EXPONENTIAL CONVERGENCE TO EQUILIBRIUM FOR THE
HOMOGENEOUS LANDAU EQUATION WITH HARD POTENTIALS

KLEBER CARRAPATOSO

ABSTRACT. This paper deals with the long time behaviour of solutions to the spatially
homogeneous Landau equation with hard potentials. We prove an exponential in time
convergence towards the equilibrium with the optimal rate given by the spectral gap of the
associated linearised operator. This result improves the polynomial in time convergence
obtained by Desvillettes and Villani [5]. Our approach is based on new decay estimates for the
semigroup generated by the linearised Landau operator in weighted (polynomial or stretched
exponential) LP-spaces, using a method developed by Gualdani, Mischler and Mouhot [7].
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1. INTRODUCTION AND MAIN RESULTS

This work deals with the asymptotic behaviour of solutions to the spatially homogeneous
Landau equation for hard potentials. It is well known that these solutions converge towards the
Maxwellian equilibrium when time goes to infinity and we are interested in quantitative rates of
convergence.

On the one hand, in the case of Maxwellian molecules, Villani [15] and Desvillettes-Villani
[5] have proved a linear functional inequality between the entropy and entropy dissipation by
constructive methods, from which one deduces an exponential convergence (with quantitative
rate) of the solution to the Landau equation towards the Maxwellian equilibrium in relative
entropy, which in turn implies an exponential convergence in L!-distance (thanks to the Csiszar-
Kullback-Pinsker inequality). This kind of linear functional inequality relating entropy and
entropy dissipation is known as Cercignani’s Conjecture in Boltzmann and Landau theory, for
more details and a review of results we refer to [3].

On the other hand, in the case of hard potentials, Desvillettes-Villani [5] proves a functional
inequality for entropy-entropy dissipation that is not linear, from which one obtains a polynomial
convergence of solutions towards the equilibrium, again in relative entropy, which implies the
same type of convergence in L'-distance.

Before going further on details of existing results and on the contributions of the present
work, we shall introduce in a precise manner the problem addressed here. In kinetic theory, the
Landau equation is a model in plasma physics that describes the evolution of the density in the
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phase space of all positions and velocities of particles. Assuming that the density function does
not depend on the position, we obtain the spatially homogeneous Landau equation in the form

O f = Q(fvf)
f|t=0 = an

where f = f(t,v) > 0 is the density of particles with velocity v at time ¢, v € R? and t € R*.
The Landau operator @ is a bilinear operator given by

(12) Qo 1) =0 [ aiy(w=0.) 0.0, = 10,0.] dv.

(1.1)

where here and below we shall use the convention of implicit summation over repeated indices
and we use the shorthand g. = g(v«), 0;9« = 0u,,9(vs), f = f(v) and 0; f = 0., f(v).

The matrix a is nonnegative, symmetric and depends on the interaction between particles. If
two particles interact with a potential proportional to 1/r®, where r denotes their distance, a is
given by (see for instance [16])

V; V4
(1.3) aij(v) = [o[7*? (5ij - |U|2]> )

with v = (s — 4)/s. We usually call hard potentials if v € (0, 1], Maxwellian molecules if v = 0,
soft potentials if v € (—3,0) and Coulombian potential if ¥ = —3. Through this paper we shall
consider the case of hard potentials v € (0, 1].

The Landau equation conserves mass, momentum and energy. Indeed, at least formally, for
any test function ¢ we have (see e.g. [14])

1 of  0Oifs
[etnewa=g [ ago-vsr (5 - 22 ) 0 - 00 dvan,

from which we deduce

(1.4) L/Mﬂﬂﬂw=0 for  p(v) = 1,0, o]

Moreover, the entropy H(f) = [ flog f is nonincreasing. Indeed, at least formally, since a;; is
nonnegative, we have the following inequality for the entropy dissipation D(f),

Df): =~ H())
(1.5) 1 at Oif  Oifs 0;f  Ojufs
:2Awmfﬂ““”_“><f"f*>(1"‘ 2 )mwwz&
It follows that any equilibrium is a Maxwellian distribution
P _lo—u?
Wpur (V) = We T,

for some p > 0, u € R3 and T > 0. This is the Landau version of the famous Boltzmann’s
H-theorem (for more details we refer to [5, 15] again), from which the solution f(¢,-) of the
Landau equation is expected to converge towards the Maxwellian p,, v, 7, when ¢ — +o00, where
pys is the density of the gas, uy the mean velocity and T the temperature, defined by

o= [ 1. =3 [orw. 1= 5 [lo=ulro.

and these quantities are defined by the initial datum fy thanks to the conservation properties of
the Landau operator (1.4).
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We may only consider the case of initial datum fy satisfying

(1.6) [ =1, /vfo / o2 fo (v

the general case being reduced to (1.6) by a simple change of coordinates (see [5]). Then, we shall
denote p(v) = (27T)_3/26_|”‘2/2 the standard Gaussian distribution in R®, which corresponds to
the Maxwellian with p =1, u =0 and T = 1, i.e. the Maxwellian with same mass, momentum
and energy of fy (1.6).

We linearise the Landau equation around g, with the perturbation

f=u+h,
hence the equation satisfied by h = h(t,v) takes the form
(1.7) Oth = Lh+ Q(h, h),

with initial datum hg defined by hy = fo — u, and where the linearised Landau operator L is
given by

(1.8) Lh = Q(p, h) + Q(h, ).
Furthermore, from the conservations properties (1.4), we observe that the null space of £ has

dimension 5 and is given by (see e.g. [2, 8, 1, 11, 13])
(1.9) N (L) = Span{t, v, vapi, vap, [v[* 11}

1.1. Known results. We present here existing results concerning spectral gap estimates for the
linearised operator and convergence to equilibrium for the nonlinear equation.

