answer to Villani’s program [25, 59] about constructive accurate rate of convergence
to the equilibrium (quantitative H-Theorem) for solutions to collisional kinetic equations
satisfying a priori uniform bounds. The proofs rely on the study of a suitably linear
problem for which we prove that the associated operator is hypocoercive, the associated
semigroup is ultracontractive, and finally that it is asymptotically stable in many weighted

L°° spaces.
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1. INTRODUCTION AND MAIN RESULTS

1.1. The Landau equation in a domain. In this paper we are concerned with the
existence and long-time behavior in a perturbative regime for the Landau equation (1936,
[43, 44]) in a bounded domain, which is a fundamental model in kinetic theory describing
the evolution of a dilute plasma. We thus consider the Landau equation

(1.1) HF =—v-V,F+Q(F,F) in (0,00) x QxR3

for a distribution F' = F(t,z,v) > 0 of particles which at time ¢ > 0 and position
x € Q C R3 move with velocity v € R3. The Landau equation in the interior of the domain
(1.1) is complemented with the Maxwell reflection condition [47, 20] on the incoming part
of the boundary

(1.2) V-F =%(y+F) on (0,00)x X_,

as well as with an initial datum F|t:0 = Fy.
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The Landau collision operator @ in (1.1) is a bilinear operator acting only on the velocity
variable which, in the kinetic theory of gas, classically models the interacting through
binary collisions. It is defined by one of the following equivalent formulations, using the
convention of summation over repeated indices,

(1‘3) Q( avz/ azy g*avjf fav g*} dv,

(1.4) = Oy, { (@i + 9)0u, F — (b 9) f}
(1.5) = (aij *g)aviﬂ]jf —(c*xg)f
(1.6) = 05,0, {(aij * 9).f} — 20, {(bi % 9) [},
where * stands for the convolution on the velocity variable v € R3, the matrix a is given by
ou(2) = 127 (85— 7). el
and
bi(z) = Oy;aij(2) = =2|2"z
(1.7) c(2) = Ov,wyaij(2) = =2(y +3)[2]7 if -3 <y<1
c(2) = Oy, v;0i5(2) = —8mdg  if = —3.

The parameter v € [—3,1] is supposed to be connected to the power of the interaction
potential involved in the binary collisions. The cases vy € (0, 1] correspond to hard potentials,
v € [—2,0] to moderately soft potentials, v € (=3, —2) to very soft potentials, and v = —3
to Coulomb potential. It is worth mentioning that the Coulomb potential is the most (if
not only) physically relevant case.

The Maxwell reflection operator in (1.2) is given by
(1.8) A+ F) = (1 =)y F + 19 F,

where ¢ : 92 — [0, 1] is the accommodation coefficient that we assume to be a smooth
function on 912, . is the specular reflection operator, and 2 is the diffusive reflection
operator defined below. More precisely, denoting by n, the outward unit normal vector at
a point x € 0f) of the boundary, we define the sets

I= {’UGRS; :l:v-nx>0}
of outgoing (X% ) and incoming (X*) velocities, then the sets
Yi=00 xR, Ny i={(z,v) €;veENL},
=(0,T)x%, Ty:=(0,T)xXy, Te€(0,00],

and finally the outgoing and incoming trace functions

(1.9)

(1.10) v f = 1rv .
The specular reflection operator .# is defined by
(1.11) F(g(z, ) (v) = g(x, Vyv), Vev =v —2ng(ng - v),
and the diffusive operator & is defined on ¥ by
(1.12) Du(9(z,-))(v) = A (v)g(x), g(x) = /E g9(@,w) (ng - w) 4 dw,
+

where .# stands for the Maxwellian distribution
(1.13) M=V, (o) = (27) " exp(~[v]2/2),

so that .# =1 and w is the standard Maxwellian function with integral one. It is worth
emphasizing that, for a dilute plasma or gaz, it seems to be not completely clear which
are the physically convenient reflection conditions to be imposed at the boundary of €.
However, the Maxwell reflection condition (1.8) is one of the most commun and general
reflection condition considered in kinetic theory.
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We shall suppose throughout the paper that {2 is a bounded open smooth and connected
subset of R3. More precisely, we assume that there exists § € W% (R3) such that
0(z) = dist(z, 012) is the distance to the boundary in a neighborhood of 952, and we denote

(1.14) O:=QxR> and U:=(0,T)xO
for T € (0, 00]. Moreover we assume that ¢ is the restriction of a W1°°(R?) function.

1.2. Collisional invariants and conservation laws. Let us briefly discuss at a formal
level the physical properties of the solutions to the Landau equation (1.1)-(1.2). We refer
to the introduction of [10] for more details (see also [49, 51, 35, 36, 37]).

The reflection operator. Whatever is the accommodation coefficient ¢, we have

(1.15) /RS%(%F) (e - v)_ dv = /RS Vi F (ng - v) 4 do,

which means that there is no flux of mass at the boundary (no particle leaves nor enters in
the domain). On the other hand, in the case of pure specular boundary condition ¢ = 0,
we additionally have

(1.16) L #OaF) P 0)-dv = [ 9o F Lo, o). dv.
R3 R3

which means that there is no flux of energy at the boundary in the case of the pure specular
reflection boundary condition. Furthermore, still when ¢ = 0, we also have

(1.17) / [Z(V+F)v(ng -v)— — v+ Fv(ng -v)4]dv = —2n, /R3 Y4+ F (ng - v)i dw,

R3
which means that the flux of momentum at the boundary is normal to the boundary in
the case of the pure specular reflection boundary condition.

The collisional operator. From the formulation (1.3), we have

1
/]R3 Q(F, F)pdv = 3 /RS/RS aij(v — vy) {F*(%jF - F@ij*} (O, 5 — O, ) duy du,

and thus the Landau operator enjoys the microscopic or collisional invariants
(1.18) | QEFpdo =0, o=1 v, bl
R3

where we use that a;;(2)z; = 0 for the energy identity. The microscopic Landau operator
formulation of the celebrated Boltzmann H-theorem may be expressed as

/Q(F,F)longvSO, VF >0,
R3

with equality if, and only if, F' is a Gaussian function in v.

Macroscopic laws. One easily obtains from (1.18), the Green-Ostrogradski formula and
(1.15) that any solution F' to the Landau equation (1.1)-(1.2) satisfies

d/ Fdvdx = / (Q(F,F) —v-VzF)dvdx =0,
dt Jo o
so that the total mass is conserved, namely

(F(t,-)) = (Fo), Vt=>0, m»:éa@m.

In the case of the specular reflection boundary condition (¢ = 0), some additional
conservation laws appear. On the one hand, one also has the conservation of energy

d
—/ |v\2dedx:/ [v|*(Q(F,F) —v-V,F)dvdz =0,
dt Jo o

because of (1.18), the Green-Ostrogradski formula again and (1.16). On the other hand,
if the domain ) possesses a rotational symmetry, we also have the conservation of the
corresponding angular momentum. In order to be more precise, we define the set of all
infinitesimal rigid displacement fields by

(1.19) R:={r€Qm Az+be R’ Ac M(R), be R},
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where M$(R) denotes the set of skew-symmetric 3 x 3-matrices with real coefficients, as
well as the manifold of infinitesimal rigid displacement fields preserving €2 by

(1.20) Ro={ReR|R(z) n,=0,Vzed}.

When the set Rq is not reduced to {0}, that is when  has rotational symmetries, then
for any R € Rq, one deduces the conservation of associated angular momentum

((iit/oR( UFdUdac—/R v(=v -V F 4+ Q(F, F))dvdz

:/ F(v-Vz(R(x)-v dvdfv—2/ )Y f [ne - v]? dvdo, = 0,
O

because of (1.18), the Green-Ostrogradski formula, the fact that R(x) = Az with A is
skew-symmetric, the identity (1.17) and the fact that R(x) is tangential to the boundary.
Summing up, in the case of the specular reflection boundary condition (v = 0), the total
energy and the angular momentum associated to infinitesimal rigid displacement fields
preserving {2 are conserved, namely

(E(t, o) = (Folo*),  (F(t,)R(x) v) = (FoR(z) -v), VR € Ra,
for any ¢ > 0.

Finally, using the above recalled microscopic formulation of the Boltzmann H-theorem,
we deduce that global equilibria are global Maxwellian distributions that are independent
of time and position. The only mass normalized global Maxwellian distribution which is
compatible with the Maxwell reflection condition (1.8) is the distribution x/|Q2|, with p
defined in (1.13), and we will fix this particular choice of equilibrium in all the paper. In
view of the above discussion, we introduce the following conditions on the initial datum Fy

(C1) {(Fo—p) =0,
(C2) ((Fo = m)|v*) = ((Fo — p)R(z) -v)) =0, VRERq,

and we will assume that (C1) always holds and that (C2) additionally holds in the case of
the specular reflection boundary condition (¢ = 0).

1.3. The main results. In order to state our main result, we need to introduce some
functional spaces. For a weight function w : R3 — (0, 00) and an exponent p € [1, 00|, we
define the weighted Lebesgue space L?, = LP(w) = LP,(R?) associated to the norm
gllre, = llwgllze,

and similarly the Lebesgue spaces LP(O) = LP(Q; LP)). We fix
(1.21) ko > 84 7.

We call admissible weight function w, a function
w = (W)¥ = (1 + [v|)*/? with k > ko;
w = exp(k(v)®) with s € (0,2) and k > 0, or s =2 and x € (0,1/2);

and throughout the paper we denote s = 0 when w is a polynomial weight and k := ks
when w is an exponential weight. For two admissible weight functions w; and wy (or inverse
of admissible weight functions), we write wp < wi (or wi = wo) if limyy o 2(v) = 0.

(1.22)

Similarly, we write wp < w1 (or w1 = wo) if we < wy or limy o 22(v) € (0, 00).
For any admissible weight w we associate the decay function
(k—kg

T
C <10g<t>> 7 , ifw= <’U>k and v e [_37 0)7

1.23 Ou(t) = i

(1.23) w(t) = Cexp (—At), if w = (v)* and v € [0, 1],
C exp (_)\tmin(Lﬁ)) ’ if w— en<v>s’

for some constants C, A € (0, 00).
Our first main result reads as follows.
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Theorem 1.1. For any admissible weight function w in the sense of (1.22), there exists
g0 > 0, small enough, so that, if ||[Fo — pl[ze(0) < €0 and Fy satisfies the condition (C1)
(as well as the additional condition (C2) in the specular reflection case v = 0 in (1.8)),
then there exists a global weak solution F to (1.1)=(1.2) (in a sense which will be specified
later) associated to the initial datum Fy such that

(1.24) sup [[F(t) — pllze(0) < €o-
>0
This solution also verifies the decay estimate
(1.25) 1E'(®) = pllzeg 0) < Ouw(t) 10 = pllreg (o), V820,
with wy = w if v+ 5 >0 and wy = wp := (VY if v+ 5 < 0.

We remark that by global weak solution F', we mean that the perturbation f:=F — pu
is a global weak solution to the equation (1.31) below in the sense of Theorem 3.4. It is
worth emphasizing that the small constant ¢y and the decay function ©,, are definitively
constructive although we will not track the constants along the proof.

The well-posedness and convergence of solutions to collisional kinetic equations in a
close-to-equilibirum setting has received a lot of attention in recent years. On the one
hand, several results were obtained for kinetic equations in the torus. We refer for instance
to [64, 65, 15, 34, 32] and the references therein for similar results for the cutoff Boltzmann
equation. Concerning the Landau equation, we only mention [33, 61, 62, 19, 17, 28]
and the references therein. Finally, for the non-cutoff Boltzmann equation we refer to
[31, 3, 2, 38, 4, 5].

On the other hand, in the case of a bounded domain the literature is scarser. The first
results were obtained for the cutoff Boltzmann equation in [35], and then extended in
[12, 40, 41]. It was only recently that long-range interactions were considered: The work
[36, 37] treated the Landau equation with specular boundary condition by introducing an
extension method. Very recently, this method was then extended by [23] to the non-cutoff
Boltzmann equation with Maxwell boundary condition (but excluding the specular case).
We also mention the work [56] which considers conditional regularization of large solutions
of the non-cutoff Boltzmann equation.

In particular our result in Theorem 1.1 extends the result of [36, 37] to general boundary
conditions as well as to larger functional spaces, however we do not prove uniqueness. It
is worth emphasizing that our boundary conditions are very general and in particular
we do not impose any restriction on the accommodation coefficient, as it is the case in
[36, 37, 35, 12]. Our boundary conditions are similar but slightly more general than those
considered in the recent paper [23]. We also stress on the fact that the conditions on
the initial datum F{y are very natural and does not involve velocity derivative as it is the
case in [33, 61, 62, 36, 37]. The drawback is that, as in [23], we are not able to prove the
uniqueness of the solution for this class of initial data and solutions, but contrarily to
[33, 35, 32, 17, 36, 37].

As in many previous works, the proof relies on the L? exponential stability of the
Maxwellian equilibrium g obtained through hypocoercivity arguments which are by-now
available for a general class of Boltzmann like collisional kinetic operators (see e.g. [10])
and on some regularization properties of De Giorgi-Nash-Moser ultracontractivity type
available for the Landau equation because of its hypoelliptic nature. These regularization
properties make possible to extend the exponential stability property to a weighted L
Lebesgue space and thus to deal with the nonlinearity of the equation.

Although in many aspects our approach is similar to the one of our previous work [17]
dealing with the torus case, we stress on the two main new ideas that are introduced in
the present paper. We will explain them with more details in the Section 1.4 below, but
we summarize them now:

(1) On the one hand, we introduce a energy estimate based on new multipliers, a first
one being related to Darrozes-Guiraud convexity argument [21, 49, 51|, a second one
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being related to general trace results [50] (see also [9]), and a third one being related
to Lions-Perthame’s multiplier for the gain of velocity moment [46, 53], in order to deal
with general reflection condition. Roughly speaking, this energy estimate tells us that
the density does not concentrate near the boundary. Then this estimate is combined
with hypocoercivity result in the spirit of [10], De Giorgi-Nash-Moser ultracontractivity
result for kinetic Fokker-Planck equation in the spirit of [57, 30] and enlargement space for
semigroup decay trick in the spirit of [32, 39, 17] in order to obtain the above mentioned
exponential stability in a weighted L Lebesgue space.

(2) On the other hand, most of the argument is performed at the level of a linearized
problem. The considered problem is however a time-dependent perturbation of the linearized
equation around the steady state and it is thus different from the linearized equation around
the steady state itself which is usually considered. The estimates for the time-dependent
perturbation problem are not really more complicated to establish than for the linearized
problem around the steady state itself, but the former makes possible to get a very direct
and simple proof of the existence and stability result as well as to avoid the control of
velocity derivative on the initial datum contrarily to [36, 37].

We next focus on Villani’s program [25, 59] about constructive accurate rate of conver-
gence to the equilibrium for solutions satisfying a priori uniform bounds in large spaces.
More precisely, we consider a global weak solution F to the Landau equation (1.1)—(1.2),
in the sense of Theorem 3.4, satisfying

(1.26)  [JwooFl[ oo ((0,00)x0) F llwoo 'l Lo ((0,00):21(0)) < Cho, (o,ig)fxg o £ dv = p0,

for an admissible weight function ws, and some constants Cp, pg € (0,00). We also assume
that the conclusions [25, Theorems 2 & 3] of the quantitative H-theorem theory developed
by Desvillettes and Villani hold true, namely

(1.27) [F: — pllpio) < eit) = 0, as t — oo,

for some polynomial function e, although [25] establishes (1.27) only for the specular
reflection boundary condition (¢ = 0) but not for a general Maxwell condition (when ¢ # 0).
Our second main result answers to Villani’s program by drastically improving the rate of
convergence (1.27) up to the one given by the linearized regime.

Theorem 1.2. Assume v € [—3,0]. Any global weak solution F to the Landau equation
(1.1)~(1.2) satisfying (1.26) and (1.27) also satisfies the more accurate decay estimate

(1.28) IF(t) = il o) < Oult), V220,

for any admissible weight function w < weo. In the case s+~ > 0, this decay is exponentially
fast.

It is likely that a variant of this result should be true also for v € (0, 1], but we do not
follow this line of research in the present work.

1.4. Strategy of the proof of the main result. Since we are concerned with the existence
and long-time behavior of solutions in a regime near to the Maxwellian equilibrium, we
introduce a small variation of distribution f defined by

F=u+f
We next denote by C the linearized collision operator

(1.29) Cf=Q(w, f)+Q(f, 1),
and by £ the full linearized operator

(1.30) Lf=-v-Vyf+Cf,
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so that the perturbation f verifies the equation
Of =Lf+QU.f) in (0,00)x0
(1.31) v_f =%y f on (0,00) x X_
f|t=0 = fo,

with initial datum fy = Fo — p satisfying (C1) (as well (C2) in the specular reflection case
¢ = 0). We then observe that, from (1.18), we have

TQ(f, f) =0,
where 7 stands the projector onto Ker(C) = span{u, vip, vap, vap, |v|>u} given by

wf(e,0) = ([ f@w)dw) u)+ ([ w s w)de) o

wf? -3 (Iv]* = 3)
+ (/R3 NG f(z,w) dw) T,u(v).

