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UNIQUENESS AND LONG TIME ASYMPTOTICS FOR THE
PARABOLIC-PARABOLIC KELLER-SEGEL EQUATION

K. CARRAPATOSO!, S. MISCHLER?

ABSTRACT. The present paper deals with the parabolic-parabolic Keller-Segel equation in the
plane in the general framework of weak (or “free energy”) solutions associated to initial data
with finite mass M < 8w, finite second log-moment and finite entropy. The aim of the paper is
twofold:

(1) We prove the uniqueness of the “free energy” solution. The proof uses a DiPerna-Lions
renormalizing argument which makes possible to get the “optimal regularity” as well as an
estimate of the difference of two possible solutions in the critical L*/3 Lebesgue norm similarly
as for the 2d vorticity Navier-Stokes equation.

(2) We prove a radially symmetric and polynomial weighted H' x H? exponential stability of
the self-similar profile in the quasi parabolic-elliptic regime. The proof is based on a perturbation
argument which takes advantage of the exponential stability of the self-similar profile for the
parabolic-elliptic Keller-Segel equation established by Campos-Dolbeault and Egana-Mischler.
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1.1. The KS equation, motivation and main biological result. The Keller-Segel (KS) sys-
tem (or Patlak-Keller-Segel system) for chemotaxis describes the collective motion of cells that
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are attracted by a chemical substance that they are able to emit ([47, 35]). In this paper we are
concerned with the parabolic-parabolic KS model in the plane which takes the form

(1.1) of = Af-V(fVu) in (0,00) x R?,
edu = Au+f—au in (0,00) x R?,

and which is complemented with an initial condition

(1.2) f(0,)=fo>0 and u(0,")=up>0 in R

Here t > 0 is the time variable, z € R? is the space variable, f = f(¢,z) > 0 stands for the mass
density of cells while u = u(t,z) > 0 is the chemo-attractant concentration and € > 0, « > 0 are
constants. We refer to the work [10] as well as to the reviews [32, 53] and the references quoted
therein for biological motivation and mathematical introduction.

In short, the KS equation models a cells population which is subject to two inverse mechanisms:

- a brownian motion (responsable to the diffusion term A f in the first equation of (1.1)) modeling
the fact that any cell change of direction and move in a completely erratic way and which global
effect is to spread out the population all over the plane R?;

- an aggregation mechanism (responsable to the drift term V(—Vu f) in the first equation of
(1.1)) modeling the fact that cells have a tendency to follow the gradient lines of the chemo-
attractant, which is itself produced and diffused according to the second equation in (1.1). That
mechanism has a concentration effect, which is quite strong due to the fact that the associated
interaction kernel is singular.

From a mathematical point of view, both mechanisms are almost at the same order, and that
makes the rigorous analysis of the model particularly difficult and interesting.

Let us first discuss the case when we make the strong modeling and mathematical simplification
e = 0, that we refer to as the parabolic-elliptic KS model, which corresponds to the situation when
the diffusion of chemo-attractant occurs with infinite speed (quasistatic approximation).

The parabolic-elliptic KS system has been introduced by Patlak [47] in the 1950’s and by Keller,
Segel [35]. It is has latter been rigorously justified from a more microscopical level of description.
In particular, the parabolic-elliptic KS model has been obtained as a mean-field limit of a system
of a finite number of cells in interaction for regularized interaction kernel (at least at the level of
the microscopic description) by Stevens [52], Hagkovec, Schmeiser [28, 29] and Godinho, Quininao
[26]. The true interaction kernel at the level of the microscopic description has been considered by
Fournier, Jourdain [24], but they were only able to get a consistency result in the mean-field limit.
The parabolic-elliptic KS has also been obtained as a diffusion limit of a run-and-tumble kinetic
equation by Chalub et al. [15], that last equation describing the cells population at a mesoscopic
(or statistical) level.

During the last decades, a huge literature concerning the mathematical analysis of the parabolic-
elliptic KS has grown up. We only give below some part of the main aspects. Probably the most
important feature of the parabolic-elliptic KS equation is the existence of a mass threshold, the
mass M (or total number) of cells being conserved along time.

For a supercritical mass M > 8w, there does not exist global in time nonnegative function
solution: chemotactic collapse occurs in finite time, or mathematically speaking, any solution
blows up in finite time. Particular blowing up solutions have been exhibited by Herrero, Veldzquez
[30] and the universality of that phenomenon (the stability under small perturbation of these
blowing up solutions) has been considered by Raphaél, Schweyer [49]. In other words, for large
initial mass, the aggregation mechanism prevails on the spreading mechanism: the diffusion is not
strong enough to prevent mass concentration.