For any weight function m = m(v) (m : R®> — R*) we define the weighted Lebesgue space
LP(m), for p € [1, +0o0], associated to the norm

1oy := Imfllze,
and the weighted Sobolev spaces W*P(m) for s € N, associated to the norm
1/p
1 lwerom = [ SS10%F12,0m |+ ifpe [L4+o0).
laf<s
[fllwee(my == Sup. 10 Fll oo (m) -

We denote by D the Dirichlet form associated to —£ on L?(u~1/?),
D(h) = (—Lh,h) go(y-1/2) = /(-ch)hu—l,

and we say that h € N'(£)*, where A'(£) denotes the nullspace of £, if h is of the form h = h—TIh,

where II denotes the projection onto the null space. It is easy to observe that £ is self-adjoint on

L?(u=1/?) and D(h) > 0, which implies that the spectrum of £ on L?(p~'/?) is included in R~.
We can now state the existing results on the spectral gap of £ on L?(u~'/?). The spectral

gap inequality for the linearised Landau operator for hard potentials v € (0, 1],

(1.10) D(h) > Xo Bl 212y Yh EN(L)F,

was proven by Baranger-Mouhot [1], for some constructive constant Ag > 0.
In the case of hard and soft potentials v € (—3, 1], Mouhot [11] proved the following result

(111) D) > Mo { Ml gy + Dl quycrm sy VR € L)
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Furthermore, Guo [8], by nonconstructive arguments, and later Mouhot-Strain [13], by
constructive arguments, proved a spectral gap inequality for an anisotropic norm for the linearised
Landau operator (in all cases: hard, soft and Coulombian potentials) v € [—3, 1],

(1.12) D(h) > XollhllZ, VheN(L),
with the anisotropic norm || - ||« defined by

IBI2 = [ (0) /2P, VRl oy + 1 (0) D2 = PRI oy + [0) 422 R o)
where P, denotes the projection onto the v-direction, more precisely P,g = (ﬁ . g) I%I We also

have from [8], the reverse inequality
(1.13) D(h) < Co||hllZ, VheN(L),

which, together with (1.12), imply a spectral gap for £ in L?(p~'/?) if and only if v + 2 > 0.
Summarising the results (1.10), (1.11) and (1.12), in the case of hard potentials v € (0,1] and
Maxwellian molecules v = 0, there is a constructive constant A\g > 0 (spectral gap) such that

(1.14) D(h) = Xollhll72(u-1s2y, YhEN(L)S.

As a consequence, considering the linearised Landau equation 0;h = Lh, we have an exponential
decay

(115) Vt>0,Vhe LQ(U71/2), HSL(t)h — HhHLZ(M_l/Q) < 67A0t||h — Hh”L?(u—l/?)’

where S, (t) denotes the semigroup generated by £ and II the projection onto A(£), the null
space of L given by (1.9).

Another approach is to study directly the nonlinear equation, establishing functional inequali-
ties between the entropy and the entropy dissipation. The following entropy dissipation inequality
for the (nonlinear) Landau operator for Maxwellian molecules v =0

(1.16)  D(f) = b0 H(flp), Vf € Lig,(R®):={feL'(R%;pr=1up=0T;=1},

for some explicit constant dy, was proven by Desvillettes-Villani [5] and Villani [15]. Here
H(f|p) == [ flog(f/p) denotes the relative entropy of f with respect to p, and this inequality
implies an exponential decay to the equilibrium p. Taking f = pu + €h, they also deduce a
degenerated spectral gap inequality for the linearised Landau operator for v = 0,

(1.17) D(h) > & |VA|Z2(1/2 VhEN(L)

In the case of hard potentials v € (0, 1], Desvillettes-Villani [5] proved the following entropy-
entropy dissipation inequality, for some explicit 61, d2 > 0,

(1.18) D(f) = min {61 H(f|), 52 H(fl) 772} Vf € L1, (R?),

which implies a polynomial decay to equilibrium in relative entropy (see Theorem 3.2 for more
details).

As we can see above, the result (1.18) tell us that the solution to the Landau equation
converges to the equilibrium in polynomial time. Furthermore, from the exponential decay for
the linearised equation (1.14)-(1.15), we might expect that the solution to the nonlinear equation
also decays exponentially in time if it lies in some neighbourhood of the equilibrium in which
the linear part is dominant. One could then expect to prove an exponential convergence to
equilibrium combining these to results: for small times one uses the polynomial decay, then
for large times, when the solution enters in the appropriated neighbourhood of the equilibrium
(in L?(u=1/?)-norm), one uses the exponential decay. However these two theories, linear and
nonlinear, are not compatible in the sense that the spectral gap for the linearised operator
holds in L?(u~'/?) and the Cauchy theory [4] for the nonlinear Landau equation is constructed
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in L'-spaces with polynomial weight, which means that in order to apply the strategy above,
starting from some initial datum in weighted L!-space, one would need the appearance of the
L?(~/?)-norm of the solution in positive time to be able to use (1.14)-(1.15), and this is not
known to be true (one does not know even if the L?(u~'/?)-norm is propagated). Hence, in
order to be able to ”connect” the linearised theory with the nonlinear one, we need to enlarge
the functional space of semigroup decay estimates generated by the linearised operator L.

Our goal in this paper is to prove an (optimal) exponential in time convergence of solutions to
the Landau equation towards the equilibrium and our strategy is based on:

(1) New decay estimates for the semigroup generated by the linearised Landau operator £
in various LP-spaces with polynomial and stretched exponential weight, using a method
developed in [7].

(2) The well-known Cauchy theory for the nonlinear equation developed in [4, 5]: the appearance
and uniform propagation of L'-polynomial moments, smoothing effect and the polynomial
in time convergence to equilibrium.

(3) The strategy of connecting the linearised theory with the nonlinear one, roughly presented
in the above paragraph.

1.2. Statement of the main result. Let us state our main result, which proves a sharp
exponential decay to equilibrium for the spatially homogeneous Landau equation with hard
potentials.

First of all we define the notion of weak solutions that we shall use.

Definition 1.1 (Weak solutions [4]). Let v € (0,1] and consider a nonnegative initial data
with finite mass, momentum and energy fo € L*((v)?). We say that f is a weak solution of the
Cauchy problem (1.1) if the following conditions are fulfilled:

(i) £ >0, f€C([0,00); D) N L¥([0,00); L ((v)%)) N Ly ([0, 00); L ((v)*+7));

(#9) for any ¢t >0
[k < [ e

(iii) f verifies (1.1) in the distributional sense: for any ¢ € C2°([0,00) x R2), for any t > 0,

[ @0t~ [ fapto) //} ol //@ (),

where the last integral in the right-hand side is defined by

/Q(f,f) //au ) @i + D) f*f+//b V= 0) (g — g fuf

It is proven in [4] that if fo € L'({v)?*%) for some § > 0, then there exists a global weak
solution.

