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ABSTRACT. We investigate in this work the rate of convergence to equilibrium of solutions
to the spatially homogeneous Landau equation with soft potentials. Firstly, we prove a
polynomial in time convergence using an entropy method with some new a priori estimates.
Finally, we prove an exponential in time convergence towards the equilibrium with the optimal
rate, given by the spectral gap of the associated linearised operator, combining new decay
estimates for the semigroup generated by the linearised Landau operator in weighted LP-spaces
together with the polynomial decay described above.

RESUME. Nous étudions le taux de convergence vers 1’équilibre pour les solutions de I’équation
de Landau homogeéne en espace avec potentiels mous. Premiérement, nous démontrons une
convergence polynomiale en temps, en utilisant une méthode d’entropie avec de nouvelles esti-
mations & priori. Finalement, nous démontrons une convergence vers 1’équilibre exponentielle
en temps, avec le taux optimal donné par le trou spectral de 'opérateur linearisé associé, en
combinant de nouvelles estimations de décroissance, dans des espaces LP & poids, pour le
semigroupe géneré par 'opérateur de Landau linearisé avec la décroissance polynomiale en
temps décrite ci-dessus.

1. INTRODUCTION

The Landau equation is a fundamental model in kinetic theory that describes the evolution of
the density of particles in a plasma in the phase space of all positions and velocities. We consider
in this work the case of spatially homogeneous density functions, which verifies the spatially
homogeneous Landau equation given by

8tf = Q(fa f)
1.1
( ) { f\t:O = fO)
where f = f(t,v) > 0 is the density of particles with velocity v € R? at time ¢t > 0. The Landau
collision operator @ is a bilinear operator acting only on the variable v and given by

(1.2) Q(g, f) = 0; /]Rg aij(v —v.) [9:0; f — [0;9:] dvy,

where here and below we shall use the convention of implicit summation over repeated indices
and the usual shorthand g. = g(v.), 9j9« = 0y,,9(v4), f = f(v) and 0; f = Oy, f(v).

The matrix-valued function a is nonnegative, symmetric and depends on the interaction
between particles. One usually assumes that particles interact by binary relation through a
potential proportional to 1/r°, where r denotes their distance. In this case a is given by (see for
instance [23])

(13) aij(2) = [P 10 (2), T0y(2) = (&j - ) ,
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with v = (s — 4)/s. One usually calls hard potentials if v € (0,1], Maxwellian molecules if
~ = 0, soft potentials if ¥ = (—3,0) and Coulombian potential if v = —3. One also separates
the soft potentials into two categories: moderately soft potentials when v € (—2,0) and very
soft potentials if v € (—3,—2|. In this paper we are interested in the case of moderately soft
potentials.

We also define the following quantities

(1.4) bi(z) = 0jai(2) = =227 z;, c(2) = 0i5a,5(2) = =2(v + 3) |27,
from which we are able to rewrite the Landau operator in the following way
Qg, [) =V -{laxg)Vf—(bxg)f}

= (aij x9)0ij f — (c*g)f.

Let us present some important properties of the Landau equation. First of all, it conserves
mass, momentum and energy. Indeed, at least formally, for any test function ¢ we have (see e.g.

21])

(1.5)

1 az ai *
[etnewar=g [ agto-vasr (% - 2 ) @ - 00 dvas.

from which we deduce, for any ¢ > 0,

(1.6) %/fgpdv = /Q(f,f)gadv =0 for o) = 1,v,|v|%.

Another important property of this equation is the Landau version of the celebrated H-Theorem of
Boltzmann: The entropy H(f) := [ flog f is nonincreasing and any equilibrium is a Maxwellian
distribution (Gaussian distribution). Indeed, at least formally, the entropy-dissipation functional
defined as

(1.7) D) =~ [ QUf.1)os .
verifies the following inequality
(1.8)
=L [ e (B ) (B 2k
D) =i =5 [ aslo-u (B BLY (BL 0Ly v, o
and we also have
t
(19) O+ [ D) dr = Hifo).

From this, it also follows that any equilibrium is a Maxwellian distribution

P b
topu,T (V) = We )

for some p > 0, u € R* and T > 0.

It is then expected that any solution f(¢,-) converges towards the Maxwellian equilibrium
Ppsup, 1y When t — +00, where py is the density of the gas, uy the mean velocity and Ty the
temperature, defined by

o= [ 10 =3 [orw. 1= [lo=ul s,

and these quantities are defined by the initial datum fy thanks to the conservation properties of
the Landau operator (1.6).
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We shall always assume that fy is a nonnegative function with finite mass, energy and entropy,
more precisely

/fo:Mo < oo, /|v|2fo:Eo<oo, /fologfo:Ho<oo,

and it is classical that this implies

(1.10) fo€ LiNnLlogL, LlogL := {feL1/|f|1og(f|)<oo}.

Furthermore, we may only consider the case of initial datum fy satisfying
(1.11) fo€Ligy:={feL'[pf=1,up=0, Ty =1},

the general case being reduced to (1.11) by a simple change of coordinates. We shall then denote
(v) = (2m)=3/2¢=1v1*/2 the standard Gaussian distribution in R3, which corresponds to the
Maxwellian with same mass, momentum and energy of fj.

We can linearise the Landau equation around the equilibrium g, with the perturbation
f(t,v) = p(v) + h(t,v), which satisfies at the first order the linearised Landau equation

{ o:h = Lh
h\t:() = h07

where the initial datum is defined by hg = fy — i, and where the linearised Landau operator £
is given by

(1.13) L£h = Q(u, h) + Q(h, p).

Furthermore, from the conservation properties (1.6), we observe that the null space of £ has
dimension 5 and is given by (see e.g. [5, 12, 2, 16, 18])

(114) N(‘C) = Span{:u7 U1y V245 V3 [y |’U|2/J}

Consider the weighted Hilbert space LQ(/fl/ 2) associated with the following scalar product and
norm

(1.12)

(hy9) L2(p-1/2) ::/hg/uf1 and Hh||2Lz(#,1/2) ::/|h\2/¢*1.
A simple computation gives
<‘Chah>L2(/J*1/2)

= _% // aij (v —v){0; (W h) — Oui (i i) H O (™ h) — Oy (s ") } e p dvs dv
<0

which implies that £ is self-adjoint on L?(x~'/?) and, moreover, that the spectrum of £ in
L?(p~1) is included in R_.

1.1. Existing results. Let us mention known results concerning the long-time behaviour of
solutions to the Landau equation (and for a more detailed presentation we refer to [4]).

In the Maxwellian molecules case v = 0, Villani [22] proves an exponential in time convergence
to equilibrium. For hard potentials v € (0, 1], Desvillettes and Villani [8] obtain a polynomial in
time convergence to equilibrium, and more recently we prove in [4] an optimal exponential decay
to equilibrium. Moreover, Toscani and Villani [19] also prove a decay to equilibrium polynomially
in time, in the case of mollified soft potentials v € (—3,0), which corresponds to replace |z|7+2
in (1.3) by a mollified function ¥(z) truncating the singularity at the origin (see Section 4.1
for more details). It is worth mentioning that all the results from [22; 8, 19] above are purely
nonlinear and based on an entropy method.
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Another approach for studying the long-time behaviour consists in considering the linearised
equation around the equilibrium (1.12), which has been investigated by several authors. Sum-
marising results of Degond and Lemou [5], Guo [12], Baranger and Mouhot [2], Mouhot [16],
Mouhot and Strain [18], we have the following proposition:

Proposition 1.1. Let v € [—2,1]. There exists a constructive constant A\g > 0 (spectral gap)
such that, for any h € L*(u='/2) with h € N(L)*,

(Lhyh) 2(,-1/2) < *)\OHhH%P

(n=1/2)"
As a consequence we obtain an exponential decay for the linearised Landau equation (1.12): for
any t >0 and h € L?(u~'/?), there holds
||€t['h — HOh"LQ(;L*l/?) S €_A0t||h — HQhHL2(H—1),
where Iy is the projection onto N'(L).

1.2. Main results and strategy. Let us define the notion of weak solution we consider in this
paper.
Definition 1.2 (Weak solutions [21]). Let v € [~2,1] and consider a nonnegative fo € L N

Llog L. We say that f is a weak solution of the Cauchy problem (1.1) if the following conditions
are fulfilled:

(i) f =0, feC(0,00); D) N L>([0,00); Ly N Llog L) N L, ([0,00); L}, .);
(@) f(0) = fo;

(#i1) for any t > 0

/f(t) /fonp for () =1,v,|v|*; and H(f /D ) < H(fo);

(tv) f verifies (1.1) in the distributional sense: for any ¢ € C([0,00); CS°), for any t > 0,

[ 100~ [ a0 //f el //Q ().

where the last integral in the right-hand side is defined by

[eune =3 [[asw-vi@e+ose) t.r+ [0t - )00 -0 .5

It is observed in [21] that these formulae make sense as soon as f satisfies (i) and p € W2°°(R3).