On the other hand, for a subcritical mass M < 8, function solutions are well-defined globally
in time and behave more similarly as for a pure diffusion. More precisely, after self-similar change
of variables, any solution converges to the unique self-similar profile with same mass. In other
words, for small initial mass, the spreading mechanism prevails on the aggregation mechanism,
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and no concentration occurs in finite nor infinite time. We refer to Blanchet et al. [7], Campos,
Dolbeault [11] and Egafia, Mischler [18] for a detailed description of these results. For the critical
mass M = 8w, Blanchet et al. [6] established that solutions are global in time and a complete
concentration occurs in infinite time (any solution convergences to a Dirac distribution with mass
8m). That qualitative analysis is mainly based on the existence of a free-energy functional which
behaves nicely along the flow of the parabolic-elliptic KS equation.

When the ratio of the speed of the cells over the speed of the chemo-attractant is very small,
the parabolic-elliptic KS equation can be considered as a good approximation of (1.1). However,
from a biological modeling point of view the simplification € = 0 is not completely satisfying. It
is clearly irrelevant in the case when the speed of cells and chemo-attractant are of comparable
order, as it can be the case for a Escherichia coli population, see Saragosti et al. [50].

There are only very few works on the parabolic-parabolic KS system compared to the parabolic-
elliptic KS system, and the parabolic-parabolic KS system is far from being well-understood. Let
us however present some of available results.

The parabolic-parabolic KS system has been obtained as a diffusion limit from a kinetic equation
by Erban, Hillen and Othmer [31, 46, 19, 20, 21]. But to our knowledge, no derivation as a mean-
field limit of a microscopic cell-system has been performed. Concerning the qualitative behaviour
of solutions, the threshold between blowing up solutions and solutions that spread out is not clear.
It is known though that solutions are global in time for sub-critical masses M < 8w, see Calvez,
Corrias [10]. It is also known that solutions are global for any mass when ¢ > 0 is large enough,
see Biler et al. [5] and Corrias et al. [16], that regime corresponds to a small chemo-attractant
production by cells, and thus to a small nonlinearity. Chemotactic collapsing solutions have been
exhibited by Herrero, Veldzquez [30] for supercritical masses. On the other hand, for any sub-
critical mass (and for any mass if € > 0 is large enough) unique self-similar solutions have been
constructed by Biler et al. [4], see also Corrias et al. [16].

One of the major difficulty for performing a qualitative analysis of generic solutions to the
parabolic-parabolic KS system is that the free-energy functional does not behave as nicely as for
the parabolic-elliptic KS system, in particular it does not provide any Lyapunov functional after
self-similar rescaling of variable.

Our work concerns the general parabolic-parabolic KS equation € > 0 and the quasi-parabolic-
elliptic regime, corresponding to the case when € > 0 is small, for which a deeper mathematical
analysis of the qualitative behavior of solutions can be performed. Our main result shows that
for some class of initial data with sub-critical mass and in a quasi-parabolic-elliptic regime, the
associated solution (f,u) to the parabolic-parabolic KS system (1.1) satisfies

(1.3) ft,x) ~ %GE (%) , u(t,x) ~ Ve (%) , as t— 0o,

for some self-similar profile (G, V:). In other words, we prove, for the very first time, that the
parabolic-parabolic KS system (1.1) behaves in that regime similarly as a diffusion: no concentra-
tion occurs (even in large time) and the diffusion phenomenon is really the dominant phenomenon
for any time.

1.2. Mathematical analysis of the KS equation. The two fundamental identities associated

to the Keller-Segel equation (1.1) are that any solution satisfies, at least formally, the conservation
of “mass”

(1.4 M) = (f0.0) = (fo) = M, with (g) = [ gla)da,

and the “free energy-dissipation of the free energy identity”

(1.5) F(t) +/0 Dx(s)ds = Fy,
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where the free energy F(t) (f(t),u(t)) F(fo,uo) is defined by

(1.6) F=F(f,u) / flogfdw—/ fudx + = / |Vu|?dz + = / u?dz,
and the dissipation of free energy Dx(s) = Dx(f(s),u(s)) by

(1.7) Dy = Dr(f,u) := /]R fIV(Qog f) — Vu|? dz + % /]R |Au+ f — aul*da.