Our main theorem reads:

Theorem 1.2 (Exponential decay to equilibrium). Let v € (0,1] and a nonnegative fy €
LY((v)2*+9) for some § > 0, satisfying (1.6). Then, for any weak solution (fi)i>o to the spatially
homogeneous Landau equation (1.1) with initial datum fy, there exists a constant C > 0 such
that

VE>0,  |fe—pllp < Ce!

where \g > 0 is the spectral gap (1.14)-(1.15) of the linearised operator L on L*(u='/?).
As mentioned above, in the case of hard potentials v € (0, 1], a polynomial decay to equilibrium

was proven by Desvillettes and Villani [5] and in the case of Maxwellian molecules v = 0 an
exponential decay to equilibrium was proven by Villani [15] and also by Desvillettes and Villani [5].
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The proof of Theorem 1.2 relies on coupling the polynomial in time decay from [5] for small times
and the exponential decay for the linearised operator in weighted LP-spaces from Theorem 2.1
for large times, when the linearised dynamics is dominant. This method was first used by
Mouhot [12] where is proved the exponential decay to equilibrium for the spatially homogeneous
Boltzmann equation for hard potentials with cut-off. Later, the same approach was used by
Gualdani, Mischler and Mouhot [7] to prove the exponential decay to the equilibrium for the
inhomogeneous Boltzmann equation for hard spheres on the torus, and also by Mischler and
Mouhot [9] for Fokker-Planck equations.

1.3. Organisation of the paper. We start Section 2 presenting some properties of the linearised
equation and then we state and prove the ”spectral gap/semigroup decay” extension theorem
(Theorem 2.1), which is a key ingredient of the proof of the main theorem. Finally, in Section 3,
we prove estimates for the (nonlinear) Landau operator and then prove Theorem 1.2.

Acknowledgements. We would like to thank Stéphane Mischler and Clément Mouhot for
enlightened discussions and their encouragement.

2. THE LINEARISED EQUATION

We define (see e.g. [4, 14, 15]) in 3-dimension the following quantities

(2.1) bi(z) = 0ai(2) = =227 z;, c¢(2) = Dsja(z) = =2(y+ 3) |2|".
Hence, we can rewrite the Landau operator (1.2) in the following way
(22) Q9. f) = (aij x 9)0i;f — (c* g)f = Oil(as; * g)0; f — (bi * g) f].

We also denote
(2.3) aij(v) = ai x p, bi(v)=b;*xp, c(v)=cxp.

Using the form (2.2) of the operator @), we decompose the linearised Landau operator £
defined in (1.8) as £ = Ay + By, where we define

AOf = Q(fa :U’) = (aij * f)al]p‘ - (C * f)/l’v
Bof := Q(u, f) = (as; * )0 f — (¢ p) f.
Consider a smooth nonnegative function y € C2°(R?) such that 0 < y(v) < 1, x(v) = 1 for
|v] <1 and x(v) = 0 for |[v| > 2. For any R > 1 we define yg(v) := x(R™'v) and in the

sequel we shall consider the function My g, for some constant M > 0. Then, we make the final
decomposition of the operator £ as £ = A+ B with

(2.5) A= Ao + Mxr, B:= By — Mxr,

where M and R will be chosen later (see Lemma 2.8).

(2.4)

Let us now make our assumptions on the weight functions m = m(v). We define the polynomial
weight, for all p € [1,+00),
(2.6) m = (v)*,  with k>~ +2+3(1-1/p)
and the abscissa
m.p = 2[3(1 —1/p) — k], if v =0,
2.1) p = 2[3(1 = 1/p) — ] iy
Um,p = —00, if v € (0,1].

Moreover, we define the exponential weight, for p € [1, +00),

r >0, if s € (0,2),

0<r<ﬁ, if s =2,

(2.8) m =exp (r(v)®), with {
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and we define the abscissa, for all cases,
(2.9) Um,p := —0O0.

We are able know to state the following result on the exponential decay of the semigroup
associated to the Landau linearised operator £ in various weighted LP-spaces. Observe that this
result extends the functional space in which a semigroup decay estimate is already known to hold,
as presented in (1.14)-(1.15) for the space L?(p~/?). We include here the case of Maxwellian
molecules v = 0 for the sake of completeness.

Theorem 2.1. Lety € [0,1], p € [1,2], a weight function m = m(v) satisfying (2.6) or (2.8) and
their respective abscissa am,p given by (2.7) or (2.9). Consider the linearised Landau operator L
(1.8), then for any positive A < min{ g, A1}, for any A < |ampl|, there exists Cx > 0 such that

(2.10) Vt>0, Vhe LP(m), 1Sc(t)h — TIA|| Lo(my < Cxe™ M |h —TA|| 1o (m),

where Sc(t)h is the semigroup generated by L, 11 is the projection onto the null space of L, and
Xo > 0 is the spectral gap of £ in L*(pn~"?) given by (1.14)-(1.15).

Remark 2.2. As we can see in the definition of a,, , in (2.7) and (2.9), we conclude that:

(1) Hard potentials case v € (0,1]: for both weight functions m, stretched exponential weight
(2.8) or polynomial weight (2.6), we have an exponential in time decay with optimal rate
A = Ao, since Gy, p = —00.

(2) Mazwellian molecules case -y = 0: if m is a stretched exponential weight (2.8), we get
the optimal rate A = A, since a,, , := —o0; if m is a polynomial weight (2.6), then we
get the optimal rate A = \¢ if k is big enough such that a,,, = 2[3(1 — 1/p) — k] < —Ao,
otherwise we have A < 2[k — 3(1 — 1/p)].

This theorem extends the exponential semigroup decay to weighted LP spaces using a method
developed by Gualdani, Mischler and Mouhot [7] (see Theorem 2.4 below) for Boltzmann and
Fokker-Planck equations (see also Mischler and Mouhot [9] for other results on Fokker-Planck
equations).

2.1. Abstract theorem. We shall present in this subsection an abstract theorem from [7, 9],
which will be used to prove Theorem 2.1.

Let us introduce some notation before state the theorem. Consider two Banach spaces
(X, |- Ix) and (Y, - ||y). We denote by (X,Y") the space of bounded linear operators from
X to Y and by || - [[s(x,y) its operator norm. Moreover we write €’ (X,Y’) the space of closed
unbounded linear operators from X to Y with dense domain. When X =Y we simply denote
B(X)=B(X,X) and ¢(X) =%¢(X, X).