In the case of moderately soft potentials v € (—2,0), it is proven in [21] that if fo € LINLlog L
there exists a global weak solution. If moreover we assume fo € Li, with k > v%/(2 +7), then
the weak solution is unique [10, Corollary 4].

We can now state our main results on the rate of convergence to equilibrium: a polynomial
convergence in Theorem 1.3 and then an exponential convergence in Theorem 1.4.

Theorem 1.3 (Polynomial convergence). Let v € (—2,0) and fy € LkJr8 3,74 1 Llog L with

k > T|v|/2. Then there exists a weak solution f to the Landau equation associated to fo such that
VE>0,  H(f()|p) <CA+t) 7,

for some constructive constant C' > 0 and where H(f|p) := [ flog(f/u) is the relative entropy
of f with respect to p.

The proof of Theorem 1.3 follows the strategy introduced by Toscani and Villani [19] (see
Section 4.1 for more details), in which, as already explained, a polynomial in time convergence to
equilibrium for mollified soft potentials is proven. This strategy was developed in order to treat
the trend to equilibrium issue for kinetic equations with relatively bad control of the distribution
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tails (as for Boltzmann and Landau-type equations with soft potentials) and they compensate
the lack of uniform in time estimates by some precise logarithmic Sobolev inequalities. In order
to use this strategy, we prove some new a priori estimates for the evolution of weighted L' and
Sobolev norms in Section 3. Then we prove Theorem 1.3 in Section 4.1 using these a priori
estimates together with a functional inequality relying entropy and entropy-dissipation from [19].

Theorem 1.4 (Exponential convergence). Let v € (—1,0) and fo € Llog L N L* (")) with
k>0 and —y < s <24 . Then the unique weak solution f to the Landau equation associated
to fo satisfies

Vi>0,  |f(t) —pllp < Ce ™,
for some constructive constant C' > 0 and where Ay > 0 is the spectral gap of the associated
linearised operator.

Remark 1.5. The restriction v € (—1,0) comes from the fact that we need s+~ > 0 in order to
prove the ”spectral gap/semigroup decay” extension theorem for the linearised equation (see
Theorem 2.1) and s < vy 4+ 2 to prove the propagation of stretched exponential moments (see
Lemma 3.6).

The strategy to prove this theorem is based on:

(1) New exponential decay estimates (with sharp rate) for the semigroup generated by the
linearised Landau operator £ in various LP-spaces with stretched exponential weight, using
a method developed in [11]. This question is addressed in Section 2.

(2) New a priori estimates for the nonlinear equation proved in Section 3 and the convergence
to equilibrium from Theorem 1.3 proven in Section 4.1.

(3) A “coupling method” in order to connect the linearised theory with the nonlinear one: for
small times we use the polynomial convergence from Theorem 1.3; then for large times we
use (2) to prove that the solution enters in a suitable neighbourhood of the equilibrium, in
which the linear part is dominant, and we have an optimal exponential decay from (1). This
is proven in Section 4.2.

It is worth mentioning that this strategy has been used by several authors and for different
equations in order to prove an exponential in time convergence to equilibrium. It was first
introduced by Mouhot [17] for the homogeneous Boltzmann equation for hard potentials with
Grad’s cut-off. This same approach was later used by Gualdani, Mischler and Mouhot [11] for
the inhomogeneous Boltzmann equation for hard spheres on the torus and for the Fokker-Planck
equation, and also by Mischler and Mouhot [14] for Fokker-Planck equations. More recently, the
author [4] used it for the homogeneous Landau equation with hard potentials, and Tristani [20]
for the homogeneous Boltzmann equation for hard potentials without cut-off.

1.3. Notations. Let m : R — RT be a weight function. For any 1 < p < oo we define the
weighted space LP(m) associated with the norm

1f1lLemy == llmfllze.
We also define higher-order weighted Sobolev spaces W*P(m) associated with the norm
By = 32 10°FI2,0e 1< p < o0,
la <€

with the usual modification for p = oo and for homogeneous spaces WP (m). When m = (v)* :=
(1+ [v]?)*/% is a polynomial weight, we denote WP := WEP((v)F).

Let X,Y be Banach spaces and consider a linear operator A : X — Y. We shall denote
by Sa(t) = et the semigroup generated by A. Moreover we denote by %(X,Y) the space of

bounded linear operators from X to Y and by || - ||z(x,y) its norm operator, with the usual
simplification Z(X) = Z(X, X).
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2. THE LINEARISED OPERATOR
In this section we shall denote
(2.1) aij(v) = ai x p, bi(v)=bi*xpu, c(v)=cxp.
Let us now make our assumptions on the weight function m = m(v):

(W) Stretched exponential weight. We consider a weight function m = exp(k{v)®) with
k>0,0<s<2and s+~v>0.

We are now able to state the main result of this section, which extends to various weighted
L? spaces the decay of the semigroup Sg(t) generated by the operator £, known to hold in
L?(p~'/?) by Proposition 1.1.

Theorem 2.1. Let v € (—=2,0), 1 < p <2 and a weight function m satisfying (W). Then there
exists a constant C' > 0 such that, for allt > 0 and any h € LP(m), there holds

1S (&)h — Toh| Lo (my < Ce b — TIoh|| Lo (m),
where Ty is the projection onto N'(L) and Ao > 0 is the spectral gap of L on L*(u=1/?).

In order to prove this theorem we shall use the method of enlargement of the functional space
of semigroup decay developed by Gualdani, Mischler and Mouhot [11]. Roughly speaking, if one
knows some quantitative information on the semigroup decay associated with an operator £ in
some small space E, this method enables one to deduce this quantitative estimate on a larger
space £ D F, when the operator L satisfies some properties. In order to do that, we need to
factorise £ = A + B and to prove some properties for these operators, namely that B has a well
localised spectrum (see Section 2.2) and A is regularising in some sense (see Section 2.3).

2.1. Factorisation of the operator. Using the form (1.5) of the operator ), we decompose
the linearised Landau operator £ defined in (1.13) as £ = Ay + By, where we define

Aoh := Q(h, p) = (as; *x h)d;jpu — (c* h)p,

Boh := Q(p, h) = (asj * p1)0i5h — (¢ * p)h.

Consider a smooth nonnegative function x € C2°(R?) such that 0 < x(v) < 1, x(v) = 1 for
|v] <1 and x(v) = 0 for |v| > 2. For any R > 1 we define yg(v) := x(R™v) and in the
sequel we shall consider the function My g, for some constant M > 0. Then, we make the final
decomposition of the operator £ as £ = A+ B with

(2.3) A=Ay + Mxr, B:=By— Mxrg,

where M and R will be chosen later.

(2.2)

2.2. Dissipativity properties. We investigate in this section dissipativity properties of the
operator B.

First of all, we state the following results concerning a;;(v) (see [5, Propositions 2.3 and 2.4,
Corollary 2.5] and [12, Lemma 3]) that will be useful.
Lemma 2.2. The following properties hold:

(a) The matriz a(v) has a simple eigenvalue £1(v) > 0 associated with the eigenvector v and a
double eigenvalue l3(v) > 0 associated with the eigenspace v-. Moreover,

bi(v) = /RB (1 - <|Z : hwﬂ|>2> w2 (v — w) dw
az(v)z/Rz (1_;

v w

— >< —_
o]~ wl

2
> lw|" 2 p(v — w) dw.
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When |v| — 400 we have
t(v) ~ 2(v)”

la(v) ~ ()72,

If v € (0,1] there exists £y > 0 such that, for all v € R?, min{f;(v),{2(v)} > £o.
(b) The function @;; is smooth, for any multi-index 3 € N

0°a;(v)| < Ca(v)r+2= 17l

and
a5 (V)&&5 = 01(v)|PoE]? + Lo (v)|(I = Py)Ef,
agj(v)vw; = L (v)[of?,

where P, is the projection on v, i.e.
v\ v
P¢ = (5 . ) —.
v[/ [v]

a;i(v) = 2/]Rs [v — v, 2 (v, do, and bi(v) = —£1(v) v;.

(c) We have

Let us we define

(p—1)

1 2 _
(2.4) Omp(v) = p- a:vVim+ avVm - Vm + - b-Vm+ (1/p—1)c.