As a consequence, the first equation in (1.31) also writes

8tf = ﬁff7

(1.32)

with
Lof == Lf+Q (g, ]),
where we have set Q(g, f) := (I —7)Q(g, f).

For a given function g = ¢(¢,x,v) and for any tg > 0, we shall first consider the linear
equation associated to the operator £, defined by

atf = £gf in (to, OO) x O
(1.33) vf=%v+f on (tp,00) X X_
f|t:t0 = fi in O.

We introduce a splitting of the operator £, = B, + Ay, where we define the dissipative
part by

(1.34) Byf :=—v-Vof +Qu, [) + Qg, f) — Mxr/,
and the remainder part, which takes into account zero order and integral terms, by

for some compactly supported smooth function My r with constants M, R > 0 to be chosen,
namely xg(v) = x(v/R) for x € C2°(R?) such that 15, <y < 1p,. We shall also consider
the linear equation (1.33) associated to the operator B, instead of L.

From now on, we fix some weight function
(1.36) wp = (v)ko,
with ko defined in (1.21), and we define the space
Xo = L, ((0,00) x O).

We denote by P, the projection operator on the v-direction for any given v € R3\{0}
defined by

v

_ vy v 3
(137) PvS—(S |U|>|U|, Ve € RS,

and we denote by Vo f the anisotropic gradient of a function f defined by

(1.38) Vof = PoVof + (0)(I = PV, f.

We next define the dissipation norm HL* associated to the norm of L? by
11y = 160022 Fl1Za ) + 102 Vo) 2,

where we recall that s = 0 when w is a polynomial weight function.
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At least for g € & small enough, we successively establish the following properties for
both non-autonomous semigroups S, = S¢,(t,to) and S, = Sz, (t,to) associated to the
above equations.

(1) The semigroup Sp, is bounded. For any admissible weight function w and exponent
€ [1, 00|, there holds

(1.39) S, : LF,(O) — LE(0O), uniformly bounded.

More precisely, thanks to a multiplier trick, we exhibit an equivalent weight function w
such that Sp, is a semigroup of contractions on LY (0), see Proposition 4.5.

(2) The semigroup Sp, is ultracontractive. For a class of admissible weight functions ws
and w, there holds

(1.40) S, (t,t0) : L2(0) — L (0O), with bound O((t — to)™"),

for any ¢t > tg > 0 and for some 1 > 0. Modifying again the weight function, we are indeed
able to exhibit a dissipation estimate associated to the L?(@) norm which prevents the
concentration near the boundary of the solution to the linear problem associated to B,.
Together with available gain of integrability estimates in the interior [57, 30] in the spirit
of De Giorgi-Nash-Moser theory for parabolic equations, we then establish that Sp, is
ultracontractive, see Theorem 5.8.

(3) The operator L, is (weakly) hypocoercive: there exist a constant og > 0 and a twisted

Hilbert norm || - [ ,2(,-1/2), equivalent to the usual L2, (= Y?)-norm such that for the
associated scalar product ((-,))z2(,-1/2), we have
(141) ((£9f7 f))LQ(;L—l/Q) < _JOHin%H%,*(M—l/Q)v

for any f in the domain of £, see Theorem 6.1.

(4) The semigroup S, is decaying and enjoys compactness properties. For any admissible
weight function w, there holds

(1.42) 15, (& 7) frligg 0) < COult =TI frllege, VE2720, VfreLZ,

with the notations of (1.25), see Theorem 7.1. That last estimate follows from the three
previous steps together with an extension trick in the spirit of [32, 39, 17]. There also
holds, for any 7" > 0,

T
(1.43) /0 1, (67 12, 1) & < O f 130,

as a consequence of a variant estimate of (1.41), from which we deduce a compactness
property in L? thanks to a Aubin-Lions type argument, see Theorem 3.4.

(5) Conclusion. We finally consider the mapping
gt Sﬁg va

for which we deduce from the last step that it leaves invariant a small ball of LZ? ((0,00) x O)
and it is continuous for the weak topology. We conclude to the existence of a fixed-point for
that mapping thanks to the Schauder-Tychonoff fixed-point theorem and thus a solution
to equation (1.31) which satisfies the announced decay property in Theorem 1.1.

The proof of Theorem 1.2 uses similar arguments as those described above.

1.5. Structure of the paper. In Section 2, we recall some more or less standard results
we use in the next sections. In Section 3, we establish some a priori bound in LP for
the solutions to the linear problem (1.33) and we deduce the existence of an associated
semigroup S, . In Section 4, we establish the bound (1.39) and we deduce a decay estimate
of the form (1.42) for the semigroup Sp,. In Section 5, we establish the ultracontractivity
estimate (1.40) for the semigroup Sp,. In Section 6, we establish the hypocoercivity
estimate (1.41) for the operator L,4. In Section 7, we establish the decay property (1.42) on
Sr,- We finally prove the main results Theorem 1.1 and Theorem 1.2 in the last Section 8.
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2. TooLBOX

We introduce in this section some more or less classical material that we will use several
times in the sequel.

2.1. Estimates for the collision operator. We recall some (variants of) classical results
on the Landau collision operator. We denote

where * stand for the convolution in the velocity variable v, and we remark in particular
that

(2.2) ¢=—8mrpu when ~=-3.

We recall the following result from [22, Propositions 2.3 and 2.4] and [33, Lemma 3] (see
also [17, Lemma 2.1(e)]).

Lemma 2.1. The matriz a(v) has a simple eigenvalue ¢1(v) > 0 associated with the
eigenvector v and a double eigenvalue f2(v) > 0 associated with the eigenspace v, so that

ai&i€j = (1(0)|Po* + La(0)|(1 — P )€,

Furthermore, when |v| — 400, we have
li(v) ~2(v)7, La(v) ~ (),
and thus
aijvivy ~ 2(0)7T20 @y ~ 2(v)7 T2
On the other hand, there hold
(2.3) b= —{1(v)v
and
-2 v)7 i -3,1

el e
when |v| = +00.

Introducing the symmetric matrix

v v v v
B(v) := \/51(70)‘0‘@1)’—1- l5(v) (I—M(@M),
we see from the above discussion that
(2.5) BV, f[? = 01(0)| P Vo f® + Ga(0)|[(I = Po)Vuf? = [(0)2V, 2.
We reformulate [19, Lemma 3.4] and part of [18, Lemmas 2.4 and 4.1].
Lemma 2.2. For any g € L*(wy), there hold

(2.6) (i % )| + (agg * g)oel + |(aes * g)veoe] S (0)*llglluss,
(2.7) bi 9l < () gz
(2.8) o g1 S (o) gl s

for any v € R and i,j = 1,2,3. Considering additionally some vector fields F' and H,
there holds

(2.9) |(aij * 9) FiHj| S |9 eg B(v) FI[B(v) H].

Proof of Lemma 2.2. Thanks to [19, Lemma 3.4] and [18, Lemmas 2.4], when v € [—2,1]
we have

[(aij * )| + [(aij * g)vil + [(aij * g)vivs| S () F2[gll L2 (uyrs11/240y
as well as
|(bs * g)vil + [bi * gl (v) S ()72 gll L2 (gyr+11/240y,
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and we conclude to (2.6) and (2.7) thanks to the embedding L C L2({v)7+11/2+0) In
the case v € [—3, —2], estimates (2.6) and (2.7) are proven in [17 "Lemma 4.2].

The proof of (2.8) when v = —3 is straightforward from the very definition of wy in
(1.36). We next assume v € (—3,0). When |v| > 1, we proceed similarly as in the proof of
[17, Lemma 2.1(e)] by introducing the splitting

v — v 0 — v
cxgl S llgllze / dv, + dv, ¢ .
ol ol 0{ fo—val<lol/2 (va)¥0 fo—val>fol/2 - (ve)*0

For the first term, we have |v,| > |v]|/2 on the domain of integration, so that

v — vy 1 /

— dv, < ——r— v —vi|T dv
/|w*|s|v|/2 (v ) Fo (v/2)k0 Jjp—v.|<lo]/2 | ["dvs
|v|3+7

<U>k0 ~ <U>’Y:

S

because kg > 3. For the second term, we have

v —vi|Y / do,
—dv, < 2|7 < (v)7.
/|v—v*>|v|/2 ook e < [v/2| s (om0 ™ (v)

For |v| <1, we just write

o o

e+ 9l S lgllz, [ v S Ll . oy s 5 ol

We conclude the proof of (2.8) in the case v € (—3,0) by gathering these estimates. When

v € [0, 1], we write
v|7 + i ]Y
gl S loles, [l o,

O
and we immediately deduce (2.8) by observing that v — ko < —3. The proof of (2.9) follows
from (2.6) exactly as in the proof of [18, Lemma 4.1]. O
We define

Aof = Q(f, 1) = (aij * )O3, — (¢ fp.
We recall the results of [19, Lemma 2.12] and [17, Lemma 2.5].

Lemma 2.3. For any admissible weight function w and any exponent p € [1,00], there
holds
Ag: IP(w) = ("), V9 € (0,1),

In particular, we have
(2.10) [(Aofs Frzl S )02 F12s.

We state now some variants of well-known estimates on the Landau operator.
Proposition 2.4. For any admissible weight function w as defined in (1.22), there holds
(2.11) (@0, £): £ 30) S ol 110

and
oy QD] S i 10 o (P30 s
+ Vs (hw)HB yr/2+1) T HwhHLz /2+s))

In particular we have

(2.13) (7Q(9, ): F) 12| S Nlgllogg 10721132 e,
and

(2.14) (@9, 1), Prz| S gl 112
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Proof of Proposition 2.4. Using the shorthands
Aij := Qij * g, EZ =bixg, C:=cxg, Opw=0vipw, @:= k(v)S_Q,
with the same conventions for k£ and s as in (1.22), we split the proof into three steps.

Step 1. We first write, using the formulation (1.4) for Q(g, f) and one integration by parts,
@0 hez = [0 {ayd, f=bir} fetdo
= = [ @ {0, () = fuvio} {0 () + (Fw)uip} do
+ [ Bifw{0n () + (f)uip} do,

from which we get, performing another integration by parts in the first term of the second
integral,

@) Prz = = [ {0,00) = Fovo} {0u(fw) + fwvip} do

—3 (fw dv —|—/ i(fw)?vipdo.
Using (2.9), (2.5), |B(v)v| = mm and Lemmas 2.1 and 2.2, we have
i {00, (f0) = fwovy o} {00, (fw) + favip}]
S lgllezs, (IBY(fw)l? + [Bof?| fowl?)

S lgllzes, ()19 (fw) 2+ ()22 fw]?)
We deduce (2.11) thanks to Lemma 2.2.
Step 2. We now use the formulation (1.6) for Q(g, f) to write

<Q(ga f)7 h>LZ} = /R3 {avi,vj (az]f) - 287)1- (glf)} hw?dv

- /Rg aij fw {a%vj (hw) + 20y, (hw)vip + hoy, (Ujpch)} dv

+2 /3 b; fw {0y, (hw) + hwvip} do.
R

We observe that

G { Oy (h) + 20, (hew)vigp + hdy, (v 00) }|
< ollzgs, ()72 (192 000)] + (0)° 2V (o) + (0)° 2o

and we conclude to (2.12) by using Lemma 2.2, writing w = (w(v)?/?)(v)~?/? and applying
the Cauchy-Schwarz inequality.

Step 3. Observe now that from (2.12), for any polynomial function & = £(v) such that
twl e L2(()/#5), V,(Ew™) € L2((0)/?11) and V2(éw™1) € L2((v)?/?12), we have

215) | [ €0 N do| = (@ 11,6021z S lolez 10 Mz
We finally write
(7Q(9, 1)s N 1zw) S 1) 7Qg, )l L2 0)* Fll L)

and observe that from the very deﬁmtlon of min (1.32)

4
1(0) 27Q(g, Pl 12y S Q(g, f)(v)dv

with & =1, & :=v;, i = 1,2,3, & := |v|?, which implies (2.13). Recalling the definition
of Q+ = (I — 7)Q, we thus deduce (2.14) from the estimates (2.11) and (2.13). O
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2.2. Estimates for second order linear operators. Consider the parabolic operator L
acting only on the velocity variable v € R? defined by

(216) Lg = O'ijavi7ng + Viavig + ng,

where 0;; = 0;j(v) is a symmetric matrix, v; = v;(v) a vector field and n = n(v) a scalar
function, and we use the convention of summation over repeated indices. We observe that
the dual operator of L is

(2.17) L*h = Jijaviyyjh + (2(9%.02'3' — I/i) &Jih + (avi’vjdij — 81;1-%' + ?7) h.

We present a variant of [32, Lemma 3.8], [52, Lemma 3.8], [39, Lemma 2.1], see also [29,
Lemma 7.7].

Lemma 2.5. For any p € [1,+00) and any weight function w = w(v), there holds

_ 4p-1)
/R3(Lg)\g\p g dv = ———5— /ﬂ@ 0ij00, GOy, G dv + /]RB @ p l91Pw? dv,
with G = wP/?g|g[P/>~' and

p
1 Oy, w Oy, w 2 Ov w0 2 Oy, w

L i v () i
@p(v) =2 (1 - p) Tij Z} f + <p - 1> Uz'jTj + ;avjoij—z)

2.18

(2.18) Op,w 1 1

— Vi + =0y, ;045 — —Oy, Vi + 1.
p p

w

Remark 2.6. We also define waoo by the above formula (2.18) with the convention 1/00 = 0.
Proof of Lemma 2.5. Setting ®'(s) = |s|P~2s, we compute
[ @ @7 dv= [ 0110,,0,9%' (@ dv+ [ g (gl dv+ [ ng®(g)r do
RS R3 RS RS
= Tl + T2 + T37

and we denote h = wg in the sequel. For the term Ty, we write 9,,(hw™!) = w™19,,h —
w 2h0,,w, and thus

T = /stavih) &' () do —/

R

= [ @ lppav— [ (8“’) B do,
P JR3 w

thanks to an integration by parts in last line.
For the term 77, we use integration by parts to obtain

3(Vi(9vz.w) w L h®'(h) dv

T = / 05300s0; (ha ™)@' () do
RS

= /RS 8vi(hm—1)(avj0ij)‘1>/(h) wdv — /R3 8vi(hw_1)aij 8vj(<1>/(h)w) dv
=:Ty1 + Tho.
Observing that

Oy

_ o 1 _
(hw ™8y, (¥ (h)w) = (p — 1)y, hdy, h |hP~2 + };Bvim&,j(]h]p)w !
L (P — By wdy e AP
- T Uz(’ ’ ) ’ijw — Oy, W ijw ’ ’
and using the symmetry of o;;, it follows

Tis = —(p— 1)/ 040010y, 1 [BP~2 dv
R3

2
_ |1z _ . Py ,,,—1 . =2 |p|P
[p 1] /]1@3 0§ Oy, w0y, (|h|F) w dv+/RS 0Oy, w0y, ww™~ || dv.
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Integrating by parts the second term above gives

_ Oy, w
T12 = —(p— 1) /Ra<0'ijavihavjh) ‘h‘p de +:‘£1(p) ,/RB <8U].aij w

Op; v;W O, w Oy, w
+ k1(p) /RS <Uijwj> |R|P dv + K2(p) /RS (O'ij ]) |h|P d,

w w

) I[P dv

with k1(p) == % — 1 and ka(p) :=2 (1 - %) On the other hand, for 7T7; we obtain, thanks
to an integration by parts,

Ty = —/ By, (hw™1) (D4, 047) @' () w

= / Dy, h®' (h) (0, 04 dv—/ Oy, (w _1)(8vjazj)h<1> (h)wdv
Oy, w
= 7/]1{3(81,17@]01])%\ dv—i—/ (aujam o; ) AP dv.

p

Gathering previous estimates gives

[ (£a)@ g dv =~ =1) [ (030,100, h) W2 dv+ [ b, P lglP o,
R3 R3 R3

where

Oy, w Oy, W
L . ] Vi
ww’p(v) = ka(p) (O'Z] L )

aui,v-w Oy O,
+ k1(p) (Uz‘j w] ) + (1 + r1(p)) (51;]0@3 L;w) - (Vi lw)

w

1 1
+ ];(8%7%'0-1']') - E(avﬂ/z) + 7,

from which identity (2.18) follows by observing that 48Ui(h\h|p/2_1)8vj (h|hP/2~1) =

p?(0, h@vjh)\h|p’2. O
Remark 2.7. For latter references, we observe that
L L*
Ww,p = Wm,gq

when v; = 0 in the definition of L, 1/¢+1/p =1 and m = w™'.