Given a Banach space X and a operator A : X — X, we denote Sy (t) or e* the semigroup
generated by A. We also denote N (A) its null space, dom(A) its domain, 3(A) its spectrum and
R(A) its range. Recall that for any z in the resolvent set p(A) := C\ X(A), the operator A — z is
invertible, moreover the resolvent operator (A — z)~! € %(X) and its range equals dom(A). An
eigenvalue £ € X(A) is isolated if

SMNN{ze€C; |z=¢ <r}={¢ for some r > 0.
Then for an isolated eigenvalue £ we define the associated spectral projector I, ¢ € Z(X) by
(2.11) I = —i (A—2)"tdz with0< ¢ <7
2Z7T |Z_§|=7n/

If moreover the algebraic eigenspace R(Il. ¢) is finite dimensional, we say that £ is a discrete
eigenvalue and write £ € X4(A). Finally, for any a € R we define the subspace

A, :={z€C;Rz > a}.
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Definition 2.3. Let X;, X5 and X3 be Banach spaces and §; € L'(R,,%B(X1, X)), Sz €
LY(Ry, B(X2,X3)). We define the convolution Sz x S; € LY (R, (X1, X3)) by

t
Vi > 0, 82 * Sl(t) = / SQ(S)Sl(t — 8) ds.
0

If X; =Xy = X5 and S =81 =S, we define S = S and & = S« S*(»~ Y for all n > 2.

We can now state a simplified version of [7, Theorem 2.13] that is suitable for our particular
case.

Theorem 2.4. Let E and £ be Banach spaces such that E C £ is dense with continuous

embedding. Consider the operators L € € (E), L € €(£) with L = L|g and assume that:

(1) L generates a semigroup Sp,(t) on E, L is hypo-dissipative on R(I — Iz o) and moreover
(i) There exists Ao > 0 such that

S(L)NnAy, ={0}, forany —X<b<O.
(i) There is b’ < —X¢ such that
S(L)N Ay ={0,—Xo}.
(2) There are A,B € €(E) such that L = A+ B, with the corresponding restrictions A = A
and B = B|g on E, some n € N*, some a € R and some constant Cy, > 0 such that
(i) B — a is hypo-dissipative on E;
(ii) Ae B(E) and A€ B(E);
(iii) we have
1(ASB)™" () 5(e, ) < Cae™.
Then L is hypo-dissipative on & and we have the following estimates: If a < —\g, there holds
(2.12) Vit >0, I1S2(t) =Tz oll ey < C e ™"
Otherwise, if a > Ao, then for any a’ > a there holds
(2.13) Vit >0, 1S (t) = Tzoll ey < O,

where C' > 0 is an explicit constant depending on the constants from the assumptions.

This theorem permits us to enlarge the space of spectral/semigroup estimates of a given
operator. More precisely, the knowledge of the spectral information in some “small space” (1)
allows us to extend this information to a “bigger space” ((2.12) or (2.13)), when the operator
satisfies some conditions (2).

In our case, the spectral gap estimate of £ on L?(u~1/?) stated in (1.14)-(1.15) gives assump-
tion (1) of Theorem 2.4. Thus, in order to prove Theorem 2.1, we consider the operators A and
B defined in (2.5), and we shall prove assumptions (2i), (2ii) and (2iii) on the space & = LP(m).
We can then conclude to the semigroup decay estimates (2.12) or (2.13) applying Theorem 2.4,
which is nothing but the estimate in Theorem 2.1.

2.2. Hypo-dissipativity properties. In this subsection we shall investigate the hypo-dissipativity
of the operator B, defined in (2.5), on LP(m) spaces, in order to prove assumption (2i) of Theo-
rem 2.4. Before proving the desired result in Lemma 2.8, we give the following lemmas that will
be useful in the sequel.

Lemma 2.5. Let Jo(v) = [ps [v — w|*pu(w) dw, for 0 < a <3, and denote My(p) := [ |v]*p.
Then it holds:

(a) Jo(v) =1.

(b) Jo(v) < |0|*+ My (1), for 0 < a < 1.

(c) Ja(v) < |v|* 4+ Ma()?/2, for 1 < a < 2.
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(d) J2(v) = |v[* + Ma(p).
(e) Jo(v) < |v|® + 10974 |v]*/2 4 My(p)®/*, for 2 < o < 3.

Remark 2.6. As we will see in the proof of Lemma 2.8, the important point here is that, for all
0 < a < 3, the dominant part of the upper bound of J, has coefficient equals to 1.

Proof of Lemma 2.5. Ttems (a) and (d) are evident. For (b) we see that |v — w|* < |[v|* + |w|*
and it implies J, (v) < |[v|* + M, (p). To prove item (c¢) we use «/2 < 1 and Jensen’s inequality
to write

a/2
a0 = ([ fo = wlu(an)) = (o + Mal00) " < ol + M)

Finally, item (e) can be proven in the same way as (d). Firstly, for o = 4 explicit computation
gives Jy(v) = |v|* + 10[v|? + My(p). Then, from o /4 < 1 and Jensen’s inequality we obtain

a/4
Ja(v) < (/R3 v — w|4u(dw)> = (|v|* + 10Jv]* + M4(,u))a/4

< o]+ 10°/4u]*2 4 My () /.

Furthermore we have the following results concerning a;;(v).

Lemma 2.7. The following properties hold:

(a) The matriz a(v) has a simple eigenvalue £1(v) > 0 associated with the eigenvector v and a
double eigenvalue l5(v) > 0 associated with the eigenspace v-. Moreover,

aw - | (1 - (7 @)) (o — w) du

b (v) = /RB (1 B % > w2 (v — w) dw.

When |v| — 400 we have

v w

R— X —_
o]~ wl|

L1 (v) ~ 2[[”
la(v) ~ |v[ 72
If v € (0,1] there exists £y > 0 such that, for all v € R?, min{¢; (v),{2(v)} > £.
(b) The function a;; is smooth, for any multi-index 3 € N3
10%a;5(v)| < Cp(v)r+2717]
and
a;j(v)&i&s = (V)| P& + Lo (v) (T — P)EP,
aij(v)viv; = £1(v)|vf?,

where P, is the projection on v, i.e.
v\ v
v/ vl

i (v) =2 RS v — v " PPu(v) dv. and  bi(v) = —41(v) v;.

(¢) We have
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Proof of Lemma 2.7. We just give the proof of item (c) since (a) comes from [2, Propositions

2.3 and 2.4, Corollary 2.5] and (b) is [8, Lemma 3].
Hence, for item (c) we write

3
ai(v) = Z /RS aii(v — ve) p(vy) dvos.

Using (1.3) we obtain that

3 2
ai(2) = Z |27+ <1 _ |ZZ|2> — 922
z
i=1
and then
2p(vy) dus.

Moreover, we compute

bi(v) = (9jaij * p)(v) = (@i * Oju)(v) = — /RS ij (V= V) Vs p(vs) dvs,

and using that a;;(2)z; = 0 we obtain

bi(v) = — /RS @i (v — Vi) Vs (v ) dus
= */ ij (0:) (V5 — Vuj) p(v — v4) do,
RS

__ (/}R iy (0) (v — v*)dv*) vy = —ai;(0)v; = 1 (0) v3.
O

With the help of the results above, we are able to state the hypo-dissipativity result for B.