Before proving the desired result in Lemma 2.5, we give the following elementary lemma to
be used in the sequel.

Lemma 2.3. Let Jo(v) := [pa [v — v |*u(vs) dvy for =3 < o < 2. Then it holds:

(i) If 0 < a < 2 then Jo(v) < |v|* 4+ Cq for some constant C,, > 0.
(i1) If =3 < a < 0 then Jo(v) < C(v)* for some constant C > 0.

Proof. Point (i) can be found in [4, Lemma 2.5]. For point (i) we observe that the result easily
follows if |v| < 1. On the other hand if |v| > 1 we write

Ja0) = [t vdot [ fofeuto - v de
[ve|<1

o] >1

< sup u(v—v*)/ [v.|* dvs + C (V) (v — vy) dvy.
. |<1 jo.|<1 joa|>1

Using that supy,, |<; #(v — vi) < Ce~I"*/4 < C and that (v,)® < C(v)*(v — v,)l°l by Peetre’s
inequality we conclude to

Jo(v) < C + Cw)® /(v — o) (v —v,) dv, < CW)*.
O

Lemma 2.4. Let m satisfy assumption (W). Then for all A > 0 we can choose M and R large
enough such that, for all v € R3,

me,p(v) — MXR(U) < =\
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Proof. Let m = exp(k(v)®). We easily compute

Vm = ksv{v)* 2
m

and

20

Vom)iy = ks(v)* 728, + ks(s — 2)v0; (V)T + K250, (V)2

m

It follows then
V2m

= (835i5)rs(v)* 72 + (@ijviv)ks(s — 2) (V)™ + (@gviv)) 2% (V)
= 250 12(0)(0)* 7% + rs(s — 2)01 (v)[0]* (V)™ + K257 (v) o] (v) 274,

where we have used Lemma 2.2. Moreover, using again Lemma 2.2, we obtain

Vm Vm 9

a ek avvk?s® (V)25 = K252 (v) Ju]? (V)2
and
- Vm B
b- = —rsly (v)|v|* (v)* 72

Putting together the above estimates, we obtain
Pmp(v) = 268 12(0)(0)* 72 + Ks(s — 2)l(0) []*(0)* ™ + pr®sly (v) o]* ()

(2.5) — 250, (0) 0> ()2 + 2(y + 3)(1 — 1/p).J,, (v).

From the asymptotic behaviour of ¢1, J,42 and J,, the dominant terms of ¢, , in (2.5) when
|v] — oo are the first and the fourth one, both of order (v)7*¢. Using Lemma 2.3 to bound

Jyi2(v) < Jyy2(v) o (v)7*2 and /4 (v) o 2(v)Y from Lemma 2.2, we obtain that
v|—o00 v|—o00

Omp(V) < Gmp(v) with

(2.6) Pmpv)  ~ —2k5{v)* T ——— —o0,

|[v|—o0 |[v]—o0

because s + v > 0 from assumption (W).
Let us fix A > 0. Then, thanks to (2.6), we can choose R large enough such that

Viv| >R, @mpv) — Mxr(v) < —A
Finally, we choose M > sup|,|<g ¢m,p(v) + A so that
Vol <R, omp(v) = Mxr(v) = omp(v) = M < =2,

from which we conclude. O

With the help of the result above, we are able to state a result on the dissipativity of B. Recall
that

B =By — Mxxg, Bof =V -{aVf —bf}.
Lemma 2.5. Let v € (=2,0), p € [1,400) and m be a weight function satisfying assumption

(W). Then for any X\ > 0, we can choose M and R large enough such that the operator (B + \)
is dissipative in LP(m).

Lemma 2.6. Let v € (—2,0). Then for any A > 0, we can choose M and R large enough such
that the operator (B + \) is dissipative in L*(u=/?).
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Proof of Lemma 2.5. We denote ®(x) = |x|P~!sign(x) and consider the equation
8th =Bh = Boh — MXRh

For all p € [1,00), we compute

1d
Ll = [ Bl (e — [ Ot b,

For the first term, we perform integration by parts to obtain
/ (Boh)®' (h)m? — / V- {aVh — 5h}' (h)m?
- / GV (& (h))m? — / GVhD' ()Y (m?)

/ bRV (' (h))m? + / bhd' (h)V (mP).

Using that V(®'(h)) = (p—1)|h|P~2Vh, ®'(h)Vh = p~tV(|h|P) and RV (®'(h)) = (1-1/p)V(|h|P),
and integrating by parts, we finally get

/ (Boh)® (Bym? = —(p — 1) / GV hVh|A[P~2m?
+;/{a: % +2b- % —(p— l)c} |h[Pm?.

We can rewrite
V(mP) = pm?~'Vm

and
V2(m”) = (8ijmp)1§i,j§3 = p(p - 1)mp’28im8jm +pmp*13ijm
to obtain
(2.7) By =~ = 1) [ aVRTRIP 20 4 [ (= M) BP0,

where @, , is deﬁned in (2.4).

From Lemma 2.4, for all A > 0, we can choose M and R large enough such that ¢, ,(v) —
Mxr(v) < =X\, Hence, it follows that the operator (B4 \) is dissipative in LP(m). Indeed, from
(2.7) we have

1 d _
IRy = == 1) [ aVRTRIP 200 5 [ (o = M)

< NI (-
since the matrix a is positive, and it follows that

(2.8) S5O~ Lrny < € [Pl Lo (m)-
0

Proof of Lemma 2.6. Arguing as in the proof above and denoting ¢, := ¢, -1/2 5, that satisfies
from (2.5)

Pul) = y2(0) = @) + (0 + 3), ),

we obtain L d
D) dt”h”Lz —1/2y = _/thVh,U/_l + /((pp« - MXR)h2,u_1~

Remark that here we can not conclude as in the proof of Lemma 2.5 because the coefficient of

order (v)?*2 in ¢, vanishes in the asymptotic [v| — oc.
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From Lemma 2.2, there exists K > 0 such that a@;;&;&; > K (v)7|£|?. We obtain then

1d 9 2 1 2 —1
§£||hHL2(#—1/2) < —K/<U>W\Vh\ p+ [ (o — Mxr)hp

and, by integration by parts, we also have

vy

v 1
= [ VAR + T e )R

1
+2 / InVhot) 2 4 Shhol) et + T ) 2R

= [wrvnpat+ [{-gore - (3+3) 0 - . D

Finally, it follows that
1d _ - _
(29) Gl < - [ V(@ 0 + [ - Mxanta
where )
Bu(v) = pulv) — 00 + Ol

— O () = SO+ (1 + 30, (0) + O

Thanks to the asymptotic behaviour of ¢, J, 2 and J,, and arguing as in Lemma 2.4, we easily

get that

~ —1<v>7+2 —— —00.
o] oo 4 |[v]— o0

ou(v)

Then, for any A > 0, we can choose M, R large enough such that p(v) — Mxg(v) < —\ for any
v € R3. We conclude the proof as in the previous lemma. O

2.3. Regularisation properties. We are now interested in regularisation properties of the
operator A and the iterated convolutions of ASp. Let us recall the operator A defined in (2.3),
Ag = Aog + Mxrg = (ai; * 9)0ipu — (¢ g)u+ Mxrg,
for M and R large enough chosen before. Thanks to the smooth cut-off function y g, for any

q € [1,400), p > ¢ and any weight function m satisfying (W), we easily observe that
(2.10) IMxRIILagu-1/2) < Clixri™*m™ | oaso-o 9l zr@m) < Cllgllzom)»
from which we deduce that My € Z(LP(m), L (u~1/?)).
Let us now focus on the operator Aj.
Lemma 2.7. Let v € (—2,0) and g € [1,2].
(i) If 1 < q < 3/|v| then
[ Aogll La(u-1/2) S lgllzr(oyr+2) + gl + [lgllza-
(i) If v € (—=2,-3/2] and 3/|y| < ¢ < 2 then
[ Aogll Lau-1/2) S N9l Lt (qoyr+ey + ||9||L$~
As a consequence, for any 1 < p < 2 and m satisfying (W1) there hold:
o Ae B(L*(u'1?));
o Ac B(LP(m)) and moreover A € B(LP(m), LP(u=1/?)).
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Proof. For any 1 < g < 2 we write

ol La(u-1r2) < (@i * 9)0ijpull pagu-1r2) + (e % @pill pa (=172,

and we estimate each term separately. For the first term, since |a;;(v — v.)| < C{v)7 T2 (v, )72
and |0;;p(v)| < C{v)?u, we easily obtain

1055 100580y 5 I8l gy [ @972 S Nl vy
For the second term we separate into two cases.