Following [10], throughout this paper, we shall assume that the initial data (fo,uo) satisfy
fo(1+log(z)?) € L'(R*) and folog fo € L'(R?);

(1.8) up € HY(R?) if « >0 or wup € L'(R?) N H*(R?) if a = 0;
fouo € L'(R?),
where here and below we define the weight function () := (1 + |z|?)'/? and the homogeneous

Sobolev space H'(R?) is defined by H'(R?) := {u € L}, (R?); Vu € L*(R?)}. We also make the
important restriction of subcritical mass
= (fo) € (0,8m),

as a suitable global existence theory is available in that case (see [10, 42]), whereas for M > 8w
there exist solutions which blow up in finite time (see [30, 44, 43] and the discussion in [42,
1. Introduction]). We also refer to [5, 16] where a global existence theory is developed in the
possible supercritical case M > 8m and the condition that ¢ is large enough (which corresponds to
a case where the nonlinearity in (1.1) is small).

As in [10], we consider the following definition of weak solution.

Definition 1.1. For any initial datum (fo,uo) satisfying (1.8) with M < 8, we say that the
couple (f,u) of nonnegative functions satisfying

f e L>®0,T; LY(R?*)) N C([0,T); D'(R?)), VT € (0,00),
u € L>(0,T; H(R?)) if > 0;

we L°0,T; LY(R2) N HY(R?)) ifa=0;

fu € L>(0,T; L*(R?))

is a global in time weak solution to the Keller-Segel equation associated to the initial condition
(fo, up) whenever (f,u) satisfies the mass conservation (1.4), the bound

(1.9)

T
(1.10) sup F(t) + sup/ f log(z)? dx +/ Dr(t)dt < Cr,
[0,7] [0, 7] JR2 0

as well as the Keller-Segel system of equations (1.1)-(1.2) in the distributional sense, namely

(1.11) . fo(@) p(0,2)dx = / /R2 (log f) = Vau) - Vep — atgp} dx dt

(1.12) E/]R? uo(x) ¥(0, z) dx /0 /R2 {u (=AY + arp — edpp) — f(t, x)¢} dx dt,
for any T > 0 and ¢,9 € C2([0,T) x R?).

It is worth emphasizing that it is not assumed that the free energy-dissipation of the free energy
identity (1.5) holds, but with (1.10), only that the feee energy and the dissipation of the free energy
are bounded. Thanks to the Cauchy-Schwarz inequality, we have

/R2 fIVa(log f) = Vu|de < M2 D},

and the RHS of (1.11) is then well defined thanks to (1.4) and (1.10).
This framework is well adapted for a global existence theory in the subcritical mass case.
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Theorem 1.2. ([10, Theorem 1]) For any initial datum (fo,uo) satisfying (1.8) and M < 8, there
exists at least one global in time weak solution in the sense of Definition 1.1 to the Keller-Segel
equation (1.1)-(1.2).

Our first main result establishes that this framework is also well adapted for the well-posedness

issue.

Theorem 1.3. For any initial datum (fo,wo) satisfying (1.8) with M < 8n, there exists at most
one weak solution in the sense of Definition 1.1 to the Keller-Segel equation (1.1)-(1.2). This one
is furthermore a classical solution in the sense that

(1.13) fru € C2((0,00) x R?)
and satisfies the accurate small time estimate
(1.14) Vge (1,00), t 7 |f@))lee =0 as t—0.

Finally, the free energy-dissipation of the free energy identity (1.5) holds.

Theorem 1.3 improves the uniqueness result proved in [14] in the class of solutions f € C([0,T1;
Li(R?)) N L>((0,T) x R?), VT > 0, which can be built under the additional assumption fy €
L*°(R?) as well as the uniqueness part of the well-posedness results [3, 22, 16, 5] for solutions
satisfying (1.14) which are established in some particular regimes (smallness assumption on the
initial datum or on some parameters). We also refere to [25] where a uniqueness result is established
for a related model. Our proof follows a strategy introduced in [23] for the 2D viscous vortex
model and generalizes a similar result obtained in [18] for the parabolic-elliptic model (which
corresponds to the case € = 0). It is based on a DiPerna-Lions renormalization process (see [17])
which makes possible to get the optimal regularity of solutions for small time (1.14) and then
to follow the uniqueness argument introduced by Ben-Artzi for the 2D viscous vortex model (see
[2, 9]) and also used in [3, 22, 16, 5] for the parabolic-parabolic Keller-Segel equation. Ben-Artzi’s
argument consists in writing the mild formulation of the difference of two solutions and to establish
a contraction estimate for the norm introduced in (1.14) for ¢ = 4/3. The choice of the exponent
q = 4/3 is crucial and it is made in order to handle the singularity of the force field (thanks to
sharp estimates of the smoothing effect of the heat semigroup). It is worth emphasizing that such
an argument is related to famous Kato’s work on the Navier-Stokes equation (see e.g. [34]).