Lemma 2.8. Let v € [0,1], p € [1,+00) and consider a weight function m = m(v) satisfying
(2.6) or (2.8) with the corresponding the abscissa (2.7) or (2.9), respectively. Then, for any
a > amp we can choose M and R large enough such that the operator B — a is dissipative in
L?(m), in the sense that

Vit >0, ||83(t)||gg(Lp(m)) < e,
Proof of Lemma 2.8. We split the proof into four steps.

Step 1. Let us denote ®’(z) = |2|P~!sign(z) and consider the equation
Of =Bf =Bof — Mxrf.
For all 1 < p < 400, we have

d _ ,
i1y = 17050 { [ B9 1m0}

(2.14) . { [@ap@ome - [ (MXRf)@’(f)mp}

with, from (2.4) and (2.2),

[@an@eym = [agourogyme -~ [emisp
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Let us denote h = m?f, for some 6 to be chosen later. For the first term, using ®'(f) =
®'(h)m=?®=1) | we have

T1 = /Ecij(?ij(hm_e) ‘I)/(h) mp+9(1_p)
= —/8j(hm_9)8i (&ijq)/<h)mp+9(1—p))

= _/6j(hm_9)@ijai ((I)/(h)mp+0(1—p)) _ /Gj(hm“’)éj (b/(h)mp+9(1_p)
=: Ty + Tho.
We also have
d;(hm=%)0; (@'(h)mﬂe(l*p))
= (p — 1)8ih8jhmp(1—9) |h|p—2 + waimajﬂhlp) mp(l—e)—1
p

8@ =D o (p)am mP =01~ fp — 0(p — 1)]Gsmym mPA=02 [hlp,
p

then, since @;; is symmetric , it follows
T11 = 7(}7 - ].) /c‘zijf)‘ih@jhm”(l*e) |h|p72

-1
+ 2022 ] [aomay(alry w0

+0[p—0(p—1)] /aijaimajmmpﬂff’%? |hP.
Performing an integration by parts, we obtain
T = —(p — 1)/&ij8ih8jh mp(lie) |h|p72

+ d1(p, ‘9)/513¢mmp(170)71 |h[?
(2.15)

+ d1(p, 9)/ﬁij3ijmmp(170)7l |h[?
+52(p, 9)/dij8im8jmmp(1_9)_2|h|p
where

(2.16)  01(p,0) :=1-20(1 - 1/p), 2(p,0) == 61(p,0)[p(1 — 0) — 1] + O[p — O(p — 1)].

For the term 775 we have
Tiz = [ 0y(hm™")5; & (1) 00
__ / 0, h®' (h)b; mP(1=9) 4 / W' (h)B; 0 m P01

(2.17) /
_ —g/aj(w)z;j mp(1-0) +9/6jajmmp<1*9>*1|h|p

1 _
= f/amﬂl*e) \h|P+/bjajmmp<1*9>*1 |h|P.
p
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Gathering (2.15) and (2.17) one obtains

(2.18) / (Bof)@ (f)m? = —(p—1) / a5;0:(m® £)0;(m® f) m? =20 | fIp= + / mpo(v) P | P,

with

Pm.,p,0 = 01(p,0) (aij jm) + d2(p, 0) (aij m Jm)
m m m
(2.19) ) 1
_ ;m ~
+ (14 01(p,0)) (bi ) + (1) é,
m p

where §; and 65 are defined in (2.16).
Let us now split the proof into two different cases: polynomial weight m satisfying (2.6) and
stretched exponential weight m verifying (2.8).

Step 2. Polynomial weight. Consider m = (v)¥ defined in (2.6). On the one hand, we have

Oim 9im 9;m

2 —4
- T =k vv;(v) "%,

= 5”- k<’U>72 + k(k — 2)’0in <’U>74.

)

3

J
m

Hence, from the definitions (2.1)-(2.3) and Lemma 2.7 we obtain

aijm
Qa;j
(2.20) T m

= (0ijai5) k(v) "% + (aijoiv;) k(k —2){v) ™
= Qi k() 2 4+ 0 (v) k(k — 2)|[v]*(v) 74,

where we recall that the eigenvalue ¢1(v) > 0 is defined in Lemma 2.7. Moreover, arguing exactly
as above we obtain

_ (%m 8 _ _ —
(2.21) Gy == = = (@sj0,05) K (0) 74 = b (0) K2 [o[*(v) ™
and also, using the fact that b;(v) = —¢;(v)v; from Lemma 2.7,
(2.22) b 2y (0o ki) 2 = 2 (0) klo(0) 2

On the other hand, from item (c) of Lemma 2.7 and definitions (2.1)-(2.3) we obtain that
(2.23) ai; = 2Jy42(v) and €= —2(y+3)J,(v),
where J,, is defined in Lemma 2.5. It follows from (2.19)—(2.23) that

Pimp.0(v) = 01(p, 0) 2k 42(v) () 7% + 01 (p, 0) k(k — 2) &1 (v) [0]* (v)
+82(p, 0) kK 1(0) [u]* (v) ~* = [1+ 61.(p, )] k £1(v) v]* (v) 2

(2.24)
1
+2(y+3) (1 - p) T, (v).
Since #1(v) ~ 2(v)” and J,(v) ~ (v)* when |v| — 400 by Lemmas 2.7 and 2.5, the dominant
terms in (2.24) are the first, fourth and fifth one, all of order (v)”.
For p € (1,+0o0) we choose 6 = p/[2(p — 1)], then &;(p,0) = 0, d2(p,0) = p*/[4(p — 1)] and
2

empal®) = 7= ) PP = B0 P02 +26+3) (1- 1) 10)
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Using Lemma 2.5 to bound J,, we obtain that
lim sup ¢ po(v) < —2[k —3(1 —1/p)], if v =0,

|[v]— o0
s g 0(0) < 20k = (34 8)(1 - 1/n)] 0 iy € 0.1,
v|—00
and we recall that k£ > (y+ 3)(1 — 1/p) from (2.6).
If p =1, for all 8, we have §1(1,0) = 1 and d2(1,6) = 0 which gives

Pm1,0(0) = 2k T542(v)(0) 72 + k(% = 2)A)|v[*(v) 7 = 2k61 (v) [v]* (v) 7,

(2.25)

and the dominant terms are the first and last one, both of order (v)?. Using Lemma 2.5 to
bound J,42, we obtain

lim sup ¢m 1,0 (v) < =2k, if y =0,

|[v| =00

lim sup ¢ 1,0(v) < —2k(v)?, if v € (0,1].