(i) Suppose 1 < ¢ < 3/|y|. We decompose ¢ = c_ + ¢y with ¢ = cl|<; and ¢ = cl}.|51. We
easily bound

e+ *9) ()] S / Ly—v.p>1 v =07 gl S llgllzr,

Vx

hence
(e * @pll a2y = Iew * @) ?llza S llgll -
For the other term, we get

e * Dl vy S [

v

5// Lo, j<t v = 0 1)gu] T 972
v J Uy

S / </ 1\U—v*|§1 |v - ,U*|'yq/lq/2 d’l]) |g*|q
Ve v
S Cullgllza,

where we have used Jensen’s inequality at the first line and, in the last line, the integral in v is
bounded since ¢ < 3/|y|. This concludes the proof of point (4).

q
/1Iv—v*\§1\7f*v*|vg*dv* /2

v

(7) Now suppose v € (—2,—3/2] and 3/|y| < ¢ < 2. We write then
(e 9)tll agu-12) = Il(e 9)' e < ll(ex @)llzo 11| oo
< lgll

where we have used Holder’s inequality in first line and Hardy-Littlewood-Sobolev inequality in
the second one. This gives point (7).

o I s

L4+~ 3

The conclusion of the lemma is a easy consequence of the above estimates and (2.10), observing
that in the case (i) we have

191l Lr (yre2) + gl + llgllze < Nlgllzacm)
and in the case (i7)
gl wyrezy + gl zo S Mlgllzagmy,s
for any weight function m satisfying (W). O
We prove now a regularisation estimate for the convolution of ASp(t). Let mg := exp(ko(v)?®)
and my := exp(k1(v)®) be weight functions satisfying (W) with k1 > Ko, so that mg < Cm;.

Lemma 2.8. Let v € (—2,0). Consider 1 < p < 2, then there exists C > 0 such that

3¢1 1

(2.11) V>0,  [Sst)l@wrim).2mey < Ct 27 2) e
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As a consequence, for all 1 < p <2 and m satisfying assumption (W), for any N < X (A >0
fized in Lemma 2.5) we have

(2.12) VE>0,  [[(ASE)2 (0l wieim).L2(u1r2y) < Ce ™.
Proof of Lemma 2.8. We split the proof into two steps.

Step 1. We first prove (2.11) for p = 1. Consider the equation 9;f = Bf. Then from (2.7) we

have
1d _
3 il ey = = [ aVVm2 4 [ (o2~ Mxwpmd s

From Lemma 2.2, there exists K > 0 such that @;;&¢; > K (v)?|¢|?, which yields

1d
5 1 B < K @193+ [ (oo = Mmpmd s
and, from
V()" mof)? < C{(@)m3|Vf|* + Clo)"**2mi f?},
it follows that

213) Gl e < K [ IV moNP + [(Gmga = Mxwymis?,

where
@moz(?}) = ‘PmO,Q(U) + C«<U>'y+2572.

From Lemma 2.4 we easily see that @, 2 o ~  Pmye,2, then for all A > 0 we can chose M and
v|——+oo
R large enough such that @, 2(v) — Mxg(v) < —\, and moreover estimate (2.8) holds.
Applying the following inequality (which can be obtained by Holder’s inequality followed by

Sobolev embedding in dimension d = 3):
o 0/ 12/3
1) gl 2 < er[[Vgll 35 1 (w)* 2]l

with g = <v>7/2mof and o = —v/2 to (2.13), it follows

10/3 4/3
1 my < —KIFIE @) FITH2 = X £y

10/3 4/3
< =K IS = A F 132 me)-

Recall that the weight functions my and m; satisfy assumption (W), then Lemma 2.5 holds,
more precisely, for all ¢ > 0,

(2.15) IS5t fllr(me) < € I flLreney  and IS5 f | Lonyy < eI fllzrmy)-

Let us denote now

(2.14) 2 dt

X() = O3y and V() i= [FE)l1i -
For all ¢ > 0 we have Y (y) <Y} from (2.15), which together with (2.14) gives
(2.16) X(t) < —2KX(1)"F23Y; 4% —2AX (1),
Arguing as [11, Lemma 3.9] we obtain that
Vi>0  X(t) <Ot e PMy2

which concludes the proof of (2.11) when p = 1. Then for any 1 < p < 2 we use Riesz-Thorin
interpolation theorem, with Sg : L?(mg) — L%(mqg) and Sp : L'(m1) — L?(my), to conclude to
(2.11).
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Step 2. Let us prove now (2.12). From Lemma 2.7 we have the following estimates, for any
pell,2

(2.17) 1 AGll L2(u-172) S 19122 (mo)s I AgI e (me) S 19l Lo (m)-
Hence, by (2.17) and (2.11), for 1 < p < 2, it follows
3.1 1
P

(2.18) IASE!) f | L2u-1/2) S 188D FllL20me) S 252 e £l 1o (my)-

Computing the convolution of ASp(t) we have
t
1(AS5) () fll L2 (172 5/0 [ ASB(t — 5)ASE(8) fll L2 (-1/2) ds

t
< / 1S5(t — 5)AS5(5) £ 2 (g ds
0

1 1

t
< /0 (t— 5)—5(;—5)67>\(t—s) HASB(S)f”Lp(ml) ds

1 1

t
S [t BN | Sa() o s
0

N
)

M F Il Lo (s

where we have used successively (2.17), (2.11), (2.17) and Lemma 2.5 with 1 < p < 2, which
concludes the proof. O

2.4. Proof of Theorem 2.1. We are know able to prove Theorem 2.1 that extends to various
weighted LP-spaces the semigroup decay estimate known to hold on L? (,ufl/ 2) as presented
Proposition 1.1.

Let F = LQ(M_1/2), in which space we already know that there is a spectral gap Ag > 0
from Proposition 1.1, and &€ = LP(m), for any p € [1,2] and m satisfying assumption (W).
We consider the decomposition £ = A+ B as in (2.3). For any A > 0, the operator B + X is
hypo-dissipative in £ from Lemma 2.5, moreover A € #(£) and A € A(E) from Lemma 2.7.
Finally, from Lemma 2.8 we have that (ASg)*?(t) € (&, E) with an exponential decay rate
1(ASB)*2(t)|| #(e,p) < Cy e~ for any N’ < A. Then the result of Theorem 2.1 follows from [11,
Theorem 2.13].

3. A PRIORI ESTIMATES

The purpose of this section is to establish a priori estimates for the (nonlinear) Landau
equation that will be of crucial importance in the proof of the main results in Section 4.

Let us recall the Landau equation that is given by
atf = Q(fv f)
with
Qg f) =V -{laxg)Vf—(bxg)f} = (ai; *9)0i;f — (cxg)[.
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3.1. Preliminaries. Denoting a, = a* g, by = b* g, ¢, = c* g and considering some weight
function m, we easily compute

[0 rtmr = [V qa, v = opp e
[ 4, — [ 4,957 ot
+/5ng(fp’1)mp+/6gva 2.
It follows that
[awnrtmr==Sa-1p) [avvieme

+<1/p1>/v/mc<vv*>g*fpmp

where
O (v,02) = (v — 1) : 2 () + (p— 1) v — v.) L2 () L2
(3.2) m m m

+ 2b(v — vy) - V?m(v)

(v)

k

In the particular case of a polynomial weight m = (v)”*, we have

Omp (v, 0s) = Kl — va](v) 2 (=2(v)? + 2(v.)?)
) +k(kp = 20 = [0 ol 2 = (00,07
We recall the following elementary interpolation inequalities.
Lemma 3.1. Let k,¢ € Ry. For all e > 0 there is C; such that
gl < ellglFnse + Cellgllz
g7 < ellglee + Cellgllz-
Moreover, we have an interpolation inequality for weighted Sobolev spaces from [9]:
Lemma 3.2. For any d,a > 0 and k € R, there holds
£ < ColFllgecs 171 s

Now we state a technical lemma that will be useful in the estimates of weighted L2-type
norms.

Lemma 3.3. Let 0 < o < d. Consider smooth nonnegative functions f,g,h: R* — R and define

K.(f,g,h) := / [v — 0|7 fie g hdv, do.
Let by < a and €1 + Uy = —{y, then the following estimates hold:
(1) For any o > 0 such that 20 < d and 2(a — o) < d we have
Ka(f.9.h) S 1w flle [0)* gllzz 0} 2 hll 2 + 1) flloa [1€0) gll ra—a [1(0) Rl o
(2) For any 0 < o < o we have
Ka(f,9:0) S ) fllee [0) 2 gllzz [[(0) 2Rl 2 + o) FIl__a_ ({0} gllae [1(0) 2hl| 2.