The smoothing effect and the free energy-dissipation of the free energy identity established in
Theorem 1.3 are natural and physically relevant but new, even for stronger (and possibly local in
time) notions of solutions.

From now on in this introduction, we definitively restrict ourselves to the case « = 0 and we
focus on the long time asymptotic of the solutions. For that last purpose it is convenient to work
with self-similar variables. We introduce the rescaled functions g and v defined by

(1.15) f(t,z) == R(t)?g(log R(t), R(t)'x), wu(t,z):=v(log R(t), R(t) 'z),

with R(t) := (1 +t)'/2. For these new unknowns, the rescaled parabolic-parabolic Keller-Segel
system reads

1
(1.16) atg:Ag+V(§ rg—gVv) in (0,00) x R?,
(1.17) 58w=Av+g+%x~Vv in (0,00) x R%.

We are interested in self-similar solutions to the Keller-Segel parabolic-parabolic equation (1.1),
that is solutions which write as

ft,z) = %Ge(t%)’ u(t, z) = Ve(t%)’

with
(1.18) ft,x)de = / G:(y)dy =M € (0,8).
R2 R2
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Such a couple of functions (f,u) is a solution to (1.1) if, and only if, the associated “self-similar
profile” (G.,V;) satisfies the elliptic system

1
(1.19) AGE—V(GEVVE—ing):o in R
Av;+%m.vv;+G€:0 in R?

and thus corresponds to a stationary solution to the rescaled parabolic-parabolic Keller-Segel
system (1.16). It is known that, for any € € (0,1/2) and any M € (0,8x), there exists a unique
solution (G¢,Vz) to (1.19) such that the mass of G. equals M, and which is furthermore radially
symmetric and smooth (say C?(R?)), see [45, 4, 16].

Our second main result concerns the exponential nonlinear stability of the self-similar profile
for any given mass M € (0,87) under the strong restriction of radial symmetry and closeness to
the parabolic-elliptic regime. We define the norm

(g Il == Nlgllery + llvllgz, k> T,
where the weighted Lebesgue space LY (R?), for 1 < p < 00, k > 0, is defined by

LR(R?) = {f € Line(®?); [Ifllep := IIF (@)*||» < oo},
and the norm of the higher-order Sobolev spaces W,f’p (R?) is defined by

11y = > @) o fIIL.

o] <t

Theorem 1.4. For any given mass M € (0,87), there exist €* > 0 and 6* > 0 such that for any
e € (0,e*) and any radially symmetric initial datum (go,vo) satisfying

(g0, v0) — (Go, VoIl < 67, / gode = [ G.dw =M,
R2 R2

the associated solution (g,v) to (1.16)-(1.17) satisfies
(g(t),v(t)) = (Ge, V)l € Cae® Vae (=1/2,00), V>0,
for some constant Cy = Cy(go, vo) > 1.
Coming back to the original unknowns (f,u), this theorem asserts (1.3) holds.

That result extends to the parabolic-parabolic Keller-Segel equation similar results known on
the parabolic-elliptic Keller-Segel equation, see [18]. To our knowledge, Theorem 1.4 is the first
exponential stability result for the system (1.1) even under the two strong restrictions of radial
symmetry and quasi parabolic-elliptic regime (we mean ¢ > 0 small), and, moreover, the rate
obtained here can be taken as close as we want to the optimal rate —1/2 of the parabolic-elliptic
case (see Theorem 4.8). However, we refer again to the recent work [16, Section 4] where some
results of convergence (without rate) of some solutions to the associated self-similar profile are
established. We also refer to that work for further discussion and additional references. We finally
refer to [55] where an exponential convergence to the equilibrium for a somehow similar chemotaxis
model is established.

The proof of Theorem 1.4 is based on the spectral analysis of the associated linearized operator
and on growth estimates on the related linear semigroup. We take advantage of the similar analysis
made on the linearized parabolic-elliptic Keller-Segel equation performed in [18] and we use a (quite
singular) perturbation argument. The restriction to radially symetric functions is made in order
to get sharp and convenient estimates on solutions to auxilliary elliptic equations (see Lemma C.2)
used in the accurate spectral analysis performed in Theorem 4.7. We think that this additional
assumption is only technical and can be circumvented, but we were not able to fix it.

Let us end the introduction by describing the plan of the paper. In Section 2 we present some
functional inequalities which will be useful in the sequel of the paper and we establish several
a posteriori bounds satisfied by any weak solution. Section 3 is dedicated to the proof of the
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uniqueness result stated in Theorem 1.3. In Section 4, we prove the exponential stability of
the linearized problem associated to (1.16)-(1.17). Finally, in Section 5, we prove the long-time
behaviour result as stated in Theorem 1.4.