2.3. Trace results for Kolmogorov type equations in a L? framework. We consider
a general Kolmogorov type equation

(2.19) Og+v-Veg=Log+G in (0,T) x O,
for T > 0, where
(2.20) Log := 0y, (0ij0y;9) + vi0u,9,

for a positive symmetric matrix o = o (¢, z,v), a vector field v = v(t, z,v), a source term
G = G(t,x,v) and we assume

(221) Oij S L?; Vi € L Llocv

[e9)
loc,vs

We adapt some trace results for solutions to the Vlasov-Fokker-Planck equation developed
in [51, Section 4.1], see also [29, Theorem 11.1], and which are mainly a consequence of the
two following facts:

o If g € L? H] is a weak solution to the Kolmogorov equation (2.19), then it is a
renormalized solution;

o If g € LS, with V,g € L2, is a weak solution to the Kolmogorov equation (2.19),
then it admits a trace vg € L in a renormalized sense.
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We introduce some notations. We denote
(2.22) d¢! == |n, -v|dvdo, and dé€? := (n, -v)?dvdo,
the measures on the boundary set 3. We denote by B; the class of renormalizing functions

B e Wli’coo(R) such that g/, 8” € L>*°(R); and by 9B, the class of renormalizing functions
B € W2(R) such that 8” € L(R). We define the operators

(2.23) Mog = (%g +v- Vmg — ng,
(2.24) Mpy = —0wp—v-Vzp— Ly,
where

Lop 1= 0u;(0ij0v; ) — Ou, (Vigp).
is the formal adjoint of Ly. For a o-finite and o-compact Borel measure space £ =
(E,&,dp), we write g € L(E) if g : E — R is a Borel function and g € C([0,T]; L(E))
if B(g) € C([0,T); LL .(E)) for any 8 € W2>®(R). We recall that for T > 0 we denote
U=(0,T)xO0,T=(0,T)xXand 'y =(0,7) x 3.

Theorem 2.8. Let T > 0. We consider g € L*>((0,T) x Q; HL_(R?), G € L, H. ! +
LL (), oij, Vi satisfying (2.21) and we assume that g is a solution to the Kolmogorov
equation (2.19) in the distributional sense.

(1) Then there exists yvg € L(I") and t — g+ € C(]0,T]; L(O)) such that g(t,-) = g+ a.e.
on (0,T) and the following Green renormalized formula

(2.25) /u (B(9) Mo + 87(9) 7100,90,, 9% ) dv da dt
T

+ [ 50r9) ¢ e ) dvdoy dt + [ [ Blanett. ) dado =(@.8 )

holds for any renormalizing function 3 € B1 and any test function p € D(U). It is worth
emphasizing that B'(g)p € L7, HL N LSS, with compact support in U so that the duality
product (G, 3'(g)e) is well defined. We will often write indifferently g(t,-) = g

(2) If furthermore G € wangclw, then vg € L2, (T,d¢3dt) and g € C([0,T]; L2 .(O)).

loc loc

(8) Alternatively to point (2), if furthermore go € L% _(O), v—g € L2 (T';dédt) and

loc

G € L} H.! ., then v.g € L2 (T;dédt), g € C([0,T); L .(O)) and (2.25) holds for any

loc,v?’
renormalizing function 8 € Bs.

(4) Alternatively to points (2) and (3), if furthermore g € LS. (U) then vg € LS (I') and
(2.25) holds for any renormalizing function 5 € Bs.

Proof of Theorem 2.5. On the one hand, using standard regularization by convolution
technique, for a sequence of mollifiers (p.) in D(R??), the function g. := p. *,, g satisfies

81595 + - v:cga - avi(o'z‘janga) - Viavige =G,
in the sense of D'((0,T) x O), with G. — G in L%Oc’mngév + L .(U). More precisely,
writing the source term as G := Gg + 9,,,G;, with Gy € LL _(U) and G; € L% _(U) for any
i =1,2,3, we have G. = Go: + 0,,Gic with
(2.26) Goe := Go * pe + [V Vo, perlg — [Vi, pe¥|O,9 — Go in Lig,
and

Gic := Gy pe — [0, pex]0u,g — Gi in L,
where we use the usual commutator notation [A, B] := AB—BA and we use [26, Lemma II.1]

in order to justify that the second term converges to 0 in (2.26). Because g. € VVI})CI ),
the chain rules applies and gives

Ot3(ge) +v - Ve B(ge) — Oy, (Uz‘j&;jﬁ(gs)) — 130y, 8(9:) — Bu(ge)aijangsavigs
= GOa/BI(ga) + avi<Gia/B/(ga)) - ﬂ”(ga)Gieaviga
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in the sense of D'((0,T) x O) for any 8 € C? N W?2>, Because now 3(g-) — B(g) in
Lo U), B'(ge) = B'(9) in Lig 4 Hyge,, and (8”(ge)) is bounded in L>(U), 5”(ge) — 8”(9)
in Ll .(U), we may pass to the limit € — 0 and we obtain

B(g) +v - ViB(g) — v, (0i500,8(9)) — vidy,8(g) — B (9)0ij00,; 90u,9
= Gof'(9) + 0, (GiB'(9)) — B"(9)GiBw,9

in the sense of D'((0,T) x O) for any 3 € C?NW2°, and next for any 8 € W2, Using that
h:=B(g) € L*U)NLE, mHﬁ)w and the right-hand side belongs to LL .(U)+ L%, tleogv’
we may straightforwardly adapt the proof of [51, Theorem 4.2] and we get that there
exists yh € L*>(T") and for any ¢ € [0,T] there exists hy € L*°(O) such that t — h; €
C([0,T]; L .(0)). Choosing 3 increasing and defining vg := B~1(vh), g = B~ (h),
we obtain that the Green formula (2.25) holds true for any 8 € W2, The additional
regularity and integrability properties on g; and g follow from this Green formula as in
[51, Section 4]. We may thus extends the set of renormalizing functions g € 9B; with i =1

or i = 2, depending on the regularity assumptions. O

We will also use the following stability result in the spirit of [51, Theorem 5.2] and the
following duality result in the spirit of [50, Proposition 3].

Proposition 2.9. Let us consider four sequences (g*), (o*), (V%) and (G*) and four
functions g, o, v, G which all satisfy the requirements of Theorem 2.8. If g* — g weakly
in L*((0,T) x Q; HIOC(Rd)) ok —~ o weakly in L2 .(0), V¥ —v weakly in L} (O) and
GF — G weakly in LIOC IHIOiU, then g satisfies (2.19) so that it admits a family of

trace vg € LlOC(F dé?), g € L% (0), for any t € [0, T] and (up to the extraction of a

subsequence) vg* — vg a.e. and weakly in L2 (T;d¢?), gF — gi a.e. and weakly in L% _(O),
for any t € [0,T].

Proof of Proposition 2.9. We observe that
og® +v-Vag* = GE + div, G}
with (g%), (V,g*), (GE) and (G¥) bounded in L}

loc

([0,T] x O) and we may use the
Ht1 ﬁ,(RQdH) regularity result [11, Theorem 1.3] on any truncated version of (g*) in

order to conclude that (g *) belongs to a compact set of L2 ([0,T] x O). For 3 € B1 N C?
and ¢ € D((0,T) x O), we write the renormalized Green formula

/(6(9'“)1\/1330—ﬁ”(g'“)az-jang’“ﬁmg’“w)+/6(79k)<pnx~v:/ G*p
U

with GF := GEB/(g%)+0,, (GEB (¢%))— 8" (g )Gkavlg Observing that, up to the extraction
of a subsequence, 3(g*) — B(g) a.e. and B(yg*) —  weakly in LIOC(F de¢?), we may pass
to the limit in the above equation and we get

/ (B(g)Mp — B"(9)0ij00, 90u,90) + / Be(ng - v) = / Gy
1z I u

with G := Gof'(g) + 9y, (G (9)) — B"(9)GiDy,g. Thanks to Theorem 2.8, we thus have
B = B(vg) a.e. on I. Defining Ba(s) := B(s)? for f € W?>® N C? and observing that
By € W2 N C2, the above argument for both 8 and By implies B(vg*) — B(yg) and
B(vg*)? — B(v9)? both weakly in L2 (T';d¢?). We classically deduce 8(vg*) — B(vg)
strongly in LIOC(F, d¢?), and thus, up to the extraction of a subsequence, yg* — vg a.e. by
choosing 3 one-to-one. The proof of the result concerning the trace functions gf and g; on
the sections {t} x O can be handled in a similar way and it is thus skipped. O

Proposition 2.10. Let T > 0. Consider two solutions f,h € L?((0,T) x Q; H}.(R9)) to
the primal and the dual Kolmogorov equations

Mof =F, Mih=H,



16 K. CARRAPATOSO AND S. MISCHLER

with Mgy and M defined in (2.23) and (2.24), F, H € L} _(U) and o4j, v; satisfying (2.21).

loc

For any renormalizing functions a, 3 € W*(R) and any test function ¢ € D(U), there

holds
T
(2.27) /ua(f)ﬁ(h) Mg + /Fa('y PB(yh) ¢ (ng -v) + [/O a( fo)B(he)e(t, ) T /uGso,
G:= O‘/(f)F/B(h) + Ck(f),@l(h)H - O//(f)aijawfavjfﬁ(h) - a(f)/3//<h)aijavihavjh'

where G € LL _(U) is defined by
Proof of Proposition 2.10. With the notations of Theorem 2.8, the functions f. := f ., pe
and h. := h %, , pe satisfy

atfa = —U- vxfa + Lﬂfa + F;
_Ohe = v Vyhe + Lih, + H.,

with f- — f, he = hin L2((0,T) x Q; HL (RY)) and F. — F, H. — H in L} _(U). From
Proposition 2.9-(2), we get vf: — vf, vhe = vh a.e. on I' and foy — fi, hey — hy a.e. on
O for any t € [0, T].

For a, B € W3 (R), we thus deduce that a(yf.)B(vhe) — alvf)B(vh) in L]

loc

t (T, d¢tdt)

and a(fe)B(het) = a(f)B(ht) in L. (O) for any t € [0,T)].
On the other hand, we set g. := a(f:)5(h.) which satisfies

81595 +v-Vzge = Loge + G,

with G. defined similarly as for G. Because g. — g := a(f)B(h) in L2((0,T) x Q; H}),
G. — G in L (U), we may use Proposition 2.9-(2), and we deduce that vg. — vg. Because
vge = a(vf:)B(vhe) and using the previous convergence, we deduce that vg = a(yf)5(vh).
We similarly prove g; = a(fi)B(ht) for any ¢t € [0,T]. The identity (2.27) is thus noting
but the non-renormalized Green formula (2.25) applied to g. O

2.4. Well-posedness for Kolmogorov type equations. We consider the Kolmogorov
type equation, for T > 0,

(2.28) Of+v-Vof=Lf+[f] in(0,T)x O,
with a general parabolic operator in the velocity variable
(2.29) Lf =0ij0v,, f + viOu [ +0f,

and an abstract (integral in the velocity variable) operator %, which is complemented
with the Maxwell reflection boundary condition (1.2) and an initial datum f(0) = fy in O.
We make the same assumptions (2.21) on the coefficients o, v and we also assume

(2.30) n€ LIy, and 0i;G¢ > 00l¢)?, V¢ €R?,

for some o¢ > 0. We next assume that the problem behave adequately in a weighted L2
framework. More precisely, for some possible perturbation w = 6w of a weight function
w:R3 — (0,00), we assume

0<fo<0 <0 <oo, |Vobl+[Vi]<O),
the function @}, defined by (2.18) satisfies
(2.31) —Ms <@gy < Ao,

for a function ¢ : R® — R, and some constants \; > 0. We also assume that the nonlocal
operator ¥ is bounded in L2 (R?) and more precisely satisfies

(2.32) sup || || z(12(w)) = Cor 2 < 00,
(0,T)xQ2

and the reflection operator & satisfies

(2.33) R : L*(T4;dEL) — LA(D-;dgd), 12| L2 (s5061) < 1,
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where we denote here and below

(2.34) dﬁ; = o|ng - v|dvdo, and d€2 = w?(v) % (ng - v)? dvdoy,
with ¢ := w or ¢ := @©. For further references, we define
(2.35) 901 = [ {000 @90, @9) + 552}
We next assume that the problem behave nicely in a L! framework, namely
(2.36) sup || ]| Ly (msy) = Cr 1, @ < Ao,

(0,7)xQ

for some constants C 1, A2 € [0,00), and we recall that from the very definition (1.8) (see
also (1.15)), we have

(2.37) #: LMDy det) — LNE5deY), 2oy sae) < 1

We finally make a compatibility hypothesis on the two weighted L? and L' frameworks by
assuming

(2.38) (v)w € L*(R?),  (loij| + [8v,045] + |05,0,065] + vl + |0p,i] + )™ € L),

For further reference, we define the Hilbert space ¢ associated to the Hilbert norm || - || »
defined by

1F1% = 11Tz + I1F 15

with || - || ,1,+ being defined in (2.35).

[

Theorem 2.11. Let T > 0. Under the above conditions, for any fo € L?(0O), there
exists a unique weak solution f € C([0,T]; L2) N S to the Kolmogorov equation (2.28)
complemented with the Mazwell reflection boundary condition (1.2) and associated to the
initial datum fo. More precisely, the function f satisfies equation (2.28) in the sense
of distributions in D'(U) with trace functions, defined thanks to Theorem 2.8, satisfying
vf € LA(T,d&2) as well as the Mazwell reflection boundary condition (1.2) pointwisely and
f(t,-) € L2, Vt €[0,T], as well as the initial condition f(0,-) = fo pointwisely.

The proof follows similar lines as in [8] (see also [48], [29, Sec. 8 & Sec. 11] and [16])
and it is thus only sketched.

Proof of Theorem 2.11. We split the proof into four steps.

Step 1. Given f € L*(T'_;d¢l), we solve the inflow problem
of+v-V.f=Lf in U

(2.39) v_f=Ff on I'_
fit=0 = fo in O,

thanks to Lions’ variant of the Lax-Milgram theorem [45, Chap III, §1]. More precisely, we
define the bilinear form & : J# x CLU{UT_) — R, by

£(f.9) = [ FA+0+v- Vo - L) ()
= /M()\f —Lf)pw* — /Mf(atcpqu Vo)
We observe that this one is coercive, namely thanks to Lemma 2.5 and (2.31) there holds
E(p.p) = /(Nﬂ L) +2/ )2w? + 2/ 1-p)? A&

> (A= 2ollelZz + gl + He()12; + SlelZaq e,

for any ¢ € CH({{ UT_). Taking A > \g, the above mentioned Lions’ theorem implies the
existence of a function f) € 5 which satisfies the variational equation

E(fr / fe M ~2d§1+/f0<p V&2, VeeClUur.).
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Defining f := fye and using Theorem 2.8, we deduce that f € s# N C([0,T); L2(0)) is a
renormalized solution to the inflow problem (2.39) and that vf € L?(I';d¢L). From the
renormalization formulation, we have the uniqueness of such a solution (see also Step 4
below). Directly from (2.32), we also deduce the energy estimate

t
”ftH%% +/() (”FN(SH%Q(F;dﬁé)+2||f||?{},t) eMo(t=5) 4
t
< [l foll72 €™ + /O ol ety €™ ds.

Step 2. For any a € (0,1) and h € 2# N C([0,T]; L2(0)) such that yh € L*(T;d¢l), we
then consider the modified Maxwell reflection boundary condition problems
Of+v-Vyf=Lf in U
v_f = aZvih on I'_
ft=0,)=fo in O,
for which a solution f € 2 N C([0,T); L2(0)) such that vf € L?(I';d&)) is given by the

first step. Thanks to the energy estimate stated in the first step, we immediately see that
the mapping h — f is a!/2-Lipschitz for the norm defined by

¢
sup {”ft’%%e_)\ot +/ I Fol2a ey " ds} .
tE[O,T] w 0 5@

From the Banach fixed point theorem, we deduce the existence of a unique fixed point to

this mapping.

Step 3. For a sequence oy, € (0,1), ag, /1, we next consider the sequence (fx) obtained in
Step 2 as the solution to the modified Maxwell reflection boundary condition problem
Ofe +v-Vaofy =Lfry in (0,7)x0O
(2.40) Y- fr = ap Ry fr on (0,T)xX%_
St =0,-)=fo in O,

which, from the energy estimate stated at the end of Step 1, satisfies

t
241 falldy + [ {0 = olfuslBa_ags) + 2l | 0 ds < 1ol

for any t € (0,7) and any k > 1. Choosing 3(s) := s and ¢ := (ns - v){(v) 2w?(v) in the
Green formula (2.25), we additionally have

[t ag ae 5 1ol

From the above estimate we deduce that, up to the extraction of a subsequence, there exist
feANL®0,T; L2(0)) and f1 € L?*(T'y;dg2dt) such that

fr— f weakly in 2 N L>®(0,T;L%(0)), ~+fp—f+ weakly in L*(I';d¢2dt).

From the condition (2.38), we have L?(T';d¢2) C LY(T;d¢t). Together with the assump-
tion (2.37), we deduce that Z(vfry) — Z(f+) weakly in L*(T'_;d¢!). On the other hand,
from Proposition 2.9, we have ~ fx — vf weakly in L2 (I';d¢2). Using both convergences
in the boundary condition vy_ fr, = Z(v+ fx), we obtain v_ f = Z(~4 f). We may thus pass
to the limit in equation (2.40) and we obtain that f € C([0,T]; L?) N J# is a renormalized
solution to the Kolmogorov equation (2.28) complemented with the Maxwell reflection

boundary condition (1.2) and associated to the initial datum fj.