Ld—a¥o
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Proof. Denote F, = (v,)%|f.|, G = (v)%|g| and H = (v)*2|h| such that ¢, + o = —{p, and split
the integral into two parts, K1 := [[ 1{jy—o,|<1} and Ky := [[ 1{j,—y,|>1}- Then

Ky = // Lfjp—u,|>130 — v, () " (v)o F, G H dv, dv
s // F.GH = [[{v) fllzx |{0)* gllz= [[{v) 2Rl e,

where we have used, since ¢y < a,

—a — a <”U 7U*>€0
[0 = V] T Ly, 513 (00) T (0) <2 /21{|u—n*\>1}m <C.

This gives the first term in the estimates above, both for points (1) and (2). For the term K; we
split into two cases.

(1) Using that (v,) = (v)*1y},_,. <1} < C we obtain

K1§//\v—v*\7“F*GH:/ F*{/|U—U*|QGH}

and we need to estimate the integral in v. Using Pitt’s inequality [3], for any o > 0 such that
20 < dand 2(a — o) < d, we get

1/2 1/2
/|’U _ U*|—a GH< (/ |1} _ ,U*|—2(oz—a) G2> (/ |U o ,U*l—Za HQ)
N\ 1/2 N\ 1/2
< ( / |52<”>|G‘2) ( / |§|2“|H|2)

S 1) gll g [1(0) 2l

(2) Using Hardy-Littlewood-Sobolev inequality, for any 0 < o < «, we get

Ky §//|v—v*|7°‘F*GH§ IFl o [GH| _a_.
Ld—a+to Ld-o

Using Holder’s inequality and the Sobolev embedding H (R%) — L% (R%), it follows that

IGH|| | o <G|, 24 1H L2 < [(0) gllme [[(0) Rl 2,

d—2o
which completes the proof. O

We state next a result from [7, Proposition 4] (see also [1]) concerning ellipticity properties of
the matrix a  f.

Lemma 3.4. Let v € [-2,1] and f € L3 N Llog L(RY). Then there exists K > 0 depending on
[fl 3L 10g 2 Such that

(ax f)v) > K(v)7 1.

The proof of this result is stated in [7] in the case v € (0, 1], however we easily observe that
the result is also valid for v > —2 by following the proof.
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3.2. Moments estimates. The moments of solutions to the Landau equation in the case of
soft potentials is known to be propagated linearly in time, as is stated in [23, Section 2.4, p. 73].
We give however a proof of this fact for the sake of completeness and because we shall need a
precise estimate in order to use it later for the stretched exponential moments in Lemma 3.6.

Lemma 3.5. Lety € (—2,0), fo € LiNLlog L and consider a weak solution f € L°([0,00); L3N
Llog L) to the Landau equation associated to fo. Suppose further that fo € L} for some | > 2.
Then, at least formally, there exists a constant C > 0 depending on || f| Lo (j0,00);2.8) and || foll 1
(but not on 1) such that
VE20 f(0)y < Cald) (1+1)
with
1? 1<4,

i

ol)={ pts 1 g\
O 7, 1> 4
=4 \l+~v-2

Proof. The equation for the moments is

Gy = [ 10— (=204 2000) 720,02 410 = D) 0P o = (0 w1} £ o)

Because of the singularity of |v — v.|?, we split it into two parts |v — v,|"1g,_,.1>17 and
{Jlv—v.|>1}

|v = | Y1 {jy—0.|<1} , denoting respectively T} and T} each associated term. Using that [v]2|vg]? —

(v-v,)? < (v)2(v,)?, we obtain for T} that

7 < 2 / v — 0 Lo o1y £ £ ()
e / o= 0 31y ()2 02
from which we get

(34) Ty < —Kll|fllzy, +CCIfllzy

for constants K, C > 0, using the conservation of mass and energy.
For the term Ty, we write

T =1 [[ 10— 0 Lo 002 {200 + 20002} 1. S
#10=2) [ [ 10— 0P Lomaicny @ P = (000} £ f = Ton + T

Using Holder’s inequality

/ Fhalv = o oo <1y (0)' 72 (0s)?

(1-2)/1
< (/ ff*l’l} — ’U*|'yl{|v,m|§1} <’U>l> (/ ff*'v - U*|71{|v7v*\§1} <U*>l>

- / Fhlo = v Lo, ety (0)!

and this implies T5; < 0. Moreover, using the inequality |v]?|v.]? — (v - v4)? < |v||ve||v — v
we obtain

2/1

%

T < CF [ [ 1110 = 0. 10y )0
< OBl Iy, < CIfIn

i-3 —2’
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where we have used [v — v.["*?1(j,_y, <1y < 1 and | f]|,: uniformly bounded. Gathering Ty
and Tb, it follows that

d
%Hf”L} < =Kl fllzy,, + CP|\fl Ly

1—2°
If I < 4 then [|f||z;_, is uniformly bounded and we easily conclude.

Consider then [ > 4. Since 7y > —2, denotingr = (I+~v—2)/({—4)>1and ' =7r/(r — 1) =
(l+~v—2)/(v+2), it follows by Holder and Young’s inequality that

/v 1/r 1 _i-a 7
<A I < S = 0 ey + 1 ey

4’

11l

-2

for all n > 0. We obtain

1—4

royF2

d i 2 i _a_ 1
TPl < KUy, + OB TPy, + O L Iy < o2 T,

,r./
choosing n = Kr/(C1), from which we conclude to

10l < Cald) (1 + 1)
O

As a consequence of the above result, we deduce a similar linearly growing estimate for some
stretched exponential moments.

Lemma 3.6. Lety € (—=2,0), fo € LiNLlog L and consider a weak solution f € L°°([0,00); L3N
Llog L) to the Landau equation associated to fy. Suppose further that fo € L' (e™")") with k > 0
and 0 < s < 24 . Then, at least formally, there exists a constant C > 0 depending on
£l Lo 0,000 28y [ follpientwrsy, & and s such that

VE20 Oy < O+ D).
Proof. Write

and then, using Lemma 3.5, we have

i
||f(t)|| Lier(v)s) = i f(t)<v>js
Li(er(v)?®) jgo ]' /

<> {Ca(sj)t+ /fo<v>j8} =Cty] % alsi) + [l ollpr e

j=0 J: j=0 "

and we only need to prove that the sum is finite. Let jo € N such that sjy <4 < s(jo+ 1). Then
we have

o o et 4 \EE L, (5
Z i'a(sj) — Z P (33) ”4 ( Sj_ 2) s7t3 7 W‘| )
j=jot1 7 j=jo+1 5 T g

which is finite if s < v + 2. O
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3.3. Regularity estimates. We shall establish coercivity estimates for the Landau operator
@, which are inspired by some similar estimates obtained by Wu [24] and Alexandre, Lao and
Lin [1].

Lemma 3.7. Let v € (—2,0). Then for smooth functions f and g, there are constants K,C > 0
depending on || f||LinL10g . Such that:

(i) If0 < k < (v +3)/2 then
(Q(f.9): g(v)**) < —Kllgllfqéwz +Clglz:

(ii) If k> (v +3)/2 then
(Q(f,9), 9(v)**) < Kllgll T K'llglz:

+v/2

2
L Clgls

Proof. From (3.1) and (3.3) for m = (v)¥, we obtain

(Q(f,9), g(v)**) = /(a*f)Vng v)?*

ws—zk// o= w7 f g (1)

(3.5) +2k// v — vV (0) "2 (w,)? fi g2 (v)?F

+ 2k(k — 1)/ v = v (0) oo P = (v 0.)?] fu g7 ()%
=h+1+1I3+ 1

For the first term I;, we use the coercivity property of @, since f € L} N Llog L, we have from
Lemma 3.4 that

a(v) = (ax f)(v) > K{(v)"Is.
Then we get
L < —K|[()/? V|72 = =Kl
ket /2
which can also be written as

Li< =Kl < —EI@)** gl + Cllz

kb /2-1

For the second term I, we split into two cases. If k < (v + 3)/2 we have, from Lemma 3.3
and the interpolation inequality from Lemma 3.1, that

|12\<//\v—v*\”f* ()

ST Floa{Cell(o) > glITa + el (0) /> g1},

for any € > 0. However, if k > (v + 3)/2, we get

f= 7K/// [0 = v fa g% (0)°F < =K |[(0)"/*Fg|[72.