Acknowledgments. We thank J.-Y. Chemin, J. Dolbeault, I. Gallagher, G. Jankowiak and O. Ka-
vian for fruitful discussions and for having pointed out some interesting references related to our
work. The research leading to this paper was (partially) funded by the French ” ANR, blanche”
project Kibord: ANR-13-BS01-0004. K. C. is supported by the Fondation Mathématique Jacques
Hadamard.

2. LOCAL IN TIME A PRIORI AND A POSTERIORI ESTIMATES

2.1. A priori estimates. In this short paragraph, we follow [10] and we explain how to obtain
the basic estimates which lead to the notion of weak solution as presented in Definition 1.1. We
first observe that the following space logarithmic moment control holds true

d
pn f( log H)dz = / fV(Qog f—u)-V(log H)dx
R2
) 1
< = 2
< §Ds(f)+ g5 [ VIR AP,
where -
H(z):= e and then |Vlog H(z)| <4,

which together with (1.5) implies that the modified free energy functional

z]:(f,u)—/szlogH

satisfies
(2.1) i]:H(t) + 1'D]:(t) < M.
dt 2 -
On the one hand, introducing the Laplace kernel ko(z) := —5=log|z| and the Bessel kernel

Ka(2) = 4= fooo t~Lexp(—|z|?/(4t) — at) dt for a > 0, so that % = i, = K4 * f is a solution to the
Laplace type equation
—Ati=f—ou in R?

and introducing as well the chemical energy and the modified entropy

u) = %/|w|2+%/u2—/fu, Hu(f) :=/flog(f/H),

one can easily show (see e.g. [10, Lemma 2.2]) that

(2.2) Fulf.u) = Hu(F) + Falf, iia) + /|v w— ) + /(ufﬂa)Q
and
(2.3 Fulfin) = =5 [ [ $@) 1) sale =) dudy

On the other hand, we know from the classical logarithmic Hardy-Littlewood-Sobolev inequality
(see e.g. [1, 13]) or its generalization for the Bessel kernel (see [10, Lemma 4.2]) that

(2.4) Vf>0, / f(x)log f(x)dz — //R2 i, Y) Koz — y) dedy
/Rz F(2) log H(z) dz > —C (M),

where here and below C;(M) denotes a positive constant which only depends on the mass M.
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Then from (2.2), (2.3) and (2.4) together with the very classical functional inequality (see e.g.
[10, Lemma 2.4])

(25) HE =1 () = [ foss)e < Ha(h)— [ Flostay? + Ca00),
one immediately obtains, for M < 8,
Fafw) = (=g Ha(D+ ge(a( =57 [ [ 1) 1) wala =) doy)

> C5(M)H (f) + Ca(M) / flog(z)? — C5(M).

One concludes that under the assumption (1.8) on the initial datum, the identity (1.4) and the
inequality (2.1) provide a convenient family of a priori estimates in order to define weak solutions,
namely

(2.6) CaM) W (£(0) + Ca(01) [ (0ot / Dr(f(s), u(s)) ds
< Fu(0) + Cs(M) + M t,
and one remarks that the RHS term is finite under assumption (1.8) on (fo,ug), because

Fur(0) = Flfo, uo) — / folog H

= F(fo,uo0) +M10g7r+2/f0 log(z)? < +oo.

It is worth emphasizing that in order to get the bounds announced in Definition 1.1 in the case
a > 0 one may use the inequality

(2.7) Fu > Cs(M) / |Vul? + C7(M)a/u2 + Cg(M)/fu —Co(M)(1+1/a)
which is established in [10, (3.5)].

2.2. Local in time a posteriori estimates. We start by presenting some elementary functional
inequalities which will be of main importance in the sequel. The two first estimates are picked up
from [23, Lemma 3.2] but are probably classical and the third one is a variant of the Gagliardo-
Niremberg-Sobolev inequality.

Lemma 2.1. For any 0 < f € L*(R?) with finite mass M and finite Fisher information

2
=10 [ M5

there holds

(2.8) Vpe[l,0), [fllormey < CpMYPI(f)I=1/p,

(2.9) Vgell,2), [VflLae < CqMYam2I(f)3/271a,

For any 0 < f € L*(R®) with finite mass M, there holds

(2.10) Vpel[2,00) |fllrerre) <Cp M/ (+1) ||v(fp/2)||2L/2(p+l)-
We refer to [23, Lemma 3.2] and [18, Lemma 2.1] for a proof.

The proof of (1.13) in Theorem 1.3 is split into several steps that we present as some intermediate
autonomous a posteriori bounds.