Step 4. We consider now two solutions fi and fo € C([0,T]; L2) N 2 to the Kolmogorov
equation (2.28)—(1.2) and associated to the same initial datum fy, so that the function
f = fo—f1 € C([0,T]; L2) N S is a solution to the Kolmogorov equation (2.28)-(1.2)
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associated to the initial datum f(0) = 0. Choosing ¢ := xgr, with xr(v) := x(v/R),
1p, < x € D(R3), and 8 € C%(R), 8" with compact support, in (2.25), we have

| BUnixn+ [ B0 xrns-v)+ | 8100 f0,1
@] r u
= [ {B(5) (98 (0uxm) = 0u.(vixm) + (nf + H (B (F)xr}

We assume 0 < 3(s) < |s|, |8'(s)] <1, and 8” > 0 so that we may get rid of the last term
at the left-hand side of the above identity, and we use the bound (2.38) in order pass to
the limit R — co. We obtain

L st + [ 800 (na-v) < [ {80) (850 = 0um) +0s8/ (D) + 12 (111}

Passing to the limit 5(s) * |s| such that 0 < sp'(s) 7 |s|, we deduce

Lt [rsie o < [ 111(80y = duvitn+Cora).

where we have used L?(I';d¢2dt) € LY(T;détdt) in order to justify the convergence of the
integral on the boundary. Using finally (2.36) and (2.37), we deduce

[l < @Caa [ 100

and we conclude to f = 0 thanks to Gronwall’s lemma. U

2.5. Decay estimates in a weakly dissipative framework. In this section, we formulate
some elementary decay estimates which are essentially picked up from [17, Lemma 3.1]
and which will be useful for handling the weakly dissipative framework corresponding to
the case s + 7 < 0, which always holds when v € [—3,—2). We also refer to [14, 15, 63, 60,
33, 7, 27, 61] for previous works dealing with such a situation and to the recent papers
[39, 17, 13, 29] for more discussion and more references. We start with a variant of the
Gronwall lemma.

Lemma 2.12. Let us consider three continuous functions u, v and w : Ry — Ry satisfying
u < v < w and the three following properties

v +ou <0, wy < Cw(0), ervy < ug+ Igwy,

for some constants C,o > 0 and for any t > 0, where R — g, Vg are two positive functions
such that er — 0 and 9gr/er — 0 as R — co. Then

vy < Tywo, VE>0,
with

IR
2.42 [y := inf T r = e %Rt L TR0
(2.42) t = inf t(R), Ty(R):=e +€RC

Proof of Lemma 2.12. The three pieces of information together imply
vé 4+ oegpvy < o¥pwy < YpoCuwy

for any R > 0. Using the classical Gronwall’s lemma, we deduce

_ v _
v < e 7 Rbyy + 8fRC’wo(l — e IERY),
R

from which we immediately conclude. O

We now apply the previous decay estimate in a concrete situation we will encounter
several times in the sequel.
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Proposition 2.13. Let us assume that j € C(Ry; LH(0)), p € [1,00), satisfies

d, . . . .
SN, + ol <0, Ik, < Cliol,,

for some admissible or inverse of admissible weight functions o, 02 : R3 — (0,00) such that
1< 02/0 /00 as |v| = oo and g1 := 0 (v)2HN/P sy 4 4 < 0. Here sy € [0,2] is the
parameter associated to po as defined in (1.22). Then

litllzs, < Opan(®llioll iz Yt =0,
for some decay function ©, ,, that we will make precise in some particular cases.
1
(1) If 0 := e ks € (1/4,1/2), and 0y := 1" then

Op0r(t) = (1+C)e M xi= 21l (p(s — 1))l Dlp=1,

(2) If 0 := e~ """ is the inverse of an admissible weight with s € (0,2] and gy := e~*2I*’
with ke € (k,00) if s € (0,2) and kg € (k,1/2) if s =2, then
O .00 (t) = 6_/\?/‘7'; A>0.
(3) If 0 := (v) % and 02 := (V) %2, ko > k > ko, then
log(t) ka—k
og(t)] Nl
O, (t) =C .
QvQQ( ) |: <t> :|
Proof of Proposition 2.15. Because p2/p1 and /g2 are increasing, we have
erdh < 0 +UrdP,
with eg = 01(R)?/02(R)? = (R)*>™7 and Yr/er := 02(R)?/o(R)?, so that the three
conditions in Lemma 2.12 are satisfied by u := [|5]|", , v := [|j]|¥, and w := [|5||",. Using
Q1 Q2 e

the definition (2.42) of I';(R), we have

. 9
I, <Ty(R) = e 7B ?RC’ VR >0,
R

and we make an appropriate choice of R = R(t) depending on the case we face to.
Case (1). We take R := (at)/1l o := m, in the definition (2.42) of I';(R), so that

T, < —ot(at) 2D/ 17] " e_p(,@_%))(at)wlv\a

Case (2). We make the same choice as in Case 1, and we conclude similarly.

Case (3). We take (R) = [A"1(log(t))~*(t)]/1l, with A > 0 to be chosen later, in the
definition (2.42) of I't(R). We then get

r, < Ft(R) < e—oR”*t_i_ <R>—p(k2—k)0

(k2=k) Tlog(t) i
< ecr)\log(t>+c)\P|,y||: <t> :| 7

p(ka—k) ]
oyl -

from which we conclude by taking A =

3. A FIRST GLANCE AT Sﬁg

In this section, we consider the equation associated to the linear operator £,, we establish
some micro and macroscopic dissipativity estimates in a L? framework and next deduce
the well-posedness of the associated linear equation.
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3.1. Microscopic dissipativity estimates. Let us introduce the main microscopic
dissipativity part of the operator £, defined by

Bof = Qu, f) = a;;02,
where we recall the shorthand (2.1).

J

Lemma 3.1. For any exponent p € [1,00] and any admissible weight function w, the
function wg?p defined in (2.18) satisfies

(3.1) lim sup [<U>_7_Sw80 (v)} < Kuw,ps

w7p
|v]—o0

with ke, p < 0, and more precisely

~2k+2(1-1)(y+3) ifs=0,

(32) Rwp = § —2k ifS € (0, 2),
—2k(1 — k) if s =2.
Proof of Lemma 3.1. From the very definition (2.18) of wfgj, we have
1 Oy w Oy, 2 Ov; ;W0 2= O, 1
(33) wf%('[}) = 2 (1 _ > dz] Uq,w 'Ugw + ( . 1) aZ] Vi, U5 + 7bl ’Uzw + ( . 1> E
’ p wow p w p w p
Similarly as in the proof of Proposition 2.4, we observe that
Op,w 8%1)]'“ s—2

(3.4) = pdij + vivjp (@ + > = k()

(v)?
which implies, with the help of Lemma 2.1,

_ 2 5—2 2 _ 2- 1 _
wf?p(v) = ;U5 {p + (p — 1) <v>2] + (p - 1) aiip + Ebivm + (p - 1) c

~ h(uyrHe {m (2 - 1) s-2_ 1} 42 <1 - ;) (v +3) ().

|v|—00 p <U>2

By particularizing the different possible values of the parameters v and s, we immediately
conclude to (3.1)—(3.2). O

For a given function g = g(t, z,v), we now introduce C; the local collision part

(3.5) Cy f:=Q(u, )+ Qlg, f)

of the linearized operator £,. For an admissible weight function w, we define the modified
weight function

w = w(z,v) = bw,
for a nonnegative function 6 = 6(x,v) such that

’vve V2

(3.6) < ()7 < (o),

0 0

for any (z,v) € O and some a > 0.

Lemma 3.2. For any exponent p € [1,00] and any admissible weight function w, there
exists Cxy1 > 0 and a positive function ¢ on R® satisfying ¥ (v) — 0 as [v| — oo such that

+
the function wng defined in (2.18) satisfies

s CF
(3.7) (0) 7wy (V) < Kup + Cxllgllag +¢, V(z,v) € O.
Proof of Lemma 3.2. We split the proof into four steps.
Step 1. From the definition of w%’ in (3.3) and observing that

8in _ aﬂlw + 81116 aijw 8Uivjw + 281)1&) a’UJQ + avivje
@ w 9’ @ w w 0 0’
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we have
5 A _ Opw Oy, 0 1\ _ 0y,00,,0 2 _ Oy0,0 22 0,0
Wiy = Wap + 20ij » 9]+2(1_p @ij—g 6] + Z;—l ajj 9] —i—};bi 0
Thanks to Lemma 2.1, (3.4) and (3.6), we get
3 W 8'0]'9 _ a 08@9
i it R IR Yt+s—2—a Yl 77| < y—2«
Qg w 9 ‘ ~ k<U> ) iy 9 ‘ ~ <’U> )
and 0 o ;
Gij—" ‘ S @77 iy ‘ S ()7

The identity and these estimates together imply
(0) By < () + O()

Step 2. We now consider wQ(g ") for an exponent p € [1,00]. Arguing in the same way as
in the proof of Lemma 3.1, we have

wﬁ%ﬂw)@) = (ai * g)vivjp [K‘) + <129 B 1) S<U_>22}

2 1
+ (p - 1) (@i x g)p + ~ (b * gJuip + (p - 1) (cxg).
Thanks to Lemma 2.2 and the very definition of g, we deduce
@8] S K () lgll oz

Qlg,)

P

‘ Op;w Op; 0 1 Dy, 0 Oy, 0
wgg)g’):wﬁgjg")—i—% J*g) d 9] +2<1—p> (aij * g) é 9]

2 O, .0 2 Oy, 0
+ (p - 1> (aij + 9) =7 + 5 bixg) 0
Using the same estimates as in Step 1 and the conclusion of Step 2, we find

=871 S Can o) lgllacy

Step 3. We finally consider @ Similarly as in Step 1, we compute

for some constant Cly,.

Step 4. Using that

¢y _

w,p w,p
and the estimates established in Step 1, in Step 3 and in Lemma 3.1, we obtain

w

. —y—s _CF
(3.8) hﬁl sup | (v)" " @yl (0) | < Fuwp + Cxo llgll o,
v|—00
from which we immediately conclude. O

3.2. Dissipativity estimate in L. In this section, we establish some (possibly weak)
dissipativity property for the solutions to the linear equation (1.33).

Proposition 3.3. Consider an admissible weight function w. There exist constants
e1,0, Ry, My > 0 (only depending on w) and a modified weight function @ : O — (0, 00)
with equivalent velocity growth as w such that if ||g||x, < €1, then for any solution f to
the linear equation (1.33) associated to the linear operator Ly and the reflection boundary
condition (1.2), there holds

(39) S @)+ oI ey < MR iy

It is worth emphasizing that depending of the value of v and the choice of the weight
function w this differential inequality provides the dissipativity property (exponential decay)
of the norm (when H!*(w) C L2(w)) or not.
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Proof of Proposition 3.3. We split the proof into six steps.
Step 1. We define the modified weight function wg = wa(v) by
(3.10) Wi = xal "+ (1= xa)w?

where x4 (v) = x(%), A > 1 will be chosen later (large enough), and y € C?(R,) with
1p1] < x < 1jgg- We then define a second modified weight function @ = &(z,v) by

(3.11) % = {1+;(n$-v)<v>7 S}wA,

and we observe that

2
WA,

DO | o

1 -
1<wyg <cpgw and §w124§w2§

for some constant ¢4 > 1. We finally remark that we can write

w = 0w
with )
6% = {1 + 5(7%5 . v)<v>7_3} [1 + XA(///_IUJ_2 — 1)]
that satisfies, for any A > 0,
0,0 Oy, v, 0
il | < -2 Vi,Vj < -3
Llso Sl s o,

Given a solution f to the linear equation (1.33), we write

1d - e ~

sl e = L€ nsa+ [ nsa+ [ f2o-va@?)
- [ -0),

where C;~ stands for the nonlocal collision part

(3.13) Cy [ = Qf, ) —7Q(g, [).
of the linearized operator Ly, and C/ is the local collision part defined in (3.5).
Step 2. For the first term at the right-hand side of (3.12), we may use Lemma 2.5

L€insa == [ao.@no,@n+ [ =hre,

(3.12)

+
where @;; := a;; * (g9 + p) and wgf’2 satisfies (3.7) in Lemma 3.2 thanks to the above
estimates on 6. We observe that

G100, (@)D, (@F) = @100, (@£)D0, (@F) + (aig * )y, @)y, (@)
(c ~ Cro2llglla ) W) IVu(@P,

for a constant C' > 0 given by Lemma 2.1 and (2.5), and for a constant Cx, 2 given by
(2.9) and (2.5). For the second term at the right-hand side of (3.12), we may use (2.10)
and (2.13) in order to get

Jo(€r 0113 < [ (Cante™™ + Canalallate) )37,
for constants C4,,Cx, 3 > 0 given by Lemma 2.3 and Lemma 2.4 respectively.

Step 3. For the third term at the right-hand side of (3.12) we observe that V. (@?) =
L Dyngv (v)773w? and therefore

2
/f2vV @) /vaan><>”3A
<or [ et

v

for some constant C'; > 0.
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Step 4. The boundary term in (3.12) can be decomposed as

Lo o) = [P0+ 5 [P 020
On the one hand we have

Lot o) = [ G Pwsting ol = [ (- fPwatio ol

+ —
Using the boundary condition in (1.33) together with the fact that s +— s? is convex, we
get

L Geprosting ol = [ {0 =057 + 02 Y walng o
pI- Y

< [ 0=0@unpiesting o+ [ e Dt wsting ol
>

Making the change of variables v — V,v in the integral over ¥_ and observing that
’U| = |Vx’ and ng - v = —ng - V;, we have

/ (V- f)?wa®[ng - vl 5/2 (1—L)(%J‘")QWAZM'U|JF/Z Uyt f) 2t wn®|ng - o).

+

Altogether, we have established
Lm0 = [ nfonting ol = [ rhratosng ol

+ Xy
By the Cauchy-Schwarz inequality, there holds

(e hHa) < Kalwon) [ (e me - 0)s

+
with
Ko(wy) = /3 w2 (ng - v)4 dv < oo,
R
Denoting
Kiwa) = [ AP0 (- v)s dv < o,
R
we thus deduce

[P0 = [ [Kawa) ™ = Kawn)] G100

On the other hand, thanks to the Cauchy-Schwarz inequality, we have
L o2 = Kolwa) ™ [ (00
where we denote
Ko(wa) = /3(U>3_7w22 dv < o0.
R

For the boundary term in (3.12), we finally obtain the following bound
1 1],
610 = [0 0) < [ 1[Kiwa) - Kalwa) ! = 3Kolwa) ™| (7P

Observing that wa — .# 2 when A — 0o, we deduce that Ko(wa) — Ko(z//lflﬂ) >0,
Ki(wa) = K1 (#~/?) =1 and Ky(wa) — Ko(#~1/?) = 1 thanks to the normalization
condition on .#. We therefore may choose A > 0 large enough such that

(3.15) Ki(wa) — Ka(wa) ! %KO(MA)* <.

Step 5. Coming back to (3.12), throwing away the last term thanks to Step 4 and gathering
the estimates of Step 2 and Step 3, we obtain

31132 @) < ~(C = Calglla) 1V PV, @ IR, + [ 2, 1257
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with
(3.16)  (v) 7%y 1= kw2 + Capallgllan + ¢ + Cxy sllgllag (V)™ + (Cag + C7) (v) 7%,

where we recall that x, 2 < 0 is defined in (3.2) at Lemma 3.1. Defining

1 C |Kw 2
3.17 €1 := — min , : > 0,
(317) P2 (Cxo,z Cxo1 +Cx 3

we deduce that

W)@y < JRep+ Y+ (Cag +CO7){o) 1
< kw2 + (V)7 Milaxa,,
for some constants M;, Ry > 0. We conclude by choosing o := min(%mw,g\, 30). O

3.3. The semigroup S;,. We prove the well-posedness of the linear equation (1.33)
associated to the operator £, in a weighted L? framework and the fact that we may
associate to it a non-autonomous semigroup (or evolution system [58, Chapter 5]). For
further reference, we introduce the set %, associated to the conservation laws (C1) and
(C2) and defined by

€, = {f € LL,((v)?); (f) =0}if ¢ #0,
%, :={f € L, ((v)*); (/) ={flv]*) = (fR-v) =0,VR e Ra}if 1 =0,

and then define I+ = I — II, where II is the projector associated to the conservation laws
set €,. More precisely, for ¢ # 0, II is the orthogonal projector on p in L2, (1~'/?) and for
¢ = 0, II is the orthogonal projector in L2 (1~'/?) on the subspace generated by

{u; R(z) - vp, R € Ra; v}

Theorem 3.4. Consider an admissible weight function w and a function g € Xy such that
llgllx, < e1. We denote by w the modified weight function introduced in Proposition 3.5.

For any to > 0 and fi, € LE(O), there exists a unique weak solution f € C([to,T]; L) N
L3((to,T) x Q; HY*(@)), VT > to, to the linear equation (1.33) associated to the initial
datum fr,. This one satisfies the dissipativity estimate (1.43) and it satisfies fr € €, for any
t>0if fo € 6,. Asin Theorem 2.11, the evolution PDE equation in (1.33) is satisfied in
the distributional sense and the trace and initial conditions in (1.33) are satisfied pointwisely
by the trace functions vf and f(0,-) provided by the trace Theorem 2.8.

As a consequence, the mapping (to,t) — S, (t,t0) fi, := ft defines a non-autonomous
semigroup on L?*(w) such that (1.43) holds true. The conservation laws may be expressed
by the fact that Sg, defines a semigroup on L?(w) N'E, or equivalently that the identity
HJ-Sgg = Sggl_[L holds.