Finally, using that [v|?|v.]? — (v - v4)? < (v)%(v,)? we easily get

L+ < / / v — 0. (0) 2 (0,)? f g ()2
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Then, arguing as in the proof of Lemma 3.3 (term K in that lemma) and using again Lemma 3.1,

it follows that 5 el 112
I+ 1o S {0) fllor [€0)" gl
S Cell () gllT + ell () gll%

S Cell(0)* gl Ze + ell ()2 gl1%,.
for any € > 0. We then conclude gathering all previous estimates and taking ¢ > 0 small
enough. O

We also prove an upper bound for @ in the following lemma. It is worth mentioning that
He [13] obtain similar estimates by a different method.

Lemma 3.8. Let v € (—2,0) and consider smooth functions f, g and h. Then for any
by + ¥ty = v+ 2 we have

[(Qf,9), k() S N1 fllex, gl

v+2 £1+k

(121213

lo+k

Proof. We write
(QU.9)90™) = [ Tilax V() ~ [ T{(bs Hobh) = Ti + T
For the first term, we easily obtain, since |a(v — v,)| < [v — vi[772 < (0,)7T2(v)7F2] that

hS / / o = 0[] £ [Vg| V] (0)*F + / / v — w772 | £u] [Vg] |B] {w)
[

Sz, {190l I9RIs .
Moreover, for the second term, it follows that
7, 5 [[ 1o = o116l 901 @)% 4 [ [ 10— w1 gl 11 02
Now we investigate two different cases. If v +1 > 0, using [v — v.|" ! < (v,)7 71 ()71 we obtain

T S 10y, {llglles

L1 +k—1/2

+ Vgl L2

1 +k—1/2

IV 2

Lo+k—1/2

+lglzz, ., llzz b
On the other hand, if v+ 1 < 0, i.e. =2 <y < —1, we use Lemma 3.3 to get

TSIl {0 7 2g e ) 2R o (10052 - [[(0) 24200
+ () gl 2 [[(0) = Rz 4 [[0) T gl o ||<v>42+’“_1h||m}~
We conclude gathering the above estimates. O

We prove now some estimates for weighted L? and Sobolev norms.

Proposition 3.9. Let v € (=2,0), fo € LN Llog L(R?) and consider a weak solution f €
L°([0,00); L3 N Llog L) of the Landau equation associated to fo. Then, at least formally, there
holds:

(1) Let 0 < k <2+ 3v/4. Then for any to > 0 there is C = C(to) > 0 such that

t+1

2 2

2 1 < .

s {701 + [ 150y arf <

(2) Let k > 2+ 3v/4 and suppose fq € Lllg_37/4- Then for any to > 0 there is C = C(tg) > 0
such that

t
Ve to IO+ [ 15Oy, <+

/
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Proof. (1) From Proposition 3.7, for 0 < k < 2 + 3v/4, we have

d 2 2 2
< — A
dt”f”Li = KHf”H;M/2 +C||f||Li+w/2

< K v/24+k 2 C 2 .
< — K@)/ I + CISIR,

(3.6)

Using the following inequality (obtained by Holder and Sobolev’s inequalities in dimension d = 3),
3/5 2/5
(3.7) ) ulle < ClIVul2a [1(w)*/2ull 257,
we obtain that, choosing oo = —v/2,
d 4/3 2+44/3
(38) 5 < KA A + ClfIE
—3v/4 k

Since |[f(¢)| .y

k—3~/4
inequality for the last term,

+v/2

< [[f(#)|lzy is uniformly bounded in time, we finally get, applying Young’s

anLz < -K|fI7"" +

from which we deduce by standard arguments that for any ¢y > 0 there exists C' = C(tg) > 0
such that

sup [| £ (t)[|72 < C.
t>to

Coming back to (3.6) we also obtain

t+1
< (.
sup [ £y, dr < C

t>to
(2) Remark that k > 24 3v/4 > (v + 3)/2, hence Proposition 3.7 yields
d 2 2 2 2
GIFIs < ~KIfI,  ~ KIS +CIfIE;

=K 2 [l — KI5, +CIfIZ:

(3.9)

A

Using the interpolation inequality, for any d,¢ > 0,
1By <elfIBa, +CellfI3,

for e > 0 small enough and (3.7), we finally get

d 2
— < — v/2+k £12 2 2
(3.10) Gl < =Kl > 15, — KI5, +CIfIR
- 3
<—KIFI" WIS = KIS, + Ol

Now we fix some top > 0. From point (1) we know that there exists C' > 0 such that

SUP;> 1, /2 [f®)]2. < C. Moreover, since fo € L} 344> Lemma 3.5 implies IIf (¢ e, »
C(1+t) for any t > 0, so that supy, s 54, /21 | /(0|1 a0 Writing (3.10) for ¢ € [to/2, 3t0/2],
we obtain by standard arguments that for any t; > to/2 we have supy, s, /91 [ f(¢)[l22 < oco.

Coming back to (3.10) and neglecting the negative terms, we obtain

d
Vit > to, @Hf“%i <C,
from which we have

£ <€ [ dr+ )l < ca+o.
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We also deduce
t
LF(OF dr < C(1+1)

k+~/2
coming back to (3.9) and using the previous bound. d
Proposition 3.10. Let v € (—2,0), fo € Ly N Llog L(R3) and consider a weak solution

f € L>®([0,00); LAN Llog L) of the Landau equation associated to fo. Then, at least formally,
there hold:

(1) Suppose fo € L11v75v/4' Then for any to > 0 there exists C = C(tg) > 0 such that, for all
t> 2‘;07

It ||H1+/Hf e dr< O+

k4~/2
(2) Suppose fo € L}C_H/4 N LQZ_,€_7,Y/4 with | := max(y+ 4,k +7/242). Then for any to >0
there exists C = C(tg) > 0 such that, for all t > to,
1F @Oz < C(L 4172,

(3) Suppose further that the weak solution satisfies f € L>°([0,00); L}) for any 1 > 0. Then for
allt1 >0, any k > 0 and n € N, there is C = C(t1) > 0 such that

sup || f ()| zp < C.
t>t

Proof. (1) Let o € N® be a multi-index such that |a| = 1 and denote g = % f, which satisfies
the equation

8tg = Q(f7 g) + Q(g7 f)7
and then we easily compute

52, = (QU ), 00)) + (Qlo. ), 9(0)*) = Ty + T

From Lemma 3.7 we observe that
Ty < —K\\g\@;+ Lt Cllgll7a

(3.11)

kv /2

(3.12)
< —K|()"* 913 + Cllglz

For the second term, we write T = Too + To1 with

Ty = / V {(a*g)Vflg()® and Ty = — / V- {(b* 9)f}glv)"

Integrating by parts and using the symmetry of a, it follows that
T =~ [(as; <9000 O (o) ~ [ (a4 9)0,50° 10,(0)
= 2 [@0%ay « nao pw + L [0y« Doisa;for ) — [ (ai; = 90, for 0, 0)*
2

//|v—v*|”f*|Vf| )2k 4 //|v—v LI F P (0) 2L

Using Lemma 3.3-(1), it follows that

[ o=l £ 19120 S 1)l {24V 1 + 10411



22 KLEBER CARRAPATOSO

and also

[[1o=vpsiriwspws

o)™ o ) >4 1|, if74+1> 0
1) F e (1249 A + 1) Y f Iy nya) i 41<0,

~

Using the uniform in time bound of || f(?)[[11, the previous estimates yield

Ty S @)V e + 1) 2V F e
< C 2 2
SOOIy +ellil

for any € > 0, thanks to the interpolation Lemma 3.1. For the term 752 we obtain

(ETRS // v — v fu fIV2f](0) % + // v = 0|7 i FIVF] ()7 =2 Togy + Tona.
Thanks to Lemma 3.3-(1) again, we get
(3.14)
Tozz ||<U>7’Yf||L1{||<'U>’Y/2+kf”L2||<'U>'Y/2+kvf||L2 + H(U)V/ka\lgﬂfl||<U>”/2+kvf||f{1}
S )P fIGe 4 [0) 2V flI G2 + O 0) 2 f 1oy + el )2V fI,

SCEIfIG,,, +elflf:

for any € > 0, where we have used Young’s inequality and the interpolation Lemma 3.1.
For the last term T521, we split into two different cases.