Proposition 2.2. For any weak solution (f,u), we have

I(f(t)) € L'(0,T), VT >0.
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Proof of Proposition 2.2. We write

(2.11) Dr(f) 2 1(f)+2 [ 1

Next, by Young’s inequality, we have

[ rau

The second and third terms belong to L*(0,T) from (1.10), so we only need to estimate the first
term.
For any A > 1, using the Cauchy-Schwarz inequality and the inequality (2.8) for p = 3, we have

/lesz /flsz 1/2 /f3)1/2
(] 0 (et

from what we deduce for A = A(M,H™) large enough, and more precisely taking A such that
logA=16H, C3 M(1+ a/2+¢/2)?,

o Hi(f)? (1+a/2+¢/2)7"
M! 27(10gA)1/2 (f) < 1

/f(s@tu — [+ au)
> (a2t [ £ -e2 [@up a2 [

IN

IN

1(f)-

(2.12) /f2 1p>4 < C32

Denoting ®(u) = ¢ [(0u)* 4+ a [u? € L'(0,T) and putting together the last estimate with (2.11),
it follows

1
1) < Dr+C /f21f§A + ®(u)
< Dr+2M exp(CHy M) + P(u),
and we conclude thanks to (1.4)—(2.6). O

Remark 2.3. The logarithmic Hardy-Littlewood Sobolev inequality (2.4) in the supercritical case
M > 8m does not lead to a global estimate as for the subcritical case M € (0,87). However,
introducing the function .# := M H of mass M and the modified free energy

Far(fyw) ::/R2(flog(f////)—f—&—///)doc—/]Rffualx—f—%/}R2 |Vu|2dm+%/ u? d,

R2

one shows that any solution (f,u) to the Keller-Segel equation (1.1) formally satisfies
1
- < _Z
1
-5 1N - /fAu _< /(atu)“' + M

fél(f) /(afu +(1+¢) /f2 /u + M,

where we have just used (2.1), the estimate (2.11) and the estimates at the beginning of the proof
of Proposition 2.2. We also observe that from (2.5) and (2.7), we may deduce

IN

IN

”H+(f)+/\Vu\2+a/u2 < Ky Far(fu) + Ko,
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where K, i = 1,2, are constants which may depend on M > 0 and a > 0. Arguing then as in the
proof of Proposition 2.2, we easily get

d - 1 K\ F f,u 1/2
SRt < =310 -3 [@wr+a+a{das ey el 1(10A;(A)1/)2) 10}
+%]:'M(f,u)+%+M (VA>0)
< 305 / (0ru)* + K exp(Ka Far(f,0) + Ko,

by making the appropriate choice log A = K’ Far(f,u) for A. This differential inequality provides
a local a priori estimate on the modified free energy which can be used in order to prove local
existence result for supercritical mass. Because we will prove in Theorem 1.3 that the above
resulting bound is suitable in order to get the uniqueness of the solution, we can classically obtain

the existence and uniqueness of maximal solutions (in the weak sense of Definition 1.1) (f,u) €
C([0,T*); D' (R?) x D'(R?)) such that

B T
sup Far (0, u0) + [ {1G0) + Dr(r@.u®)}de <0 ¥T € 0.1
[0,T) 0

and the alternative

T.=+o0c or (T.< oo, Far(f(t),u(t)) = oo as t — T%).

As an immediate consequence of Lemma 2.1 and Proposition 2.2, we have

Lemma 2.4. For any T > 0, any weak solution (f,u) satisfies

(2.13) fe PP~V T; LP(R?)), Vpe (1,00),
(2.14) V[ e L?/Gr=2(0,T; LP(R?)), Vpe[l,2),
(2.15) Au € L*(0,T; L*(R?)).

Proof of Lemma 2.4. The bound (2.13) is a direct consequence of (2.8) and Proposition 2.2. The
bound (2.14) is a consequence of (2.9) and Proposition 2.2. From (1.10) we have Dz € L'(0,T),
which implies Au + f — cu € L*(0,T; L?(R?)) and then, using (2.13), we obtain (2.15). O

Lemma 2.5. Any weak solution (f,u) satisfies

(2.16) / B(f1) der/tl/ B"(fo) IV fs|? dzds

< [Lotrdes [ [ (500 - 1000 o

for any times 0 < tg < t; < o0 and any renormalizing function B : R — R which is convex,
piecewise of class C' and such that

18O < C(1+&(ogé)s), [B(5) - () <CE VEER.