|[v| =00

(2.26)

Step 3. Exponential weight. We consider now m = exp(r(v)®) given by (2.8). In this case we
have
0; 0;m 0;
im_ rsvi(v)* 2, i ojm. _ r2s2v;0; (v) 254,
m m m
8ijm

= rs<v>s_2(5ij +rs(s — 2)1)1-1)]-(1))3_4 + r2$20¢0j<v>25_4.
It follows from last equation that

221)

Dym (8i5ai5) rs(v) ™2 4 (@ v05) rs(s — 2) (V)™ 4 (azv0;) ris? (V)24

= rs(V)° 2 + L1 (v) rs(s — 2)|v|2 (W) T + £y (v) 2 s3] ? (v) 25T,
where we used Lemma 2.7,

Qij = = = = (ayviv;) rs” (V)* 1 = 4 (v) PP %[ (V)1

(2.28)

and also, using the fact that b;(v) = —£(v)v; ,

(2.29) 5 2T = 0y (oo rsun (o) = — 2 (0) ol (0)* 2,
m

Gathering together (2.19), (2.27), (2.28) and (2.29), and thanks to Lemma 2.7, it yields
Pmp.0(v) = 81(p, 0) 2rsy12(v){(0)* 7% + 01(p, 0) rs(s — 2)01 (v)[v]* (v)**
+ 61(p, 0) 725201 (V) |02 (V)25 + S5(p, 0) 125241 (v) || (v) 25 ~4

(2.30) |
— L4 51(p, )] rsta (0) [0 (0) "% + 2y + 3) (1 - p) T, (v)

where we recall that J, is given in Lemma 2.5.
Let us choose 6 = 0 for all cases p € [1,4+00). Then 6;(p,0) =1, d2(p,0) = p — 1 and

Pmpo(v) = 2rsy42(v) ()72 + 75(s — 2)01 () u]* () ™ + pris® e (v)[of? (v)*

(2-31) _ 2r3£1(v)|’u|2<’0>572 +2(v+3) (1 — ;) J"/(U)v

and we recall that £1(v) ~ 2(v)Y and J,(v) ~ (v)* when |v| = 400 by Lemmas 2.7 and 2.5.
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If 0 < s < 2, the dominant terms in (2.31) is the fourth one, of order (v)?Y**. Then we obtain
the asymptotic behaviour

(2.32) lim Sup @ p.o(v) < —4rs(v)*t

|[v]—o00
and we recall that s+~ > 0. If s = 2, the dominant terms in (2.31) are the first, third and fourth
one, all of order (v)?*2. Hence, using Lemma 2.5 to bound J, 2 and Lemma 2.7, we obtain

(2.33) lim Sup @ p.o(v) < dr (2pr — 1) (v)772,

|[v| =00
and we recall that » < 1/(2p) from (2.8).

Step 4. Finally, gathering Steps 1, 2 and 3, for any p € [1,+00), for any a > a,p, thanks
to the asymptotic behaviour of ¢y, ¢ in (2.25)-(2.26)-(2.32)-(2.33), we can choose M and R
large enough such that ¢, pe(v) — Myxgr(v) < a for all v € R3. It follows that the operator
B —a=By— Mxgr — ais dissipative in LP(m), more precisely, for all f € L?(m) we have

(2.34) vt >0, [Ss(t)fllzrim) < eI fllLo(m)-
Indeed, from (2.14) and (2.18) we obtain

sy < =01 [ )25 m e 11772 4 [ (= Ml

< / (Emps — Myxr)m?| [P

Sa/m”\ﬂp

which yields (2.34). O

Remark 2.9. Coming back to the case of exponential moment in Step 3, we could also, for
p € (1,400), chose 8 = p/[2(p — 1)] as we did for the polynomial weight. This would not change
anything for 0 < s < 2, however for the case s = 2 we would obtain

2 2,.2
i sup ¢ p,6(v) < ( a Tl - 47") (v)7*2

|[v]—o0 p—

which goes to —oo when |v| — +o0 if r < 2(p —1)/p?, modifying then the conditions on r defined
n (2.8). Using these two computations, a more general condition on r defined in (2.8) in the

case s = 2 would be 7 < max{%, %}

2.3. Regularisation properties. We are now interested in regularisation properties of the
operator A and the iterated convolutions of ASg, in order to prove assumptions (2i7) and (2i)
of Theorem 2.4. Let us recall the operator A defined in (2.5),
Ag = Aog + Mxrg = (ai; * 9)0ip — (¢ g)p+ MXRg,
for M and R large enough chosen before.
Thanks to the function x g, for any ¢ € [1,4+00), p > ¢ and any weight function mg, we have
(235) HMXRgHLq(mO) S C||XRmOm_1 ||qu/(177q) ”g”LP(m) S C”g”LP(m)v

from which we deduce that Mxg € Z(LP(m), L1(my)).
Let us now focus on regularisation estimates for the operator Ag. First of all we give the
following result, which will be useful in the sequel.

Lemma 2.10. Let v € [0,1] and 8 € N® be a multi-index such that |3| < 2. Then
105 (aij * 9)(0)| S ()2 059]| 1 (yrezy  and  9s(ai; * 9)(©)] S W)V gl Loy
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Proof of Lemma 2.10. First of all, we write dg(a;; * g) = a;; * Ogg and then

(aiy + 03)0)| < [ lais(0 = 0.)]1039. ] o
For 7 € [0, 1] we have |a;j(v — v.)| < [v — 0. [772 < C{v)7 2 (v, )72 which yields
|(asj * 959) (V)] S () 2(|0p gl L1 (vyr+2)-
Finally, writing dg(ai; * g) = dga,j * g and using that
R P T e CP S e C R Bl

from Lemma 2.7 and because v 4+ 2 — | 5| > 0, it follows

[(9pai; * 9)(v)| < /@WZ_W<v*>7+2_'m|9*\ dv. S (o) gl 11 quyreaisn,
which finishes the proof. O
Lemma 2.11. Let v € [0,1] and p € [1,4+00]. Then we have
(2.36) 1 A0l o (my < Cu (9]l 1 (goyr2) + gl L2 (w)y) -
As a consequence, Ay € B(LP(m), L*((v)7*2)) and also Ag € B(LP(m)).
Proof of Lemma 2.11. For the first inequality, we write
Aol Le(m) < [[(a; * 9)0ijull Lo m) + (e * g)ull Lo (m)-
For the first term, using Lemma 2.10, we compute

I€aij * 9)0ii il o (my < C NN (yrs2y /(U)”*”pl@ju(v)I”mp(v) dv

< CM HgHil(@)w?)'