Case (i): v € (—3/2,0). Using again Lemma 3.3-(1) (remark that here we need v > —3/2), it
follows
(3.15)

Taon S 10 Flloa {H0) /245 Pl @) /292 o 4+ 07241 o | 0) /202 12}
S COIWN 2 FE: + OO )72 113, + el /202 £
< 2 2
SC@Iy,, +elil,

Now, coming back to (3.11), gathering the above estimates (3.12)-(3.13)-(3.14)-(3.15) and taking
€ > 0 small enough, we obtain

d 2 2 2
Sy < =K +ClI 5,
- KHf||HI§+'V/2 +C||f||Li+w/2’

where we have used Lemma 3.1 again.
We fix some tg > 0. Since fy € L,lc_g),y/47 we can use Proposition 3.9 to get that there is C' > 0
such that

(3.13)

(3.16)

N

to
[ W@y dr < and 150, |, <ca+o, Viz
t0/2 k k=v/2

from which we can choose some t; € [tg/2,to] such that || f(¢1)[|3,, < oo. Now we integrate (3.16)
k
from ¢; to t to obtain

t t
IO+ 5 [ 15, < [ U@, dr+ Il
t1 v t1 L

<C(1+1)%
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which concludes the case v € (—3/2,0).

Case (ii): v € (—2,—3/2]. In this case, Lemma 3.3-(2) implies, for any 0 < o < |v|, any £, < —v
and {1 + {5 = —¥p, that

Toor S [1(0) 77 o I0) 2 HE fll e[| (0) 22 £ e
+ ) sl (o) fll e (o) 2 V2 f || 2 =: A+ B.

The first term A can be easily bounded by
< 2 2 2
ASC@IS ISRy, +ellZ
COIFIZe, , +ellflfe

v/2 k+~/2

L3FaFe

(3.17)

for any € > 0, and it remains to estimate the last term B. We choose o verifying —3/2 — v < o
so that 3/(3 + v + o) < 2. Moreover, we choose ¢3 = /2 and ¢y = 2 + 3v/4, which implies
41 = —2 — 5v/4. We interpolate L57% between L' and L2, which yields
. - . —2(yto
O Rt 1% T ol (0 o P
Since we have —3/2 — vy < 0 < —v and v € (-2, —3/2], we can choose 0 = 1/2. Using the fact
that || (v)E=2=57/4f| g1je < Hf||H)1/z2 - and applying Lemma 3.2 twice, it follows

3/4 1/4
W llgpre S 1711

—8/3—11~/6 Hi,, /2

This implies, using the uniform in time bound of || f(¢)]] Lio and Young’s inequality, the
3y

following estimate

2(v+0) +o 3/4 5/4
B l° ”|mu” I 1£115/

/3—11~/6 k+ /2

(3.18) C@fl MHWN R +ell £

k—8/3—11~7/6 k+~/2

<nmm2ﬁ”wmz +ellf113e

—8/3—11~/6 k+'y/2'

We can now come back to (3.11). Gathering the above estimates (3.12)-(3.13)-(3.14)-(3.17)-(3.18)
and taking e > 0 small enough, we obtain

d 2 2 2 (2v+1)
o Sy < KNI+ O +CUSIS S s

52 +1)
<—KIfl, +CIFIE, +CIFILE S IsE,

+~/2 k—8/3—11v/6

where we have used Lemma 3.1.

We fix some ty > 0 and argue in a similar way as in the previous case. First of all, thanks
to Proposition 3.9 there holds sup;>, o [|lf()| 2 < C, hence we can rewrite (3.19) starting

2+3v/4
from t/2 as
d o2 2 2 2
— < — >
ory VS KIS FCU  + I, Vet

IN

K| flds,  +CIIR: +CIfI3:

using the fact that —8/3 — 117/6 < —v/2 because v > —2. Since fy € L} we can use

Proposition 3.9 to deduce that there is C' > 0 such that

k—5v/4>

to
/ IFOlZdr <O and [f@)2: < CA+1), Vizt/2,

to/2 o
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from which we can choose some t; € [to/2,to] such that || f(¢1)[|3,, < oo. Now we integrate (3.20)
k
from t; to t, then we obtain

t t
50y + K [ 15 dr <0 [, dr e,
<C+)?
and the case v € (=2, —3/2] is complete.
(2) Let 8 € N® be a multi-index with |3| = 2 and denote g = 3° f. Then g satisfies

%%Hgnii = Q9.9+ D CRHROMF.0%F).9()*)
B1+P2=8

1
1<1811<2,0<182]<1

— LY

For the first term, we have from Lemma 3.7 that
I < —K|g|3 Cllgll3
V< —Klgly,  +Clal?;

k+~/2
_ v/2+k 12 2
< — K0y gl + Cllgls
For the second one, we use Lemma 3.8 to obtain
L 0% flos NO% iy N0l

<
Sy W gzare Wfllezg, 0

using Holder’s inequality. Then, denoting | = max(y + 4,k + v/2 + 2) and using Lemma 3.2, it
follows that 5.5
L7 SN e 1 ez 11 [

k+~/2
1/2 3/2
S 91505, NG

+v/2
SCIfIS, , +ellfliE

k+v/2 ’
for any € > 0. Gathering the above estimates and taking € > 0 small enough, we finally obtain
the following differential inequality

d
21 = £I — 2
(3:21) S < -KIfl%s,

We fix some ty > 0. Since fy € L11€77'y/4 we obtain from point (1) that

2 6
+CIfIEs, , +ClSl%y

/2 2l—k—~/2

to
| M@ dr < o,
t0/2 .
from which we deduce that there is some ¢1 € [to/2,to] such that ||f(t1)]|zz < co. Moreover,
since fo € Lél7k77'y/4’ we also get from point (1) that
Vit > ty/2, |\f(t)||§{%l_k_w2 <O +t)%

Coming back to (3.21) and integrating from ¢, it yields, for any ¢ > t;,

t t t
15O+ K [ 150, dr<C [ 1@, drec [ 1@l | dr+ 1l
t o+ o4y t l—k—v

ty

t t
SC’/(lJrT)dTJrC/(lJrT)GdTJrC

t1 t1

<C(1+1t),
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which concludes the proof.

(3) Suppose now that f € L>([0,00); L) for any [ > 0. We recall that we obtain in Proposition 3.9
(see equations (3.6) and (3.8)) the following differential inequality

d 2 2 2
ST < =KIflE: +ClAL:

4/3 2+4/3
<—KIfI" A+ ClfIE,

7/2.

Now since || f(¢)|| L}y, is bounded uniformly in time, arguing as in Proposition 3.9, we obtain
=97

from last inequality that for any ¢t; > 0, for any k > 0, there exists C = C(t1) > 0 such that

t+1
(3:22) sup {7013+ [ 10 ar} <

t>t1

Let us now investigate the H}-norm. Coming back to (3.16) if v € (=3/2,0) or to (3.20) if
v € (—2,-3/2], and using Lemma 3.2, we get

d
i3 < —ElflGs,  +CIAZ

_ -2 4 2
KIPIE Iy +CIAI,

IN

We fix some ¢; > 0. Thanks to (3.22) we have supy>, /o [ f(¢)[|zz < C for any | > 0, then,
arguing as before, there is C = C(t;) such that

t+1
sup |01y + [ 1A dr <c.
Zl1 t

We conclude the proof by induction. Assume that for some integer n > 2, for any ¢; > 0 and
any k > 0 we have

sup [ (8)]0m1 < C.
t>to k
Arguing as in point (2) we obtain that

B1,B
|\f||Hn S K|\f||Hn+1/ +C||f||Hk+ L TC > 1702,
[B1]|+|B2|=n

1<|B811<n,0<|Ba|<n—1

where
1922 Sl i W g WSl

k+ /2.
If (|81, 182]) = (1,n — 1) or (|51],]B2]) = (n,0) then, using Lemma 3.2, it follows
5162 5 HfHHll Hf”H," Hf||H"+1/

1/2 3/2
S W W W32 S Cetellf I

for any € > 0, using the induction hypothesis. In all the other cases, 2 < |31] < n —1 and
1< (B2l <n—2, we get

JEERS ||f||?{;**1 ||f|\H;};1/2 < C.+ E||f||Hn+1 \
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Taking € > 0 small enough and iterating Lemma 3.2, we obtain the differential inequality, for
some [, > 0,

HfIIH KI\fIIHn+1/ +ClIf sy, ,+C

/2

2
Kwhmmwm+mmmﬂm+a
S K"+

using the induction hypothesis, from which it follows that for any ¢; > 0 and any k > 0 there
exists C' = C(t1) > 0 such that

sup || f ()| ap < C.
t>t,

4. CONVERGENCE TO EQUILIBRIUM

4.1. Polynomial in time convergence. Toscani and Villani [19] have proved a polynomial
rate in the trend to equilibrium for the Landau equation for mollified soft potentials, i.e. replacing
the function a(z) = |z|7"21I(z) by a mollified version truncating the singularity at the origin,
given by

a(z) = U (2)(z) with cp(z)? <

for some constants cy,Cy > 0. Their strategy was based on two ingredients: a functional

inequality relating the entropy and the entropy dissipation functional stated in Lemma 4.1

(which is also valid in our case of true soft potentials), and a priori estimates for the evolution of

moments and weighted Sobolev norms for the Landau equation associated with a(z) (which of

course do not hold in our case and we shall use the new a priori estimates proven in Section 3).
The entropy - entropy dissipation inequality is given in the following result.