Proof of Theorem 3.J. Because the condition on g still holds after time translation, we may
reduces the discussion to the case tg = 0. Thanks to the dissipativity estimate established in
Proposition 3.3, the well-posedness is a direct application of Theorem 2.11 to the operators

Lf:=Q(u+g,f)=0aij0u.uf —cf,
where a;; = a;; * (u+g9),c=cx(n+g) and

<%/[f] = Q(f?:u’) - WQ(gvf)u

in the space L2(0) which provides a unique solution f € C([0,T], L?(w)) N L?((0,T) x
Q; H;J*), for all T' > 0, to the linear equation (1.33) associated to any given initial datum
f(0) = fo € L?(w). From the well-posedness of this linear problem, we may associate a
semigroup Sg, by setting t — Sg,(,0)fo := f; for any ¢ > 0. The estimate (1.43) is a
consequence of (3.9) and Gronwall’s lemma. The conservation laws f; € %, follows from
the discussion in Section 1.2. O
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4. DECAY ESTIMATES FOR Sgg

4.1. Dissipativity estimate on Sg:. For a given function g = g(¢, z,v) such that g € Ap,
we recall the splitting £, = By + Ay in (1.34)—(1.35), namely

Agf = Cqf+ Mxg,
Byf = —U‘Va;f—i-C;f—MXR,

with M, R > 0 to be chosen later, and where we recall that C;t have been defined in (3.5)
and (3.13). We are interested in the decay property of the semigroup Sp, associated to
the primal problem

of = B,f in (0,T) x O,
(41) ’Y*f = ‘%,erf on (OvT) X E*?
f0) = fo in O,

for any given initial datum fp and any 7" > 0. Most of the job will be done on the dual
semigroup SB; associated to the backward dual problem

—;h = Bth in (0,T)x O,
(4.2) yih =R y_h on (0,7)x X4,
WT) = hr in 0,

for any final datum hr. Here the dual operator By is defined by
k1o +\*
Byh=wv-Vih+(Cy)"h — Mxrh

with

(Cg)"h = (aj * [+ g])Ov, ;b + 2(bi * [+ g]) v, P,
and the dual reflection operator Z* is defined by
(4.3) X =1-1)S+.9"
where Z* is defined on X_ by

D*h(x) = Mh(z) = | hlz,w)H(w)(ng  w)_ dw.

i

Proposition 4.1. Consider an admissible weight function w. There exist constants
€9,0, Ry, My > 0 (only depending on w) and a modified weight function @ : O — (0, 00)
with equivalent velocity growth as w such that if ||g||lx, < €2, then any solution f to the

linear equation (4.1) associated to By satisfies, for any M > My and R > Ry,

(4.4) ||fHL2 V@ Ol ey <O

2dt

Proof of Proposition 4.1. Defining w as in the Step 1 of the proof of Proposition 3.3, any
solution f to (4.1) satisfies

1d - - -
5@”]“\%3@(@) = /o [(C;f) - MXRf} f@® + /OfQU V(@) — /E(’Yf)ZWQ(nm - ).
Arguing exactly as in the proof of Proposition 3.3, we obtain
1d - ~ ~ ~
251113 @ < (€ = Caalgla) ey 9. @R, + [ (@5, - M) 57
with now

(4.5) ()78, = fwp + Cxpallgllag + ¢+ Cr(v) ™77,

where £, 2 < 0 is defined in (3.2), Cx, 1 is defined in Lemma 3.2 and C'7 > 0 is the constant
appearing in the proof of Proposition 3.3. We then define

_ 1 C  |kwyp
4.6 € - mln : > 0,
(10 . <Cxo,2 Cixo1
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and we deduce that
%“w,p + ¢+ Cr{v) ' *

1 vy
3hwp T (V) Maloxpy,

(0) @,

IN A

for some constants Mo, Rz > 0. We conclude by observing that @p, — Mxp < (V) Ky p/3
and choosing o := min(3|kwy|, 3C). O

Proposition 4.2. Let us consider an admissible weight function w and an exponent
g € {1} U[2,00). There exist constants €3, M3, Rg,0 > 0 (only depending on w and q) and
a modified weight function m : O — (0, 00) with equivalent velocity decay as m = w™! such
that if ||g|lx, < €2, then any solution h to the dual backward linear problem (4.2) associated

to By satisfies, for any M > M3 and R > Rs,

1d (v+
(4.7) bl + o1}

5>h|y%q(m) <.

Proof of Proposition 4.2. Arguing in a similar way as during the proof of Proposition 3.3,
we split the proof into five steps.

Step 1. We first define the weight function m 4 = ma(v) by

(4.8) mYy = xall + (1 — xa)m?

v

where xa(v) = x(§), A > 1 will be chosen later (large enough), and x € C%*(R;) with
1jo,1) < X < 1jp2- We then define the modified weight m = m(z,v) by

1
(49) it =i {1 = S0 o))
and we observe that
1 _ 3

cgl./// <mf <cgm? and §m?4 <mi< im%,

for some constant c4 > 0. We remark that we can write
ml — e9md
with
1
97 = {1 — —(ng - v)(vﬁﬂ 1+ xa(Am™1—1)],

2
which satisfies, for any A > 0,

. Oy, v, 0
U
We may then write
1d q - +y* q—234
il = 1€ h = Manlalnp

(4.10) |
o [ nite Vo + [ bt o),
qJO b))

and we estimate each term separately.

Step 2. For the first term at the right-hand side of (4.10), Lemma 2.5 implies

/ (C)"h = Mxgh] hlh|""2m? = _4<q;1>/ @ij0y HO,, H
@] q @)

+ *
+/O{w£§,gq) _MXR}‘h’qmqu

with H := m%2h|h|?27 and @;; := a;;*(u+g). As in Step 2 of the proof of Proposition 3.3,
we have

63500, HOu, H > (C' — Oy 2|9l x,) (0) Vo H?,
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for positive constants C, Cxy,2 > 0. Thanks to the estimates on ¢ above, we can argue as
in Step 1 of the proof of Lemma 3.2 to deduce

+y* + %
W)y e < () wly) + o)
+yx
which together with Remark 2.7 imply that wgf’q)
Lemma 3.2, namely

also satisfies the estimate (3.7) in

—Y—S (C;)* < C
()P < kwpt+ Cag

m7q

llay + 2,
where p is the conjugate exponent of ¢, that is 1/p+1/¢ =1, and k  is defined in (3.2).

Step 3. For the second term at the right-hand side of (4.10), we observe that V,(m?) =
—3Dyn,v (v)773mY and therefore

1
/ 1|00 - V. (79) = _7/ IB]9(v - Dyngo) ()73
o 2Jo
<cr [ |plra o).
(@]
Step 4. The boundary term in (4.10) can be decomposed as

@) [ bl o) = [t o) = 5 [ hltm 0207,

On the one hand, for the first term in (4.11) we have

i o) = [ prenitmgng ol = [ pobtmgn ol
+

Using the boundary condition in (4.2) together with the fact that s — |s|? is convex, we
get

/E]’y+h\qm1q4\nx'v|:/ (1= Iy + Dy b mS |y -]

+ Xy
< / (1 = ) Sy h|ImS | - ol +/ It ', g - o).
i O
Making the change of variables v — V,v in the integral over 3 yields

[ lshltmiing ol < [ (1= Ol bt ol + [ doshotmfng ol
oy b ¥

and thus
[ bt v) < [ onZhot e ol = [ y-hitmg o

When ¢ = 1 we use that ma > .# to obtain

[ Irhlmatng ) < (KaGma) =1 | dy-hat],
) o0

where we denote
Ki(my) = /3 ma(ng - v)— dv < co.
R

Otherwise when g > 2, by Hoélder’s inequality, we have
bt @) < Kama) [ y-hifmGn o,

with
g a4 (g—1)
Kay(my) = ( MTTTm T (ng - v)— dv) < 00.
R3
Denoting
Ki(my) = / m (ny - v)— dv < oo,
R3
we deduce

/E”Yh’qqu(nac v) < [K1(mA) — K2(mA)71} /(99 L”}//__M‘q.
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On the other hand, for the second term in (4.11), using the boundary condition, we get
[ bt o))
= / ly—h|Tm (ng - v)2 (V)73 + (1 — o)L y—h + 1D y_h|Tm% (n, - v)* (V)73
il oy

_ / _h|TmY (g - 0)2 @) 3+ [ (1= )y_h + P y_h|Im% (ng - v)2(v)7 3.
pI- pI

If ¢ =1 we write

L btmatns - 020 = [yt mans - 02 )
> 2

> Ko(ma) [ ih-hot),
oN
with
Ko(ma) = /3 ma(v)Y3(ng - v)% dv < o0.
-

In the case when g > 2, we use Holder’s inequality to write
i e 0200 = Ko(ma) ™ [ itk

where

_a -1 g—+3 9=2 a-1

Ko(ma) = < MTTm T ) T (g - v) 4T dv) < 0.
R3

With the convention Ka(m,4) =1 when ¢ = 1, the boundary term (4.11) may finally be
bounded in the following way

(4.12) /thwm%nx-u) < /mb {Kl(mA) ~ Ky(ma)~t — ;Ko(mA)_l] bt

Observing that m — M0 when A — 00, we deduce that Ko(ma) — Ko(//l%) > 0,

1 1
Ki(ma) — K1( A7) =1 as well as Ko(my) — Kao(# 7) = 1 thanks to the normalization
condition on .#. We may therefore choose A > 0, large enough, such that

(4.13) Ki(ma) — Ko(ma)™t — %Ko(mA)_l <0.

Step 5. Coming back to (4.10), throwing away the last term thanks to Step 4 and gathering
the estimates of Step 2 and Step 3, we obtain

1d 4(qg—-1), ~ = - ~
LIy + N C ~ ol [ (0 9LHE < [ {5, - M) bl
q (@] 0

q dt Lg,v(;ﬁ
with

(V) BBy 1= Kuwp + Caollgllan + 9+ O (v) ™ 7%
Arguing exactly as in Step 5 of the proof of Proposition 3.3, we deduce that there are
€3, M3, R3 > 0 such that for all ||g||x, < €3, any M > Ms and R > Rs, there holds
(C — Cx,2llgllxy) = C/2 and also @, — Mxr < (v)7*%k,/3. This concludes the proof
with o > 0 as in Step 5 of the proof of Proposition 3.3. O

4.2. Decay estimate for Sp . We start with a first well-posedness result for the linear
problem (4.1) associated to B, which extends and improves the similar result Theorem 3.4
for the linear problem (1.33) associated to L.

Proposition 4.3. Consider an admissible weight function w and a function g € Aj
such that ||g||lx, < €2, where e2 > 0 is given by Proposition 4.1. There exists a non-
autonomous semigroup Sg, on L*(w) such that for any to > 0 and f;, € L2(0), the
function f; := Sp, (t,t0) f1, is the unique solution in C([to, T); L2)NL*((to, T) x Q; HY*(@)),
VT > tg, to the equation (4.1) associated to the linear operator B, and to the initial datum
fto- Furthermore, if fi, € LP(pt/P=1) with p € [2,4], then f; € LP(u'=1/P) for any t > tg.
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Proof of Proposition 4.3. Repeating the proof of Theorem 3.4 and using the dissipative
estimate for B, given by Proposition 4.1, we obtain the existence and uniqueness of a
solution in the L?(w) framework and then the existence of the associated semigroup Sg -

For dealing with the result in the LP(pu!'/P~1) framework, we use a very classical ap-
proximation argument. We assume that fo € LP(u'/P~1) N L?(w) with p € [2,4], for some
weight function w such that L?(w) € L?(u!/?~1), and we consider the associated solution
f € C([0,T), L*(w)) provided by the existence result in the L?(w) framework. For the sake
of simplicity we only consider the case p = 4 since it will be enough for our purpose and
that anyway the case p € (2,4) can be easily deduced from that one. We fix a function
f: R — Ry convex and increasing linearly at the infinity. Setting ¢ := f/.# and using
here and below the shorthands

we recall that f satisfies the PDE equation in (4.1) where By is given by

Byf = —v-Vaf +a;0; ;= ¢f — MXR/.
We first observe that

[ @502, 08 6) = = [ BB @0uf ~ [ 300 0,8(8) = Ti + T,
R3 R3 R3
where we have performed one integration by part. For the first term, we have
T = [ B @bt ~ | B0 0ht
R3 R3
= = [ B@bdt + [ 56D + )
R3 R3

where we have used one integration by part again in the last line. In order to deal with
the second term, we define ¢ := f.#'/P~1 = ¢4/, and we directly compute

T, - - /R , 8@, (0t 770, (5t~ 17)

= = [ 8@t ua 20— (1=2) [ G,0,(08(6) - 5(6)0.,.4

+— / B (6)§%asy M~ Dy M Dy, M
b” JR3

Performing one integration by parts for dealing with the second term, we get

T = - /]RJ /B//(¢)fdijavi¢8vjw%172/p + % /3 ,3//(¢)¢25ij.//718w,//80j'//
2 /
+ (1 - p) /R3(¢5 (6) = B(¢)) (0:00; M + i, M ).

All together, we deduce that at least formally
5 [ oona =~ [ 5" @yaonvon a2 — [ 56040, -0
dt Jo o R b 7 ’
/ ~ ~ 1 7 ~
+ [ o @)@~ 2wt — [ p@)@d + 5 [ 7006 v

with
N 2- 0, 2\ _ Op, M _
w = _Eb /// <l—>aw 7 —C
2~ 2
= bwﬁ—(l—) AV — Qi) — C
) p (@ijvivy — i)
4
= @ (=5 +Ollglln) ) + O,
and

aow; = 2(0)7" 1+ O0(llgllx,) + O((v)7),
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where in the two last lines we have used Lemma 2.1 and Lemma 2.2.

Observing that 0 < (o)., ¢S’ (¢)# < |f| so that each of the above integral term is
well defined, that identity may be established rigorously from the Green formula (2.25)
and a Stone-Weierstrass type argument. The boundary term is nonpositive thanks to a
Darrozes-Guiraud type inequality [21]. More precisely, we write

Lo ns Dy

< [ o {is )+ Lw(‘%*f)}///—/E+<v-nx>+ﬁ<w>/fz

A M 4
= [ e {seh - sh <0

where we have used the convexity of 5 in the second line, the change of variable v — Ryv
in the next equality and the very definition of v, f as well as the Jensen inequality for
the probability measure .# (v - n;)ydv in order to get the last inequality. It is worth
emphasizing again that because vf € L?(I';d¢2dt) c L'(I';d¢tdt) the above computation
is licit.

We then take p = 4 and 8 = (84 the even function such that /4(s) := 12s?72143<4 on
R4, and next the primitives which vanish in the origin and which are thus defined by
B'(s) = 4s315<a + 4A3145 4 and B(s) = s'1sca + (4435 — 34%) 142 4. In particular, we
verify that 0 < 3s*1,c4 +34%1,54 = s8/(s) — B(s) < 33(s) and B"(s)s? < 125(s). We set

2 1= —5B"(0)% 0, + (65'(6) — BO)Z.
For |¢| < A, we have
Z = (iaijvivj + 3&) o
< [z (=5 +e+ Clllln ) + e, 6" < A1,

for e > 0 and ¢ > 0 small enough. Similarly, for |¢p| > A, we have

Z = (68(9) - B(6)E
(68'(9) = B(9)) [()7*? (~1+ 2+ Cllglla) + Celiy
< 3/6(¢)CE]-BR7

for ¢ > 0 and ¢9 > 0 small enough.

IN

Coming back to the above differential equation, we may through away the two first term
at the RHS and we may use the last bounds in order to get

d
T a1 < [ Bat@)#(3C 15, — Mxr) <0.

Using Gronwall’s lemma and next passing to the limit A — oo, we deduce that || f[| 1p(,1/0-1) <

[ foll Lo(u1rv-1y for any ¢ > 0. We extends the same result for any fo € LP(p/P=1) by a
density argument. O

We establish the counterpart of the previous result for the dual problem (4.2).

Proposition 4.4. Consider an admissible weight function w and a function g € Ay
such that ||g||x, < €3, where e3 > 0 is given in Proposition 4.2. For any hy € L*(w™1),
there exists a unique solution to the dual problem (4.2) in an appropriate space that we
make explicit during the proof. Furthermore, if hp € Lp(w_l/q) with q € [2,4], then
hi € LI(w= 1) for any t € [0,T).

Proof of Proposition 4.4. The proof is very similar to the proof of Proposition 4.3 and we
thus just sketch it.
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Step 1. We define m := w™! and next m by (4.8)-(4.9). Because of the estimate established

in Proposition 4.2 in the case ¢ = 2, we may use Theorem 2.11 exactly as in the proof

of Theorem 3.4 and we get that for any hy € L?(m) there exists h € C([0,T]; L*()) N
L2((0,T) x & Hv,m) unique solution to the dual problem (4.2).