Proof of Lemma 2.5. We consider a weak solution (f,u) to the Keller-Segel equation, and we write,
in the distributional sense,

Ohf=Af—=Vu-Vf—(Au)f.
We split the proof into three steps.
Step 1. Continuity. Consider a mollifier sequence (p,) on R?, that is p,(z) := n?p(nx), 0 < p €
D(R?), [ p =1, and introduce the mollified function f;* := fi*,p,. Clearly, f* € C([0,T); L*(R?)).

Using (2.13) and (1.10), a variant of the commutation Lemma [17, Lemma II.1 and Remark 4] tells
us that

(2.17) Of™ = Af" — V- V™ — (Au) [ 40",
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with r™ = r{' 4+ r3 given by
M =Vu-Vf"— (Vu-Vf)*xp, =0 in LY0,T;L},.(R?)),
= (AW ST = (AW ] % =0 i LY0,T; Ly (R2).
The important point here is that f € L?(0,T; L?(R?)) thanks to (2.13) and Vu € L?(0,T; W12(R?))

thanks to (2.15), hence the commutation lemma holds true.
As a consequence, the chain rule applied to the smooth function f" reads

(218) atﬁ(fn) — A,B(fn) _ B/l(fn) ‘an|2 _ vu . Vﬁ(f”) _ (Au)fn/é)/(fn) + B/(fn) ,r,n

for any 8 € CY(R) N Wlicoo(R) such that 5 is piecewise continuous and vanishes outside of a
compact set. Because the equation (2.17) with u fixed is linear, the difference f™* := fn — fk
satisfies (2.17) with r™ replaced by r™* := r" — % — 0 in L'(0,T; L}, .(R?)), and then also (2.18)
(with again f™ and 7" changed in f™* and r™F). For any non-negative function y € C2(R%) and
any time ¢ € (0,77, we obtain

n,k _ nk " nk n,k
[ sumanx = [ sursonx- [ [ vt or
- / Rzﬁ(f”’k(S)){AX+VU(S)~Vx}
+ / (BU™(5)) — F7*()B'(f™* (5))} Au(s) x
o [ B

In that last equation, we choose 3(£) = B1(£) = &2/2 for €] < 1, B1(€) = [£] — 1/2 for €] > 1.
Using that |51] < 1 and 87 > 0, it follows

Loausanx < [ amimronxs [0t e) 1ax+u(s) vy
K n,k s)) — n,k s N s uls ! 7,,n,k s
[t = sl isu@ e [ [ el

Since fo € L', we have f™*(0) — 0 in L'(R?) and we deduce from the previous inequality and
the following convergences: r™* — 0in L1(0,T; L}, (R?)); B1(f™*)|Vu| — 0in L1(0,T; L, (R?)),
because £1(€) < €], f* — 0in L%(0,T, LQ(RZ)) by (2.13) with p =2 and Vu € LQ(O,T L?(R?))
by Definition 1.1; B;(f™*)|Aul — 0 in L'(0,T; L*(R?)), because B;(&) < [£], f»* — 0 in
L2(0,T,L?(R?)) and Au € L?(0,T; L%(R?)) by (2.15); and f™F31(f™*)|Au| — 0in L1 (0, T; L*(R?)),
because |3;] < 1, f** — 01in L?(0,T, L?(R?)) and Au € L?(0,T; L*(R?)), that

sup | Bi(f"(t ) x(x)de — 0.
te[0,T] JR2 n,k— o0

L.(R?) so that f* — f in
C([0,T); L}, (R?)), YT > 0. Together with the convergence f™ — f in C([0,00); D’'(R?)) and the
bound (1.10), we deduce that f = f and

(2.19) f"—f in C([0,T); L*(R?)), VT >0.

Since x is arbitrary, we deduce that there exists f € C([0,00); L}

Step 2. Linear estimates. We come back to (2.18), which implies, for all 0 < ¢y < t1, all x € C%(R?),

/ﬁftl x+/t / B (F1) [V x /6 x+/ / BT {Ax + Vu- V)
220 0
//{ﬂf" B f"}Ausx+/ / B
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Choosing 0 < x € C2(R?) and 8 € C'(R) N W>°(R) such that £ is non-negative and vanishes
outside of a compact set, and passing to the limit as n — oo, we get

[ 3 x+/ / B(£,) Vs fs|2x</ B(f) x+/ /{6 1) = FoB' (o)} Dy x
(2.21)

/ /f)’fe {Ax+ Vu- Uy},

By approximating y = 1 by the sequence (xr) with xr(z) = x(z/R), 0 < x € D(R?), we see
that the last term in (2.21) vanishes and we get (2.16) in the limit R — oo for any renormalizing
function 8 with linear growth at infinity.