Lemma 4.1 ([19, Proposition 4]). Let af(z) = UT(2)I1(z) where ¥ verifies

UT(2)
cyi (2)7 < EE

for some constant cg+ > 0, and consider the associated entropy-dissipation functional

_ %//\IIT(\U—U*D ‘H@—U*) (vff - vff> 2

Then, for all k > 0 and all f satisfying (1.11), there is C(f) > 0 depending on k and H(f) such
that

fof dvus dv.

Dt (£) = Cull) HUIW 5 (I lly, + Jesa(F)}"
where
Trra(f) = 1)V 17

As a consequence of this functional inequality and the fact that

d
SH(flw) ==D(J),

where H(f|u) = [ flog(f/p) is the relative entropy of f with respect to u, we get the following
result.
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Corollary 4.2 ([19, Corollary 4.1]). If for some k > 0 we have

1F )l

k+2

k

+ Jrp2(f(1) < C(1+1)°, < M’

then the following estimate holds true
H(f()ln) < C(1+1) P17

In order to estimate the evolution of the quantity Jxy2(f(t)), it is proven in [19] that this
quantity can be reduced to weighted Sobolev norms. More precisely, they first prove that

Tus2(f) ST 2F) + 1 £l
where I(g) is the Fisher information define by

e

Finally they prove the following inequality in [19, Lemma 1]: for any € > 0 there is C. > 0 such
that

I(g) < Cc|lgll g2

3/24¢’

so that at the end we get
£l

k+2

+ Ji2(f) SIS ez

k+7/2+4¢
Now we are in position to prove the polynomial in time convergence in Theorem 1.3.
Proof of Theorem 1.3. This theorem is a consequence of Proposition 3.10 and Corollary 4.2.

Indeed, remark that Lemma 4.1 also holds in our case of true soft potentials with a(z) = |2|721I(z)

given by (1.3). Then since fy € Lllc+8—3'y/4 N Llog L with k > 7|v|/2, the a priori estimate in

Proposition 3.10-(2) (here one should use approximate solutions of the Landau equation as in
[21] in order to give a completely rigorous proof) implies that for any tg > 0 it holds

1F @z, < CL+H72
We conclude the proof applying Corollary 4.2. O

As a consequence of Theorem 1.3 we can improve the slowly increasing a priori bounds for
L' moments in Lemmas 3.5 and 3.6, obtaining uniform in time estimates, as done in [6] for the
Boltzmann equation.

Proposition 4.3. Let v € (=2,0) and fo € LY N LlogL. Consider a global weak solution
f € L>([0,00); L} N Llog L) to the Landau equation.

(1) Suppose that fo € L, N L,1€+8_37/4 with £ > 2 and k > 11||/2. Then

sup | f ()l < C.
>0 :

(2) Suppose that fo € L*(e*)") with k >0, 0 < s < 2 with s < v+ 2. Then we have

sup [ f()|| L1 (encwrey < C.

>0
Proof. (1) We write, using Lemma 3.5 and Theorem 1.3

IF Oy < 1FE) = pllzy + [l
1/2 1/2
< @) = mll 22 17 @) = wllh + €

<O+t 14+ 0
<C.
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(2) Using Lemma 3.6 and Theorem 1.3, for some k > 0 large enough we have
If L1 ey S NFE) = pllpremrsy + il eznoe)
1/2 1/2
<F@) =l 1 @) = Bl 3 oninsy +C

<C(+t) 1+ 4 C
<C.

O

4.2. Exponential in time convergence. We are able now to conclude the proof of Theorem 1.4.
Recall that in this setting we suppose v € (—1,0) and fo € Llog L N L' (e®")") with x > 0 and
—v < 5 <2+ 7. Let us denote m = ™" with & < /10, which satisfies assumption (W).

We write h(t) = f(t) — p that satisfies

dh = Lh + Q(h, h)
h|t=0 = ho.

Since ITphg = 0 and Iy Q(ho, ho) = 0, for all ¢ > 0, we also have TIgh(t) = 0 and Iy Q(h(t), h(t)) =

0, thanks to the conservation laws. By Duhamel’s principle it follows

(4.1) h(t) = Se(t)ho + /O Se(t — H)Qh(7), h(r)) dr.

Before starting the proof of the main theorem, let us state a result that will be useful in the
sequel.

Lemma 4.4. Let v € (—2,0), p € [1,400) and m be a weight function. Then, if 1 < q < 3/|v/,
it holds

1Q(g, AL m) S NgllLrwyvray V2 F o meoyr+2y + gl 1l zemy + 19l parca—n |1 F 2o m)-

Proof. Since v € (—2,0), using [v — v.|7? < (v,)772(v)772 we easily obtain

P
/ v —v.[7"2g. dv, |03 f ()P m? dv
Vx

I(aij * 9)0% Lo (my S /
v

(4.2)
5 ||g||i1(('u)’7+2)||V2f||z£p(7n<v)w+2)-
Now let us denote c_ = clyj.|<1y and ¢ = cly>13. We can also obtain
P
s x iy S [ | [ 10— 00 umseiony el o] 117 a0
< Nl 11
and

p
1P m? dv

le- xS [ | [ 10= 0078 iy bl o

1/q , 1/¢'\P
S [{([ro- ey ae) ([l a) " b isrmea

Sl o 11y

using Holder’s inequality and if 1 < ¢ < 3/|7|. O
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Proof of Theorem 1.4. We split the proof into several steps.
Step 1. Since fo € LiN Llog LN L*(e®")") we can apply Theorem 1.3 that implies
(4.3) Vi>0, [Pl = 1£(t) = pllr <COA+1)77, VO >0.
Moreover we get, using Lemma 3.6,
1PN 11 o5 0=y < IR RO 1 (enre)
< CA+)" (If Ol 11 encorsy + 1l 1 entrs))
<CA+0)(A+t)+C,) <CL+1)~

Step 2. Since fo € L} N Llog L for any ¢ > 0, Proposition 4.3 implies
feL™(0,00);L;) Y£>0.
As a consequence, Proposition 3.10-(3) gives that
Vtg > 0,Vn, >0, f&L*(ty,o0); Hp).

Step 3. Writing (4.1) starting from some time ¢, > 0 to be chosen later and using Theorem 2.1
(since Iph(t) = MpQ(h(t), h(t)) = 0 for any ¢ > 0) it follows, for any t > t,, that

IO L1 (m) < NSe(E = t)h(E) L1 (m) +/t 1S (t = T)QA(T), h(T)) || L1 (m) dT

t
< Ce ™Rt L1y + C/ e QR(T), (7)) |1 (1) -
ta
From Lemma 4.4 we have
1Qh, M)l Lty S 1Al L2

v+2

IV2Rl 21 (oyrr2m) + BN L2 (1Bl + [l 22 Rl 21 -

Moreover, we have the following interpolation inequality from [15, Lemma B.1]

1/2 2
el £rm (marzy S 1l 0oy 1l a2

Gathering the above bounds we get
IV2Rl L1 (yrr2m) S Wbl a2 (oyrram) S Wbl a2 (mar)

1/2 1/2

g e

L1(m?3) H4+1+3/2
1/4 1/4 1/2
SPGB oy W2

where we have used Holder’s inequality in the last line. Moreover, using Nash’s inequality we
have
3/5 \17.112/5 3/5 17 112/5
[ e A L A T e
Putting together the previous estimates it yields

t
IR 21y < Ce Rt 11y + C / e 00|t IR sy IO L

t
+C [ e IRy d

Tx
t
e e () 377 (Il dr.

Thanks to step 1, for any € > 0 we can choose t, = t.(€) such that

sup Hh(t)HLl(m) < sup Hh(t)”[,l(mfi) <e.
t2ts t>t,
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Also, from step 2 we get
sup ||h(t)]| grs2 < Ch.
t>t.,

Hence we obtain, for any ¢ > t,,

t
IRz my < Ce™ [t 2 my + C (CL 2/ 4 1 1 G/ 0/20) / =D (o[ dr.
t

*

From this differential inequality, we argue as in [17, Lemma 4.5] and choose € > 0 small enough
to obtain

Vi te B0y < C e ()| my < Ce,
from which, together with (4.3) for ¢ < t., we conclude the proof. O
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