Step 2. We proceed similarly and using the same notations as during the proof of
Proposition 4.2 and Proposition 4.3. Let us thus consider hy € LY C L?(m) and the
associated solution h exhibited in the Step 1. We fix a function 5 : R — R, convex,
increasing linearly at the infinity and such that sf’(s) > 0. We compute

d
_7/ B(hywm = / (v - 2) B(yh) — / B (1) O, hdy, hii
dt Jo ) o c
—I—/ B(h)(&ijagwjﬁz —cem—v-Vym)— / hB'(h)Mxgm.
@ @]
Using that 5 is convex and arguing as in Step 4 in the proof of Proposition 4.2, we have

/E(u ) B(vh) < /m LK1 (ma) — 1 — Ko(ma)] BAA_h) <0,

for A large enough. On the other hand, with the same notations as in Lemma 3.1 and
during its proof, we have

_ s—2
aw@ijm = ajj {—%p + vivij (1 — 0)? )] m

~ nw,1<v>7+sm
|v]—o0

and because k.1 < 0, we may argue similarly as during the proof of Lemma 3.2 and
establish that

a”a m—cm<m

for ||g||x, < €3, €3 > 0 small enough. Coming back to the above differential equation,

throwing away the two first and the last (all negative) terms and using the last estimate,

we immediately obtain
d - _
@ @

[ g nm < c@) [ s,

for a constant C'(T") independent of 5. We conclude in the same way as during the proof
of Proposition 4.3 by choosing the same appropriate sequence Sr(s) 7 |s|?. O

so that

We are now in position for establishing the decay result for the semigroup Sp,. Recalling
the definition of the decay function O, ., in Proposition 2.13, we shall hereafter abuse
notation and write ©,, () = e~ for some A > 0 when w is an admissible weight function
verifying v + s > 0.

Proposition 4.5. Consider an admissible weight function w and a function g € Xy such
that ||g|| x, < min(eq,e3), where 2,63 > 0 are given in Propositions J.1 and 4.2 respectively.
For any p € [2, 0], the semigroup Sp, ezhibited in Proposition 4.3 extends to LY, and more
precisely

(4.14) 158, (8 7) frll oz, < 17 llzp
(4.15) 158, (t, 7) frllrp, < Oww. (t = T)|frlI 2,

foranyt>71 >0, any fr € LP(w) and any admissible weight function w, < w.

Proof of Proposition 4.5. We shall prove that Sg- is the adjoint of Sp, and we next use the
estimate established on S and a duality argument. We set m := wlandg:=p/(p—1) €
[1,2] the conjugate exponent associated to p. We split the proof into three steps.
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Step 1. Consider fy € L*(u=%/*) and hy € L*(u'/*) for T > 0. We observe that if f is the
solution to the primal forward problem (4.1) associated to fy given by Proposition 4.3 and h
is a solution to the backward dual problem (4.2) associated to hp given by Proposition 4.4,
we may apply Proposition 2.10 with the choice a(o) = (o) = 0, p = 1, and we get

/Of(T)hT_/Ofoh(O)—/()T/E(na;‘v)(’yf)('yh) d¢lds.

The boundary term is well defined because on the one hand f € L>(0,T; L*(x~3/*)) from
Proposition 4.3 and thus vy f € L4(d§/2r3/4) c L? (dﬁi,m) from Theorem 2.8 and the Cauchy-

Schwarz inequality, and in the other hand h € L>(0,T; L*(u'/4)) from Proposition 4.4 and
thus vh € L* (dfil ) C L2 (df;l /) from Theorem 2.8 and the Cauchy-Schwarz inequality.

We next have

L vanem s = [ g v) (@b et
b oy
+ [ o) (@ )k a€t =0,

where we have used the reflection conditions in (4.1) and in (4.2) in the first equality and
the very definitions of the reflection operators # in (1.8) and %Z* in (4.3) in the second
equality. We have thus established the duality identity

(4.16) L s@me = | fah(o)

and this one extends to any fo € L?(w) and hy € L?*(m) by a density argument.

Step 2. We first emphasize that for hg € L?(m), the differential inequality (4.7) in particular
implies

(4.17) 1h(O)lzs < llarl e

The computations in Proposition 4.2 can indeed be rigorously justified in the well-posedness
framework introduced in Proposition 4.4. We then write

IFD)llr | = / F(T)h
" hpeLld,; ||hTHLq <1

= sup /foh(O).
hTEL,?n;”hTHLq~ <1 @

= sup [ follze 1A pe < [ follrr
h/]’EL,%L;”hTHLq~ <1 m m
m

where we have used a classical duality identity in the first line, the identity (4.16) in the

second line, the Holder inequality and the estimate (4.17) in the last line. Observing that
w ~ m~1, we have established the first estimate (4.14) for 7 = 0. The general case follows
by time translation.

Step 3. For ¢ = 1,2, the differential inequality (4.7) also implies

Sy + OB vy < O

If v+ s < 0, using last estimate, the estimate (4.17) associated to a weight function
m, = w; ' with w, < w, and Proposition 2.13, we deduce

(4.18) 11Ol zs, < Omum (T)lBrl 12, -
Otherwise if v + s > 0, we immediately obtain
1Az < ezl

that is (4.18) with m, = m and m,. = m.
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As in Step 2, we write

KOl = s [ oh(0)
ek heL?, slhrle <1
< sup 1 follze _ 1A (O)] e,

heLy slhrlla <
Mx

< sup 1 follz»
heLdlibrllpg <1

= ww*( )”fOHLP )

—1

71®m*,m(T)HhTHL§h*'

where we have used Hoélder’s inequality in the second line, the estimate (4.18) in the third
line and the fact that ©,,, (') = Oy, (T) in the last line. That is nothing but (4.15) for
p=2,00 and 7 = 0. The general case for 7 > 0 and p € [2, 00| follows by time translation
and an interpolation argument. U

5. ULTRACONTRACTIVITY PROPERTY OF SBg

5.1. De Giorgi-Nash-Moser type estimate. In this section we establish a De Giorgi-
Nash-Moser type estimate of gain of integrability for solutions to equation (4.2) associated to
B in the spirit of [30, 57]. This will be established in Theorem 5.7 below, as a consequence
of a series of intermediate results. By a duality argument we shall finally obtain the
ultracontractivity of Sg, in Theorem 5.8. We start by our key estimate associated to the
operator Bj.

Proposition 5.1. Consider an admissible weight function w and define m := w='. There
exist constants €4, Ma, Ry > 0 such that if ||g||x, < €4, then for any T > 0, any solution h

to the linear equation (4.2) associated to By on (0,T) and any nonnegative test function
p € CX((0,T)), there holds, for cmy M > M4 and R > Ry,

2 _3 (nz - v) r 2 /
6 [ [ P Tz @S [ IR

Remark 5.2. Hereafter we fix contants M > max (M, My, M3, My) and R > max(R1, R, R, Ry)
in the definition of the operators By and A, in (1.34)—(1.35) in such a way that all previous
results on By and B (Propositions 4.1, 4.2, 4.3, 4.4, 4.5, and 5.1) are satisfied.

Proof of Proposition 5.1. We define the modified weight function m 4 by (4.8) with ¢ = 2
and then we define m = m(z,v) by
61/2

= {1 — L)) = S v><v>v-3} m,

where D = sup,cq 0 is half the diameter of Q2. We already observe that

2 2

1 ~ 3
c;ll/// < m?4 <ecam” and imi <m?< §mA’

for come constant ¢4 > 0. As in the proof of Proposition 4.2, we remark that we can write
mQ — 92m2

9 1 51/2 s

and we also have, for any A > 0,

2l s

with
[XA///TTL_2 +1- XA] ,

Oy, v, 0
Setl < ),

Step 1. We multiply (4.2) by hep?m? and we integrate in order to obtain

T
//{—ath—v-vxh—(c;)*h—MXRh}h¢2m2:0,
0 JO
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or in other words

2//1120,5 2//h2¢QUVm—7//7hgpmnxv)

(5.2)
_/ )b+ Mxrh, h) 2 ()@ ©?

Step 2. Arguing as in Step 2 of the proof of Proposition 4.2, we have
L€y n =] it < ~(€ = Caallgllz) [ (0190

4y
+/O{w§§fq) —MXR} n2m?,

+y
€ )" satisfies the estimate (3.7) in Lemma 3.2.

(
where ;%

Step 3. Observing that § = 0 on the boundary 92, the boundary term in (5.2) can be
decomposed as

—;/OT/E(W)Q@Q%Q(%-U) = —;/OTch/E(’Vh)Qmi(nx‘v)

T
tg [ @ Lo v

Arguing as in Step 4 of the proof of Proposition 4.2, we can choose A > 0 large enough

such that r,
5 | Lom2etmin, v = o

Step 4. In order to deal with the second term at the left-hand side of (5.2), we define
Y = 82(ny - v)(v)773. Observing that (v)1) € L3, Vo € LY, and

(5.3)

_ _ 1 2/ \y=3 _ s1/2 ) ¥—3
v-Vap = 2(571/2(7% -v)*(v) 07 4(Dyng s v @ v){(v)777,

we compute
51/2

(nx ’ U)2 D1/2

(Dyny ’U®U)}.

1 1
. ~9 2 =3 ) . JE
v-Vem® = f4mA<v> { (Dgng :v®@0) + 5D1/251/2

Therefore we deduce

(ng - v
A R e N R Y W R T

fo some constant C7 > 0.

Step 5. Gathering previous estimates, it follows

_3(Ng -V
16D1/2//h2§02m )7 (61/2) (C Cxy.21l9]l x) // ’V (mh ‘2 2

// Mxp — wB* h2m<,0 <//h2

with, using the notation of Lemma 3.2,
()77 @ = kw2 + Cxpallglley + ¥ + (Cr + C)(v) 712

We can then conclude by arguing as in Step 5 of the proof of Proposition 4.2. More precisely,
we deduce that there are €4, My, R4 > 0 such that for all ||g||x, < €4, any M > My and
R > Ry, there holds (C' — Cx, 2llgllx,) > C/2 and Mxr — @5 > (v)715[ky 2| /3, which
completes the proof. O

We state and prove an elementary interpolation result which will be useful in the sequel.

Lemma 5.3. For any function f: O — R, there holds

5 (g - v)?

(54) I6740) " o) S [ 1200 + 19 o,
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Proof of Lemma 5.5. For ( > 0, we start by writing
/Of2<1]>_2(5_1/8 = /O-]02<U>_25_1/81(ngc~v)2>(52C + /O.]02<U>_26_1/81|ngc~v|§5c
= Ty +1T5.

For the first term, we have

2 _9 (ng - v) 2 o (g - v)?
T < /f 1n1v 2>62¢ T5r11/8 52C+1/8 _/ f 51/2 )

by choosing ¢ = 3/16. For the second term, we compute

1/3 2/3
/ 5*1/8 (/ f6> </ <U>31nz-v|<54>
Q R3 R3 -
< / 6—1/8+2C/3/ |vvf‘27
~ Ja R3

where we have used the Holder inequality in the first line and the Sobolev inequality in the
second line together with the observation that (v)~3 € L®°(R; L'(R?)). We conclude to
(5.4). O

T

IN

We reformulate Proposition 5.1 in a more convenient way, where the penalization of the
neighborhood of the boundary is made clear.

Proposition 5.4. Under the same setting as in Proposition 5.1 there holds
_ 18
1674 (w) "2 mhel| L2y S Imby/ ()4l L2
where we recalld = (0,T) x O.
Proof of Proposition 5. 4 Observing that
~—3
IV, (o) T )12 < I1(0) T Vo(hm) gz + [hm ()T |12 < 1Pl 2. 1y
the estimate is a direct consequence of Proposition 5.1 and Lemma, 5.3. ]

On the other hand, we may establish a penalized gain of integrability as a simple
consequence of available results known to hold on the whole space [30].

Proposition 5.5. Under the same setting as in Proposition 5.1, for any p € (2,7/3) and

any o > p there holds
7_ 7.5
o S (T T5) (o)l + i ).

where we recalld = (0,T) x O.

(y+4)

3P vy 2 mhp

Proof of Proposition 5.5. We split the proof into four steps.

Step 1. Let mg = <U>_L;4)m and ¢ € C(9), with 0 < ¢ < 1, and define h = hoCmy.

From (4.2) and using the shorthands @ = a * [u+g], b = b* [+ g], and ¢ = cx [u + g], we
see that h satisfies

(5.5) —h—v-Vyh = —moh (8, + v - Vy) (90) +¢Cmo {avi (@O, h) + D, b — MXRh} .
Observing that
8,,1. [Ziij@,,j (hmo)} = m()avi (Eiijavj h) + h@@vimo + 2'dz-j8vj havim(] + haijaijmo

~ (%mo

I

= m()avi (Ei,-javj h)

we use that mgdy,h = 0y, (hmgo) — moh ”Z % to obtain
~ ~ ~ au-m(]
Oy, [aij&uj (hmo)] = MmOy, (aijﬁv]. h) avl(hm());nio
_ Oy;mp Dy, myg dijmo

— 2m0haij + moh'dz-j

mo mo
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This implies

- ~ a7y 7 Oymoy . Oyymo
w{moavi (aijav]. h) = 6vi(aij5'vjh) — bz‘ "o h — 2aij ;nio(%zh
81} v ~ ¥
+ 2, a0 Qoo o ymo
mgo Mo mg
and 5
@Cmogi&,ih = Spggzavl(hmo) - gp(mohgi Zlmo
0
~ =~ Oymp-
= biOyp,h — by 22O p,
mo
Coming back to (5.5), we hence obtain that & is a solution to
(5.6) —0th — v - Vih — Ayh = div, S1 +So in (0,00) x R3 x R?
where B
S1,i = (a5 — 0ij) Op;h
and
_ Oymy  ~ 7
So = (—2&1']' z + bz> &Jih
mo
Oy v Dy O, 8, )
+ <—aijwmo 4 943y, 20 QM0 _ o7 Oumo. MXR> I
mo mo mo m

—moh (O + v - Vy) ().

Step 2. We now claim that Sy, S; € L7, with

t,x,v
[150ll 2

t,x,v

(5.7)
< Iclhya (Il liz,, + Imbelliz, )

Indeed, on the one hand we have

[S14l S )21+ llglla) Vo (moh) @€ o
S (14 llglla) [ @) 2ol Voh] + (o) 'molhl] @l¢ | ze
< (1+ llglla) [{0)2mIN b 4 () ml ]| @ s

(f0.7]xR3xR3) T [I51]| .2

t,x,v

([0,T]xR3 xR3)

and thus
1112, . < U llgllan) Aol g gy 1l 225
On the other hand, thanks to Lemma 2.2, we have

_ Oy,my Oy, v; M0 Dy;mo Oy Mo
Gij——| =+ |(agj * [+ g) —2—| + |(ag * [u+ 9])1;170%70 S @71+ [lgllx),
as well as A
’bz’:n() SO0+ lgla), 1Bl S @)+ llglla),

which implies
1Sl < (1+ llgllan) [0 ol V| + (v)Tmolhl] [¢l| s
+mol Al ¢z + (v)molhl]| Vad| s
S (1+ llglla) [(0)2 7 mIVoh] + (v)/22mlh]]
+ mlhll@ ¢l e + (@) *mlhlo]| Vol ze-
We therefore deduce
1S0llzz, S (14 lgllao) 102l 2 2 prion oy Il + ImA 22 11€ 2ge

from which we obtain (5.7) by using Proposition 5.1 to estimate the term [[h| 2, HY (m)*
t x v
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Step 3. We observe that from (5.6), the function H defined by H(t,z,v) = h(—t,z, —v)
satisfies the Kolmogorov equation with source term

(5.8) OH +v-V.H—AH=—div, Ry + Ry, in (—00,0)xR3 xR

with Ry (t, z,v) = S1(—t,x,—v) and Ry(¢t,x,v) = So(—t,z, —v). In particular HBHLq([o,T}ng XR3) =
[ H || La(j—1,0)xR3 xr3) for any ¢ € [1,00] and any 7" > 0.

We recall that the fundamental solution of the Kolmogorov equation is given by (see for
instance [42])

¢ c c
(5.9) G(t,z,v) = tg exp (—1]3; — Ly? - ;MZ) if ¢t>0
for some constants cg, ¢1,co > 0 and G(t,z,v) =0 if t <0, and it satisfies the bound

Co C1 o2 €2y 12
(5.10) VoGt 2,0 S oty e (— 53l = §of? - Z1of?)

for constants ¢, ¢1,c2 > 0. Therefore the solution H of (5.8) is given by, for any (¢, z,v) €
(—00,0) x RS x R3,

H(t,z,v) = /G(t —tha—a — (=t v—2")[divy, Ri(¢',z,) ,v") + Ro(t',2',v")] dt’ da’ do'
- / VoGt —t o —a2 — (=), v—0 YR (¥ 2z, v)dt' da’ do/
+ /G(t —to—a — (-t v—0)Ry(t', 2, v")dt dz’ dv’,

where we have performed an integration by parts. For any r > 1, we have from (5.9)

IGllLr (o, r)xRE xR2) S 775,

as well as
1

161
VoGl (o, xraxrz) S Tr 072

from the estimate (5.10). Applying Young’s inequality to the above representation formula
for H gives

HHHLP( [—T,0]xR3 xR3) ~> N HV GH HR1HL2([—T,O]><R§;><R§)

P2 ([0,T]xRE xR3)

G R _
+ |l H 22 (0.7 Rgxm)” oll L2(j=T,0)xR3 xR3)

,_3 r_5
| Rl 22 (=70 xr3 x®3) + 7 2[| Roll L2 (=70 xR3 xR3)

because 2 < p < 7/3.
Coming back to h = mgh(p{ and USil'lg that ||RiHL2([—T,0}XRg xR3) = ‘|Si||L2([0,T}><R§ xR3)
together with the bounds of Step 2, we deduce

t,xr,v

(5.11)  |lmoheCllLe(o,m) xR xRE) S CT”C”WMO <||mh\/g0 ez, + \thO/”Lgm>

. 7_3 7_5
with Cp=Tr» 4+ T»r 2

Step 4. We define Q, = {z € Q | §(z) > 27%} and choose ¢, € CX(9) such that
1o,., <G <1, and [|Gellyy1 S 2k for all k € N*,
Denoting Uy, = (0,T) x Q. x R3, we deduce from (5.11) that

Jmob o S 2Cr (Imhyfo@) s lzzap + Imhe i ) ¥E2 1
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Summing up and observing that a > p, we obtain

/L{5a\moh80’p = Z/ 5% mohep|?
ke

1/ Ui+ \Uy,
oo
<> 27]6&/ Imohep|P
k=1 kt1

o0

p

$ Y- 20796k (ol iz + e 2
k=1
e

P
TOmmw¢wmwnmyumm¢mam),

which completes the proof. ]

As a consequence of the above bounds, we establish now the following key estimate of
the De Giorgi-Nash-Moser theory.