Arguing in the same way, we also obtain
(e Dl < € Ll ooy [P lao)lm ) o

<C, HgHil(@)v)v

which completes the proof of the first inequality of the lemma.
Then we compute, for some o > 0 and using Hoélder’s inequality,

(0-1)/p
g1l (goyrtzy < (/<v>_"”/(”_”> 191l Lo () r+2+)

< Cllgllr(wyr+2+e),
if o > 3(1 — 1/p). This implies that [|Aog|zrm) < Cullgllzrm) since k > v +2 +3(1 — 1/p)
when m = (v)* satisfies (2.6) or m = e™{")" satisfies (2.8). O

Corollary 2.12. Let p € [2,+00]. Then A € B(LP(m), L*(u=*/?)) and for any a > a,,, we
have
IASB ()| (L0 (m), L2(u-1/2)) < Cae™

Proof of Corollary 2.12. From Lemma 2.11 and equation (2.35) it follows that A € Z(LP(m), L?(u~"/?))
for all p € [2,+00]. Then we compute using Lemma 2.8,

[AS5(#) fllp2(u-1/2) < NAlls(zr(m), 2 u-172)) 1S5E) fll Lo my < Ce™ || fllLr(m),
which concludes the proof. O

Let us denote mg = ¢"™” with r € (0,1/4), then L?(u~1/2?) C L9(my) for any 1 < ¢ < 2.
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Lemma 2.13. There exists C > 0 such that for all 1 <p < 2,

(2.37) 1S5t flz2me) < Ct2GT2) e | fllngmg),  VE>0.

As a consequence, for all 1 < p < 2 and m satisfying (2.6) or (2.8), for any a’ > a we have
(2.38) I(ASB) () fll 2172y < C e | fllLomy, V>0

Proof of Lemma 2.13. Consider the equation 9;f = Bf. Then from (2.14) and (2.18) we have

1d
3 i1 ey = = [ assditmon)0smos) + [ (omsaa = M

From Lemma 2.7 there exists £y > 0 such that @;;&&; > £o|¢|*. We obtain

(239 3 1 ey < ~t0 [ 19000 0)P + [ (om0 = Mxrmd
The weight function mg satisfies (2.8), then Lemma 2.8 holds, more precisely

(2.40) 1S5() F oty < €I llogmey: 1> 0.

6/5| 4/5

with ¢ = mgf we obtain

Applying Nash’s inequality in 3-dimension: ||g[|3, < c1]|Vg|l}2 [lg]/73

i mof |2 lmof L7 < [ 19(ma )P

Putting together last inequality with (2.39), it follows
d 10/3 4/3

5 7112y < —C UL 112 gy + @l 2o

Let us denote x(t) := Hf(t)||i2(m0) and y(t) := || f(t)|| L1 (mo) Where f(t) = Sp(t)f. Then we have

the following differential inequality @(t) < —Cyx(t)%/3y(t)=4/3 4 2ax(t). From (2.40) we have
y(t) < yo and then

(2.41)

i(t) < —Cha(t) 3y % + 2ax(t).

If z9 < Cyo, by (2.40) we have z(t) < Ce™yy. If zo is such that xy > [C1/4alyy, then
z(t) < Cly, A t)~3/2, and we obtain

_3 4
1S5(t) fllz2(me) < Ct™ €™ [[fllL1 (mo)-

Using Riesz-Thorin interpolation theorem to Sp(t) which acts from L? — L? with estimate (2.40)
and from L' — L? with the estimate above, we obtain (2.37).

Let us prove now (2.38). From Lemma 2.11 and equation (2.35) we have the following
estimates, for any p € [1, 4+00],

(2.42) I Agll L2(u-172) S 19122 (mo)s I AgI e (me) S 19l Lo (m)-

Hence, by (2.42) and (2.37), for 1 < p < 2, it follows

(2.43) IASE) f | z2(umr2) S 1S Fll20me) S ¢ FF72) € || Fll o mey-
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Computing the convolution of ASp(t) we have

t
A8 2(0) a1 S | 1ASs(t = 5) Ao g rn) d

t
< / 1S5(t — 5)AS5()f1|2(mey ds

1

t
< / (t — )38 2= | AS5(8) (o) ds
0

1

t B 1
< / (t— 5)" 3G 1)) | S5(5) ]| 1o om ds
0

1 1

§ (t _ s)‘i(;‘f)ea(t—s) o5 ”f”LP(m) ds

where we have used in order (2.42), (2.37), (2.42), Lemma 2.8 and the fact that (Z — %) >0
for 1 < p < 2. Hence, for all t > 0, we have [|(AS5)**(t)||s(Lr(m),L2(u-1/2)) S et for any
a' > a> ap,p, where a, , is defined in (2.7) and (2.9). O
2.4. Proof of Theorem 2.1. With the results of Section 2.2, Section 2.3 and Theorem 2.4, we

are able to prove the semigroup decay for the linearised Landau operator.

Let E = L?(p~'/?), in which space we already know the spectral gap (1.14)-(1.15), which
gives us assumption (1) of Theorem 2.4. Let & = LP(m), for any p € [1,2] and m satisfying
(2.6) or (2.8). We consider the decomposition £ = A+ B as in (2.5). For any a > a, ,, the
operator B — a is hypo-dissipative in £ from Lemma 2.8, and this gives assumption (2i) of
Theorem 2.4. Moreover, A € A(E) and A € Z(F) from Lemma 2.11 and equation (2.35),
which gives assumption (2ii) of Theorem 2.4. Hence we only need to prove assumption (2iii) to
conclude.

We split the proof into two different cases.

Case p = 2. In this case we have E C £. Moreover, ASz(t) € #(&, F) with exponential decay
rate from Corollary 2.12, which proves assumption (2éii) with n = 1.