Corollary 5.6. Let p € (2,7/3), a > p and consider the same setting as in Proposition 5.1.
Then there holds

7_
(5.12) HmmwmwnsT“pﬂ(wmwﬂwnmﬂw+WmmmeQ,

for any T € (0,1), with

_ ptida
142

(5.13) my 1= <v>_@_(7+%)9m7 0 .= p c (0’ %)7

Proof of Corollary 5.6. By interpolation we have

— o +4)
lme gl ey < 16714 0) = mh@lle(u [§%/7 (o)~ 3 mh|| 2o @y,

with

1 1-60 0

ro 2
and

1-6 (y+4) 0
) ()
=gt (i %) ()~ 2= (+3)0,

We choose 6§ = m so that —% + ( %) 6 = 0, which implies r = 110133 We conclude
to estimate (5.12) by applying Prop051tions 5.4 and 5.5 and by using Young’s inequality
associated to the exponent 1/6 and its conjugated exponent. ]

5.2. Proof of the ultracontractivity property. From the material developed in the
previous sections, we first deduce a gain of integrability for solutions to the linear equation
(4.2) associated to Bj. For simplicity, and because it is enough for our purposes, we shall
only consider exponential admissible weight functions. We recall that e9,e3,64 > 0 are
given by Propositions 4.1, 4.2, and 5.1, respectively.

Theorem 5.7. Consider two admissible exponential weight functions w and w1 such that
wy < w, and define m = w™' and my = wi. If ||gllx, < min(ea,e3,e4), then for any
T € (0,1), any hy € L} ,(m1) and any solution h to the linear equation (4.2) associated to
Bj, there holds, for any 0 <t < T,

(5.14) ()2, S (T =) lIhrllLs,

for some ¥ € (0,00).
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Proof of Theorem 5.7. For simplicity we only consider ¢ = 0, the general case being
similar. Let p € (2,7/3), a > p, and define m,, 6 and r by (5.13) in Corollary 5.6. Let
B = 2(711) € (0,1) and define the function

B—) _r_
my = <U>[ ! +(’Y+ )6] r=2m,
in such a way that m = m%_ﬁ mf Applying Hélder’s inequality, we obtain

Imh 2@ S 1 /0)*omahll g lemehl 7o gy

where ¢ := 7"—2 and similarly

”mh\/‘P-f— HL2 ‘P/‘P) SomthLl )||<pm7‘hHL'r

Adding these theses two estimates, using (5.12) from Corollary 5.6 and then simplifying

yields
[mhe|| L2y + Imby /@l oll 2wy
08 (1_
<717 G7) (It /o)X pmahll Ly + (& /) omihl ) ) -

For a nonconstant nonnegative function ¢y € C1([0,1]), to be specified below, and
T € (0,1), we set ©(t) := @o(t/T). Writing

1/2
T71/2H§06|’Lf(0,1)uh N z2(m </ ¢ (t)% dt ||h( )||%2(m)> :

we then compute

1/2
(/ P'(8)? at >||%2(m>)
T 1/r
/0 so(t>2uh<t>u%2(m>dt>

T T
75 (5-3) </0 (go//cp)quﬂh(t)HLl(ml) dt "‘/0 (30//90)2q90‘|h(t)”L1(m1) dt)

(5.15)

<7155 (5-3) </OT(so’/<p)qgodt+/()T(so’/so)2qs0dt> 1Azl Lt )

08 (T _ _ 1 _ 1
— 75 (53) (Tl a /0 (0h/00)ipp dr + T2 /0 (906/800)2'7900017) 1Bz 2 ()

where we have used Proposition 4.2 with ¢ := 2 in the second line, estimate (5.15) in the
third line, and Proposition 4.2 with ¢ := 1 in the fourth one. In other words, we have
established

”h(O)HL2(m) S T_ﬂHh‘THLl(ml)v VT € (07 1)7

vi=2 —2_19_/85@_3):2(:—2) {1_29(;_?’)%(:2)”’

provided that ¢q is such that A, < oo and Ay, < co with

1
Aui= [ (lebl/e0)sodr.

These last conditions are for instance fulfilled by ¢o(7) := 7%(1 — 7)¥ when k > 2q. O

with

We finally formulate the ultracontractivity property in terms of the semigroup Sz,
which will be obtained as a direct consequence of (5.14) and a duality argument.
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Theorem 5.8. Consider some exponential admissible weight functions w,wy, w1 such that
Wil = wy 2w. If g € Ay is such that ||g||x, < min(eg,e3,¢€4), then the non-autonomous
semigroup Sp, satisfies the ultracontractivity estimate

Ouw, (t—T)
min((t —7)?,1)’

with v > 0 given by Theorem 5.7 and where we take wy, = w if v+ s >0, so that O, s
exponential ; and w, < w if 7+ s <0, so that the O, is given by Proposition 2.13.

(5.16) 158, (t: Tl 2(L2 (W), L0 (wa 1)) S Vt>T12>0,

Proof of Theorem 5.8. Let 0 < 7 < t and define m, := w;l and m, 1 = w*_% Let

fr € L*(w) and consider the solution f to the primal forward problem (4.1) associated to
B, such that f(7) = f-.

If 0 <t—7 <1, for any hy € L'(my 1), we consider the solution h to the dual backward
problem (4.2) associated to Bj on the interval (7,¢) and to the final datum h;. We then
deduce

Ol = swp [ Tk

”ht”Ll(m*,l)
= sup /f.,-h(T)
el 1 o, 1) <17 O
< o osup [ fsllzn 1D L2,
”ht”Ll(m*’l)S
SE=) ey swp hellpim, )
HhtHLl(ml)Sl

where we have used the duality identity (4.16) at the second line, Hélder’s inequality in
the third line, and estimate (5.14) of Theorem 5.7 in the last one. From this estimate, it
follows

(5.17) 155, (t: Dl s(r2@.) ooy S E =777 Vo<t—7<1,

which gives (5.16) for 0 < ¢ — 7 < 1 since w, = w.
Otherwise, when t — 7 > 1, we write f(t) = Sp, (¢, 7)fr = Sp,(t,t —1)S8,(t —1,7)f-, so
that
1Ol oo @, a) = 198, (8 = 1)SB, (= 1, 7) frll oo 1)
S1Ss,(t=1,7) frll L2 (wy)
S Ou, (=7 = DIl frllL2(w),
where we have used (5.17) in the second line and Proposition 4.5 in the third one. The
proof is then complete by observing that O, (t —7 — 1) S Oy 4, (t — 7). O

6. HYPOCOERCIVITY PROPERTY OF Lg

In this section we establish the L? hypocoercivity property as announced in Step (3) of
Section 1.4 and the straightforward consequence in a semigroup formulation.

Theorem 6.1. There exists an inner product ()2 (,-1/2) on L%U(/fl/Q) such that
the associated norm || - |2 (,-1/2) is equivalent to the usual norm || ||p2 (,-1/2) and for

which the linear operator Ly satisfies the following coercive estimate. There is e5 > 0 small
enough and some constants A\,o > 0 such that that for any g € Xy with ||g||x, < €5, there
holds

6.1) (Lol Mz vy < —A@FIZ, sy = o125 e ossoy

for any f € Dom(L,) satisfying the boundary condition and the mass condition (f)) =0
(and the additional condition {{f|v|?)) = (fR-v)) =0 for any R € Rq in the pure specular
case 1t =0).
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Proof of Theorem 6.1. We denote by u[S] = u € H'() the solution to the Poisson equation
—Azyu=S in QOn
(2—u(x))Vgu-ng+t(z)u=0 on 09,
for a scalar source term S : Q@ — R. Remark that (6.2) corresponds to the Poisson equation
with homogeneous Neumann boundary condition when ¢ = 0, and we denote by uy[S] the
corresponding solution in that case. Otherwise, (6.2) corresponds to the Poisson equation
with homogeneous Robin (or mixed) boundary condition. We recall (see for instance [10,
Section 2.1]) that defining V, := H'(Q) if t # 0 and V, := {u € H'(Q), (u) =0} if 1 =0,
for any S € L?(2), with the additional assumption (S) = 0 when ¢+ = 0, there exists a
unique u € V, solution to (6.2) in the variational sense and this one satisfies

(6.3) ull (o) S 1151l L2(0)-

We similarly denote by U[S] = U € H*(Q) the solution to the elliptic Lamé-type system

—divy(VU) =S8 in £,
(6.4) U-ny=0 on 09,
(2—=10)[VoUng — (ViU : ny @ ng)ng| + t(x)U =0 on 09,

for a vector-field source term S : Q — R? and where V*U stands for the symmetric gradient
defined through (ViU );; := (0, Ui + 02, U;) /2. We also define the skew-symmetric gradient
of U by (VaU);; := % (835]. U; — &Uin), next the functional spaces

(6.2)

Vo= {U: Q=R U e H(Q), U-n, =00n 00},
if 1t #0, and
Vo= {U: QR W e HY(Q), U-n, =00 09, Po(V°U) =0},
if « = 0, where Py denotes the orthogonal projection onto the set Ag = {A € M§, 4(R); Ax €
Rq} of all skew-symmetric matrices giving rise to a centered infinitesimal rigid displacement
field preserving € (see (1.20) for the definition of Rg). From [10, Theorem 2.11], we know
that for any S € L?(f2), with the additional assumption (S, Az) = 0 for any Az € Rq

when ¢ = 0, there exists a unique U € V, solution to (6.4) in the variational sense, and this
one satisfies

(6.5) Ul 20) S 11S1l22(0)-

We also define the mass, momentum and energy of a function f : O — R respectively by

— [ fwvrdo, i@ = [ ofGo)do

and
v|? —
ot = [ = s van

As in [10], we define the inner product ((-,)) 2 (,-1/2) in the following way:

(«f, 9>>L3w(,rl/2) =({/ g>L%’U(M71/2)
+m(=Vaulb[f1}, Mp[g]) 12 (0) + m(=Vaulblgl], Mp[f]) 12 (0)
+m(=V3ULLS Hqu[g]>L2(Q)+772< VaUlilall, Mol f]) 22 ()
+ 13(=Vaunlelf1l; mlgl) 12 (@) + n3(=Vaunleldl], /1) 20

with contants 0 < 73 < 12 < 1m < 1, where thus ul[@[f]] is the solution of the Poisson
equation (6.2) with source term 0[f]; U[j[f]] is the solution to the Lamé system (6.4) with
source term j[f]; un[e[f]] is the solution to the Poisson equation (6.2) with homogeneous
Neumann boundary condition with source term p|[f], and similarly for the terms depending
on g ; and where the moments M, and M, are given by

M,[h] = \% /Rg v(|v|* = 5)hdv
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and

We already observe that
Iz, u1r2y S WFllzz o2y S I llzz , um172)-
Summarizing results from [22, 6, 33, 54, 55], (see also [17, (2.6)]) we have
CF, D212y < —Amll( _W)fHHvl»*(H—m),

for any f € HY*(~1/?) and for some microscopic coercivity constant A, > 0. Using next
the arguments leading to [10, Theorem 4.1], we know that we can choose 7; such that

(6.6) (LS iz, 1y < —MEFIT 172y = o0ll(0) 2V

for some constants A, oq > 0.

l
2

fHL2 u—1/2)

We are now in position to estimate the term (Lyf, f)) 2 (,-1/2). Observing that

elQ* (g, )] = J[Q (g, /)] = 6[Q (g, /)] =0,
we have

(Lof Pz w12y = CLF Pz iy +(QT(9, 1), Pz o)
+ (= Vaul0[F1), Mp[Q (9, /) 12(0)
+12(=V3U[f]], MolQ™ (9, N)]) 220

The first term is bounded by (6.6). For the second term in the right-hand side, we use
(2.14) to obtain

(@01 Drz ooy S [ N2, 1y vy

< gl F12, e ey
We next compute
(=Vaul8[f]], MplQ™ (9, ) 220 S IVaul8[1]12 1 Mp[Q (95 /)] 2
SN0 ez r2llgllzee o 11 2 prave u1r2y
S Mgl 1172 prroe sy

where we have used the Cauchy-Schwarz inequality in the first line, the estimates (6.3) and
(2.15) in the second line, and the Cauchy-Schwarz inequality again in the last line. We
finally estimate the fourth term by

(=V3UIL MolQ (9, ) 2 () S IVEULI 22 1M[Q (g, )]l 22
< 130 M 2z ez gl oo pep I 2 1 (-2
S ||g||Xo||f||L2H1* u—1/2)

where we have used the Cauchy-Schwarz inequality in the first line, the estimate (6.5) and
(2.15) in the second line, and the Cauchy-Schwarz inequality again in the third line.
Gathering the previous estimates, we obtain

(Lo Mz w12y < ATz 172y = (00 = Cllgllae) 1117 e 112

for some constant C' > 0. We then conclude by using the condition ||g||x, < €5 and choosing
g5 > 0 small enough such that Ces < 0¢/2. O

We conclude this section by formulating the above hypocoercivity result in a semigroup
way, which will be useful in the next section.
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Proposition 6.2. For any g € X, ||gllx, < €5, any to > 0 and any fi, € L*(u~/?)NE,,
the solution f := S¢,(-,t0) ft, provided by Theorem 5./ satisfies

(67) Ul vy Ll s < Wl v
for any t1 € [t, ).

7. SEMIGROUP ESTIMATES FOR L,

Using an extension trick, we deduce from the previous information on £, and B, a
similar result on £, as Theorem 5.8 on B,;. We fix hereafter

(7.1) €0 := min(eq, 9,€3,€4,5) > 0.

Theorem 7.1. Consider an admissible weight function w. If ||g||x, < €0, the semigroup
Sc, associated to the evolution problem (1.33) satisfies the uniform estimate, for some
constant Cy > 0,

(7.2) 1S, (t ) ol < Collfrllzg, ¥E=7>0, ¥ € LENE,
and the decay estimate

(7.3) 152, (& 7) frllegg S Oult = flrg, VE=7>0, VfreLF NG,
with wy = w or wy = wo and O, defined in the statement of Theorem 1.1.

Proof of Theorem 7.1. We shall only consider the case in which the admissible weight
function w verifies v + s < 0, the other case v 4+ s > 0 being treated in a similar, and even
simpler, way. We split the proof into four steps.

Step 1: Convolution and Duhamel formula. For (U(t,T))o<r<¢ and (V (¢, ))0<‘r<t two two-
parameters family of operators, we define a new two-parameters family ((UxV')(t, 7))o<r<t
of operators given by, for all 0 < 7 < ¢,

(UxV)(t,T):= /UtG (0,7)deo,
*U.

and iteratively U*! := U, U*+1) .= y*+

Recalling the splitting £, = Ag+ By in (1.34)—(1.35), using the identity Sy I+ = II+S,,
established in Theorem 3.4 and the shorthand notations Sjg =1I+5, o5 Ség =55 QHL and
LSlgg = HLSBQ, Duhamel’s formula gives

(7.4) Sz, = Sg, + (S, A) xSz, and Sy ="Ss, + Sz, (ASs,).
Iterating (7.4) we also have
N-1
73 Sz, =S5, + > (S8, A" x 55, + (S, A)™N « S,
. j:l

+ (S, A)*™N xS, * (ASz,) + (Sp, A)*™N * ng * (ASg,)*?

for any integer N € N*,

Giving a function © : Ry 5 ¢ +— O(t) € R4, we can define the function 7, > (¢,7) —
O(t — 1) € Ry, where 7 := {(t,7) € R? | 0 < 7 < t}, and by abuse of notation we also
denote this mapping by ©. Considering two such functions ©; and O, we observe that,
for all 0 < s < t, we have

t t—1
(©1%x09)(t,7) = / O1(t—0)02(0—7)do = O1(t—7—0)02(0)df = (01 %02)(t—7)
T 0
where * stands for the usual convolution in one variable. In particular if ©; € L*(R,) and
©2 € L>®(Ry), then one has (t,7) — (01 x O2)(t,7) € L*>°(7}) with

(7.6) 101 % Ozl po(7,) S 101121, ) 1O2]| oo (-
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As a consequence we also obtain that, if ©1,...,0, € L}(R;) and 0,1 € L>°(R,), then
(t,7) = (O1 %+ x Opp1)(t, 7) € L®(T) with

(7.7) [©1 % - x Oniillroe(z,) S 1Oy - 1Onll 1@ ) 1On+1 Lo ', )-

Step 2. L? decay in a reference space. Let 7 > 0 be fixed and f, € L N %,. Denoting
Jer = Sc,(t,T)fr = Sjjg (t,7)fr for all ¢ > 7, the hypocoercivity inequality (6.1) of
Theorem 6.1 yields

d v
(738) N orlZagv + M) 3 1

Assume first that v € [—3,2). We then fix two admissible weight functions v and v such
that v = v > ,u_l/Q. Using Proposition 4.5, Proposition 6.2 and (7.4) we compute

|%2(H_1/2) S 0

15z, Ilz2) < 198,llm12) + 1158, All g(12(u-1/2) 12 * ISZ, |l (22 () L2 u172))
S 188, larz) + 1158, 1l a2, 12) 1Al 22 - 172), 02) * 152l 120172y
< 14+0,,%1<1,

where we have used Lemma 2.3 and L2 C L?(x~/?) in the first line as well as the bound
(4.14), the time-integrable decay estimate (4.15) for ©5, and the convolution rule (7.6)
in the third line. With this estimate together with (7.8), we can apply Proposition 2.13
which yields, for any 0 < 7 < ¢,
(7.9) Hng (t, T)H@(L%,L?(u—lﬂ)) S @V,y—w (t—1),
and we observe that ©, ,—1/2 € LY (Ry).
Otherwise if v > —2, we immediately deduce from (7.8) and Gronwall’s lemma

||ng Tl sr2gu-1r2y) S e AT,

so that estimate (7.9) also holds in this case with v = p~1/2.

Step 3: Uniform L* estimate. Writing the splitting (7.5), we estimate the norm || - || z(re)
of each term separately. From Proposition 4.5, we have

||Ség||%(L§) € L®(Zy) and |Sg,llzrx) € L(T4),

so that in particular the first term in (7.5) is adequately bounded. We now fix an admissible
exponential weight function ¢ > w and observe that, from Proposition 4.5, we have

198, [l 2L, Le0) S O

with O, € L'(Ry), and similarly for Ség and + S5 ,- Thanks to Proposition 4.5 and using
Lemma 2.3, we obtain

(S5, A4) * S,

(1188, I (20 1) AN (29 1) ) * 1155, e

B(Le) S
SOcwrl S,

where we have used (7.6) in the last inequality. All the other terms appearing in the second
term in (7.5) can be estimated in the same manner, and we get for all j =2,...,N —1

*J 1 ) < i *J 1
158,407 + S8 lazz) S (158, Iz oo | Al e o) )~ * IS8, Iz
< (@) x1 <1,

~

The third and fourth terms in (7.5) can also be estimated in a similar fashion, thus we
omit the details.

We now investigate the last term in (7.5). We fix exponential admissible weight functions
G« and ¢, 1 such that w =< ¢, 1 < ¢ < <. We observe that O, € LI(R+) and we shall apply
Theorem 5.8 with the weights (<, ¢, 6x,1) using that L C L.

We first claim that for N € N* large enough (namely such that ¥4+ 2 — N € [0,1), where
¥ is given by Theorem 5.8), there holds

(7.10) 1S5, A2 5 Sl 12, 100) S Occcs-
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Indeed, we compute, for all 0 < 7 < ¢,

(t+71)/2

t
+ 198, (t,0)ASB, (0, 7)|| 212, L) -
(t+7)/2

(7.11)

For the first term in (7.11) we write

198, (t,0)ASB, (0, T)|lz(L2,Lo) < 198, (¢, O) | z(L2,200) Al 22, 22) 158, (0 T)| (L2 L2)-

Using respectively Theorem 5.8, Lemma 2.3 and Proposition 4.5, we deduce

(t+7)/2
[ 186, (16)AS, (0.7 aquz 10) 06

t+n)/2 @ (t _ 9)

< S,Sx o

~ /T min((t — )7, 1) O l? — )0

(t+7)/2 @ (9 _ 7_)

< _ Sw

SOllt-n [ e a0
O, ((t—7)/2) < O, (t—17)

~ min((t — )91 1) ~ min((t — 7)9-1, 1)

For the second term in (7.11), we use the same estimates as above but in the reverse order.
More precisely, writing

158, (t,0)ASB, (0, T) | (L2,00) S 198, ()| (o0, L) Al s Lee 1oy 198, (0, T) || (12, 10)
we then apply Proposition 4.5, Lemma 2.3 and Theorem 5.8 respectively, which gives

t
/(t+ o IS8, (t,0)ASp, (0,7) | 412,12 A0

t O, (0—1)
< Ot — ) ——= 0
~ /<t+T>/2 sl )mm(<9 —7)%,1)

soult-my) [ _Sell=f) g

(t+7)/2 min((0 — 7)7,1)

< O, ((t—7)/2) < O, (t— 1)
~ min((t — 7)1, 1) ~ min((t — 7)9-1, 1)

Gathering the previous estimates, it follows

O (t = 5)
min((t — s)9-1,1)
We conclude the claim (7.10) by iterating this estimate.

Coming back to the last term in (7.5), we choose an admissible weight function ¢; > ¢
such that L C L?. Using previous estimates and Proposition 4.5 again, we then compute

1S, A) * (S8, A)*N72) x (S, A)] + S, * ASp, * ASp, || z(res)

158, A * SB, (t, )| (L2,00) S

S (1198, oo o) 1Al szss 22y ) * (11058, N2 % S5, | z2.10) [ Al a2 u-172), 12

« (115, Iz nzguimvzy) * (Ills@z,2) 198, loz.cz)) * (IAlLss 1) 198, sz )
S Ocw*Occ, O, 12 % Ogy*x1 S 1

We conclude the proof of (7.2) by putting together the previous estimates.
Step 4: L> decay. We write the splitting (7.5) and we estimate the norm || - || 5z o0

Wg) of
each term separately.

We first fix an admissible weight function w, in the following way: If w < x~1/2 then we
choose w, =< w ; otherwise if w > u‘l/Q then we choose ,u_l/2 < wy = w. We next consider

an admissible exponential weight function ¢ such that ¢ = w and ©31, O, € LY(Ry).

w,Wx
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We finally choose an admissible exponential weight function v as in Step 2 such that
@;7%0*@,/7#71/2 c LI(R_,_).
Thanks to Proposition 4.5 we have

—1 1
Gw,w*”SBg

B(LL, L) S Loo(y+) and @_1 HLSBQ

W,Wx

B L) € L7(T4).
Using Lemma 2.3 we also deduce
Ot (S5, A) * Sg, | (125,122 )

- - 1
S (G)w,}u*HSBg||,%(L30,L3f;)HAH%(Lgi,LgO)) * (@w,L*HSBgH%(LgO,LgO*))
S @;,}U*@c,w* *1 51,

where we have used Proposition 4.5 and (7.6). All the other terms appearing in the second
term in (7.5) can be estimated in the same manner, and we get for all j =2,...,N —1

O, 1, (98, A % Sg, | (Lo 12

*J -1 ol
B(Lee L ) * ((_)w,w*H‘S’BQ

Wy

S (0511188, | 1 1A

<O, 0., )" x1 <1

~ W,Wx

)

The third and fourth terms in (7.5) can also be estimated in a similar fashion, which gives
O, L, (S5, AN % S5, |l (12,25

*N
_ — 1
S (051, 18,z 1) 1Al mas 1)) * (0L, 1S5, oz 25
S (@;L*@c,w*)*N *151,

as well as

O, 11(SB, AN x+Sp, + (ASp,)

AL ,LE,)

< (-1 *N 1 L

~ W,Wx Bg @(LooaLgo) %(LZO 7LOO) W,Wx Bg %(L?O:LZO)
O, 158, |l Al Les * | Ou w755, ]

* (@—1 |4

W,Ws

a1, 122) 198, %(La‘%LZi))

Wy

S (000, Qs )™ %050, O, 1S 1.
We now investigate the last term in (7.5). We fix exponential admissible weight functions
G and ¢, 1 such that ¢, 1 < ¢ < ¢, wy <1 and @;L*@“* e ! (R4), in such a way that

we shall be able to apply Theorem 5.8 below with the weights (<, ¢, <, 1) and observing
that L C L. Arguing exactly as for obtaining (7.10) in Step 3, we deduce

(7.12) (S8, A"V« Sp llar2.10) S Ocs-

Coming back to the last term in (7.5), we choose an admissible weight function ¢; > ¢ such
that L C L?. We then compute, using previous estimates and Proposition 4.5 again,

O o, 1S, A) * [(S5, A" V™2 x (S5, A)] % 52, % ASs, * A, || (125 1)

< <@;,i;*HSBg||,93(L30,L33)”A”33(Lw Lgo)) * (9;,L*||(SBQA)*(N_2) * SBgH@(L%,Lgﬁ*)”A||%(L2(ml/2),Lg)>

Wy
_ L _
* (@w,lw* 15z, ||,@(L3,L2(#—1/2))) * (@wi}* Al 52, 12)l158, ||,02(L§,L3*))

* (654, 1Al (rss o) 1S5, | #zzs 15,

Wy

S @_1 ®§7W* * @_1 ®§,§* * @;,:(LAJ*@V,,LL_I/Q * @;}d*@@w* *1 S L.

W,Wx w,Wx

We conclude the proof of (7.3) by gathering the previous estimates. O
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8. PROOF OF THE MAIN RESULTS
8.1. Proof of Theorem 1.1. We first define the ball

By = {9 € Xo; |l9llx, < €0}y

where we recall that Xy = L ((0,00) x O) with wg = (v)* defined in (1.36) and g9 > 0 is
defined in (7.1). We next define
x._ 0

=Gy
where Cp > 0 is defined in the statement of Theorem 7.1. We fix fo € LZY such that
| follLee < & and we define

@:%0—)%0, g»—)@(g):G:: Sggfo.

It is worth emphasizing that the fact that S¢, fo € % is a direct consequence of (7.2) in
Theorem 7.1 and of the choice of g9 and £*. We endow Ay with the weak-* topology of Ap,
so that % is clearly compact, and we claim that @ is continuous for this topology.

Indeed, consider a sequence (gy,) in %y such that g, — g weakly-* in Xy as n — oo and
define Gy, := S¢,, fo. From (7.2) in Theorem 7.1, we have

”Gn(tv )HLZ"O < HGn(tv )HLZ?," < COHfOHLS,O7 Vit > 07

9

so that G,, € %y, and thus there exist a subsequence (G,/) and G € % such that G,y =~ G
weakly-x in Xy as n’ — oo. On the one hand, from the dissipativity estimate (1.43)
established in Theorem 3.4, we know that (V,G,) is bounded in L?((0,T) x O) for all
T>0.

On the other hand, we observe that
G +v - VoG = Sy i= Q(p, Gry) + QG 1) + QL(gn/v Gn),
where S, = 812,1,%, Ay ij + 0p, By i + Cyy from the expression (1.6) of @, with (<v>3An/’ij),
((_11>3Bn/7i) and ((v)3C,) bounded in L%((0,00) x O). For any truncated (in ¢, z) version
(Gy) of (Gpr), we may thus apply [11, Theorem 1.3], which gives that (G,) is bounded in
HY*(R; x R3 x R?). Therefore we deduce that

(Gy) is relatively compact in L?((0,T) x ORg).
for any T, R > 0, where Op := {(z,v) € O; d(z,Q°) > 1/R, |v| < R}.

From the already known weak-* convergence in Xy and the decay estimate (7.3), we
have established (for instance) that

G — G strongly in L%*((0,00) x O),

as n’ — oo. Using the formulation (1.6) of the Landau operator @ and the above
convergence, we have

T T
/ / Q(gn, Gu)p = / / {(aij * gn’)Gn’agingo + 2(b; * gn’)Gn’agi(P}
0 JO 0 JO

— /OT/O Q(g,G)p,

as n' — oo for any ¢ € D((0,T) x O). From the very definition of Q*, we deduce that
Q (9w, Gw) = Q*(9,G) in D'((0,T) x O)

as n’ — oo. Thanks to the above convergence and Proposition 2.9, we may thus pass to
the limit in the evolution PDE

G = ﬁgn/Gn’ + Ql(gn’a Gn), V-G = %v+Gu, (Gn/)|t:0 = Jo,

associated to the semigroup definition of G,, that is, G, is a weak solution to the above
equation in the sense of Theorem 3.4. We obtain that G is weak a solution to

0G = L,G+Q9.G), 7-G=Rv,G, Gjzo= fo.
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in the sense of Theorem 3.4, with moreover

T
1G]lx < <o, /0 /O VG2 dvdz dt < O(T)| foll2e o),

and by uniqueness in Theorem 3.4, we get G = S, fo. By the uniqueness of the possible
limit, we have thus established that ® is continuous.

Using now the Schauder-Tychonoff fixed-point theorem, the mapping ® has at least one
fixed point, that is there exists f € %y such that f = ®(f). This function f is a global
weak solution to the Landau equation (1.31) in the sense of Theorem 3.4, which concludes
the proof of Theorem 1.1. O

8.2. Proof of Theorem 1.2. We consider now a global weak solution F' to the Landau
equation (1.1)—(1.2), in the sense of Theorem 3.4, which satisfies (1.26) and (1.27), for
some admissible weight function we,. By interpolation, for any p € (1, 00), we then have

| Fy — N||L5p((9) <ep(t) =0, as t — oo,

for any admissible weight function w), verifying wp < wp < woe. We define f := F — p
which satisfies
atf:BFf+Q(f7M)7 BFf:_Uva+Q(F7f)

We observe that because of (1.26) and (1.27), there exists &, Ho € (0,00) such that

pr(t,x) = po, Ep(t,x) < Eo, Hp(t,x) < Ho,
with

= / Fdo, Ep:= / Flo?dv, Hp:= / Flog F dv.
R3 R3 R3

From [24, Proposition 4] and [1, Proposition 2.1], there exists then ag = ag(po, o, Ho) > 0
such that
(8.1) (aij * F)&&; > ao(v)|é]?, VE R’
Applying to the dual semigroup Sg . associated to the operator

Bih = —v-Vih + (aij % F)Oyu;h + 2(b; % F)0y, h
and the dual reflection condition (4.2)—(4.3) the same job as done in Proposition 4.2, we
may first establish that
(8:2) 1S5, (£ )| Loy < C1e B Loy, VE> 520,
for any m’ := (w')~! associated to an admissible weight function w’ such that s’ + v <0,

some constants C; and any h € LY(m’), ¢ = 1,2. The key observation is that, with obvious
notations taken from the proof of Proposition 4.2,

* -2~ 4((]— 1) (CJF* ) ~
/O( wh)h|R|T2m' = —qg/O(az'j*F)amHaijJF/owm/F,q” |h|9m/e,

1
+’/ |h|Tv - V(') +/ [yl (ng - v),
qJO b))

where the first term is nonpositive, the second term is bounded by ||h||%q(m,) (and it is

here that we use the condition s’ + v < 0), and the two last terms are identical as those
considered during the proof of Proposition 4.2. We immediately deduce (8.2) by writing the
associated evolution equation and using Gronwall’s Lemma. By duality, we get a similar
conclusion as established in Proposition 4.5, namely

(8.3) 1SB, (£, 5) fll Loy < C1e™| fllory, V=520,
for p = 2,00. It is worth emphasizing here that the semigroups Sg . and Sg; are well
defined thanks to Theorem 2.11 as used in Theorem 3.4.

We next observe that in the present situation exactly the same conclusion as the one of
Proposition 5.1 holds, namely any solution h to the backward dual problem (4.2) associated
to B} instead of B satisfies (5.1). We just need to repeat the proof of Proposition 5.1
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using in a crucial way the estimate (8.1). We may then repeat the proofs (with no changes!)
of Section 5.1, of Theorem 5.7 (with the help of (8.2)) and Theorem 5.8 in order to get

Cz(t S

(8.4) 158 (2, 8) fll oo ury) < Cl( 5

1y, V>8>0,

for any admissible weight w/ < wj.
Interpolating (8.3) and (8.4), there in particular exists p € (2, 00) such that
CQ (t—s)

||SBF (t S)hHLOO < Clwnhﬂm(w;), Vt>s>0.

For t > 1, the Duhamel formula writes

¢
ft) = Spp(t,t—=1)fr 1+ /t S (6 T)Q(fr 1) dr =: 1)+ £2(0).
On the one hand, choosing w/_ = w and w;, =< wp, we have

I Ol ey = 19BR(Et— 1) fioill oo ()
C1e? || fratll Lp(wy) < C1eep(t —1).

IN

On the other hand, we have

t
1P2Ome < [ IS8t )QUr i)z d

A

IN

t oCa(t—)
/th( )1/2||Q(f‘r> )HLP

S sSup EP(T)a
(t_lvt)

where we have used Lemma 2.3 in order to bound ||Q(f-, u)|| LP(w))- Both estimate together
implies that there exists T' > 0 such that

sup || fill Lo () < €0,
>

where £y > 0 is given by Theorem 1.1. We may thus apply Theorem 1.1 (or repeat the
proof of) and we deduce that the accurate rate of convergence (1.28) also holds for the
solution F'. This completes the proof of Theorem 1.2. ([
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