Case p € [1,2). Here E C £ and from Lemma 2.13 we have (ASg)*?(t) € %(&, E) with
exponential decay rate, which gives assumption (2iii) with n = 2.
3. PROOF OF THE MAIN RESULT
Recall the Landau operator (2.2)
Q(g,h) = (aij * 9)0;h — (c* g)h.
We shall prove some estimates for the nonlinear operator ) before proving the Theorem 1.2.
Proposition 3.1. Let v € [0,1] and p € [1,+00]|. Then
1Q(g, M)l Lr(my S N9l L1 (wyr+2) 10551l Lo (mgoyr+2) + N9l Lr oy 1Rl Lo oy )
Proof of Proposition 3.1. We write
1Q(g, MllLr(m) < Il(as; * 9)0ijhl| e my + [[(c* g)Rll Lo (1m)-
Thanks to Lemma 2.10
[(aij * )0 hll Lo m) S NgllLr (oyr+2) 1052l Lo () v2)
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Moreover, by Lemma 2.10 one obtains, since ¢ = d;;ja;; and [(c * g)(v)| < C(v)7[|gll£1((v)7)s
Ie* g)hllr(my < gl er oy Rl e en ey,
and the proof is complete. O

The proof of Theorem 1.2 relies on known results by Desvillettes and Villani [4, 5] concerning
the polynomial decay rate to equilibrium, together with the semigroup decay estimates from
Theorem 2.1 and some estimates on the nonlinear operator from Proposition 3.1. We follow the
strategy developed in [12].

Let us first summarise the results on the Cauchy theory for the Landau equation with hard
potentials from [4, Theorems 3, 6 and 7] and [5, Theorem 8], with a improvement of [6] concerning
the smoothness effect.

Theorem 3.2. Consider v € (0,1].

(1) Let fo € L*({(v)?9) for some § > 0 and consider a weak solution f to (1.1), then:
(a) for all to > 0, all integer k > 0 and all 0 > 0, there exists Cy, > 0 such that

sup || f(t, )| e (wyoy < Cho-
t>to
(b) for all to > 0, f € C=([to, +0); S(RS)).

(2) Let f be any weak solution of (1.1) with initial datum fo € L*({v)?) satisfying the decay of
energy, then for all to > 0 and all @ > 0, there is a constant Ci, > 0 such that

sup [| £ (¢, )21 ((w)o) < Cto-
t>to

(8) If f is a smooth solution of (1.1) (in the sense of (1) above), then for all t > 0 there is
C > 0 such that

H(filn) = / flog L av < o1+ £y
R3 w
Corollary 3.3. For alltg > 0 and all £ > 0, there exists Cy, > 0 such that

Vit 2 to, I1fe = nll oy < Cyy(1+1)7 7.

Proof of Corollary 3.3. Let us fixe some tg > 0. First of all, from Theorem 3.2 and the Csiszar-
Kullback-Pinsker inequality (see e.g. [17, Remark 22.12])

If — wllpr sy < OV H(F|p),

we obtain
(3.1) V>0,  |fe—pllpiwsy < CAL+)7Y
Then, using the bounds of Theorem 3.2 and Hoélder’s inequality we obtain
L
Vezto,  Nfi = plliiwe < 1F =l e L = il i) < Cro(1+1)75.

Let f = p+ h, then h = h(t,v) satisfies the equation

{ Osh = Lh+ Q(h, h)

3.2
(3:2) hjt=o = ho = fo — p.

Since fy = p + ho has same mass, momentum and energy than u, we have IThy = 0 and for all
t > 0, thanks to the conservation of these quantities, we also have ITh; = TIQ(h¢, hy) = 0.

Before giving the proof of Theorem 1.2, we state and prove the following lemma which will be
important for the sequel.
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Lemma 3.4. Consider m = (v)* satisfying (2.6). There exists ¢ > 0 such that, if the solution h
of (3.2) satisfies
||h0HL1((,U>k) S € and ||ht||L1((v>f) S €, Vit Z 0,
with £ := 2y + 8 + k, and if
Vit >0, HhtHH‘*((v)@) <,
then there is C' > 0 such that
VE>0, el sy < Ce M |hol Lyt
where Ao > 0 is the spectral gap in (1.14)-(1.15).

Proof of Lemma 3.4. By Duhamel’s formula for the solution of (3.2), we write,

t
he = Se(t)ho +/ Se(t — 5)Q(hy, hy) ds.
to

Using Theorem 2.1 (observe that we can take A = )¢ in that theorem since v € (0,1], see
Remark 2.2) and Proposition 3.1, one deduces

t
el L1 wyry < N1Se(®)holl L1y +/O 1Sc(t — 8)Q(hs, hs) |l L1 ((vyr) ds

t
< Ce_)‘”t||h0||L1(<v>k) + C/ e_AO(t_s)HQUIS, h5)||L1(<v>k) ds
(3.3) 0

t
< Cem ||| L1 (quyr +C/ 640@75)(”hSHD«UW)||hs||L1<<v>~+’“)

+ ||h HLI( w+2)||V2h ||L1 7+2+k ) dS.
We recall the following interpolation inequality from [10, Lemma B.1]

[ullwar ey < CHU’HW‘H A((v)er) ||U||€Vq2,1(<v>a2)

with 0 € (0,1), @ > a3 and ¢ > ¢1, ¢ = (1 — 0)g1 + 0¢2 and @ = (1 — O)a; + By with
4,491,492, Q, 01,09 € Z. From this we get

1/2 1/2 1/2 1/2
IV 2Rl qopraiy S RN oy IR S RIS ey IR0

vyk) ‘ W41 ((v)2v+a+k) L1({v) HA((v)27+6+k)s
where we used Holder’s inequality in last step. Gathering last inequality with (3.3) and using
Holder’s inequality again to write

1/2

IBI 2 oy NI oyrry < IRIAS ayoncey T3S ey

it follows that

t
— — —s 1/2
s < e ol + e Ml orse Wl

_ s 1/2 3/2
e / P el vy el 25 oy

Denoting x(t) := ||h¢|| 1 ((vyr) and using the assumptions of the lemma, we obtain the following
inequality

¢

z(t) < Ce Mtz (0) + 061/4/ e~ Ro(t=s) 4 (5)1+1/4 g,

0
Arguing as in [12, Lemma 4.5], if 2(0) and e are small enough we obtain, for all ¢ > 0,
z(t) < C'e=0tx(0), i.e.

1Bell 1 (qoyry < C'e™ 2 lholl L1 (uyr)-
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Proof of Theorem 1.2. We can now complete the proof of Theorem 1.2. From Corollary 3.3, we
pick tp > 0 such that

Vit > to, Il fe = plloryey = Thellroyey <6
where € is chosen in Lemma 3.4. From Theorem 3.2 we have that, for all t > tg,

el e cyey < I fell maoyey + el macwyey < C-
We can then apply Lemma 3.4 to h; starting from ¢y, then

Vit > to, e = sl oy = Nhellpr oy < Ce 2 Ayl goyry < CeME
This last estimate together with (3.1) for ¢ € [0, o] completes the proof. O
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