Step 3. Super-linear estimates. Finally, for any § satisfying the growth condition as in the state-
ment of the Lemma, we just approximate § by an increasing sequence of smooth renormalizing
functions Sg with linear growth at infinity, and we pass to the limit in (2.16) in order to con-
clude. O

As a first application of the previous lemma we obtain the following estimate.

Lemma 2.6. For any weak solution (f,u) there exists a constant C := C(M,Hg, Fo,T,p) such
that, for any 0 < tg <t; <T, there holds

(2.22) [ ultog 12 / [ VP g 10 < [ fution 2

Proof of Lemma 2.6. Let K > e? and define the renormalizing function Bx : R, — R, by

% if&<e
Br(§) = { €(log€)?, if e <& <K;
(2+1log K)¢logé — 2K log K, if £ > K

so that B is convex and piecewise C''. Moreover it holds

1Bk (&) = Br (€] < 1€<e +28log€lececk +48log K 1es i
< 4{5 lece +&log€lececr +Elog K 1en i} =1 4y (§),
and
AOEE ~lece + 21055 e<e<K T I%TK leok.

We deduce from Lemma 2.5 that

Bre(fu) + / [T / | g 1.

wrogk [ T a e [ s+ [ tnlan

On the one hand, for any ¢ > 0, we have

t1 ty
/ / i ()| Au] < 6 / / i ()2 + CO D22 0,12 -
to JR2 to JR2

On the other hand, defining lorngf = le<e +log€lece<k +1og K 1¢s i, we have

/Rz () < /R fo /R (fogcf)?

(2.23) -
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and thanks to inequality (2.8) with p =2

—~ ~ V(flogg f)[?
[ s < e ([ somer) ([ DR
R2 R2 Rz flogg f
2
(2:24) < corenr o) ([ o ss1p 0 10).
R2
Coming back to (2.23), Estimate (2.22) follows by taking § > 0 small enough, using Lemma 2.4
and Proposition 2.2, and then letting K — oo. O

Lemma 2.7. For any weak solution (f,u), any p > 2 and any ty € [0,T) such that f(to) € LP(R?),
there exists a constant C := C (M, Ho, Fo, T, p, || f(to)||Lr) such that, for allty < t; < T, there holds

1 [
(2.25) £ + 5 [ 1925 s de <
to

Proof of Lemma 2.7. We split the proof into four steps.
Step 1. We define the renormalizing function Bx : Ry — R, K > €2, by
e Kp—1 KP KP
=2 if E<K = 1 &) - — féE>K

so that B is convex, increasing and piecewise of class C''. Moreover the following estimates hold

1B () — Ble(©)E] < 1,5?’ Leer +3K7 " €1eo i,

Kr=11 I
y{(f) ( _1>fp 21§‘<K‘f‘ o K §1£>K and 51{(5)221 Pp 'K? 151§>K/2-

Thanks to Lemma 2.5, we may write

t1 Kp—1 V. 2
5K(ft1 / Ve (P3| 1<k + / | f| I>K
to JR2 log K to JR2

/ B fu) + / / Au| fP 155 + 3K / / Aul f 1o k.
to JR? to JR2

Step 2. For the second term on the right-hand side of (2.26), using the Gagliardo-Niremberg-

Sobolev inequality
/ g4dx§C/ gZdos/ \Vg|? dz,
R2 R2 R2

1
T o= —// |Aul fP1lick

P JRr2
1 5 1/2
ez ([ )

219 1/2
< Clul( [ gnarr [ 190 AKPRE)
R2 R2

1
< Clauli [ B+ [ IVER L
* JR2 ppr JRr2

(2.26)

we have

IN

Step 3. Let us define the convex function ® by ®(&) := 52(1:)75 €)? for any € > 0, with log & =
le<e +logéles.. We observe that ® is a N-function so that we may associate to ® the Orlicz
spaces Lg (see Appendix A.1). We have already obtained that ||Aul|7, € L*(0,T) in Lemma 2.4

and we claim that we also have
(2.27) (| Aul)|| Ly € L' (to, T).
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Indeed, passing to the limit K — oo in Estimate (2.24), and using Proposition 2.2 and Lemma 2.6,
we immediately deduce

(2.28) f € La((to, T) x R?).

We now consider the linear operator f — U(f) := Au where u is the solution to the linear parabolic
equation edyu — Au + au = f. Thanks to standard results (see e.g. Theorem X.12 stated in [§]
and the quoted references therein)

U: LP((tg, T) x R?) — LP((to, T) x R?)

is a bounded operator for any p € (1,00). Since La((tg, T) x R?) is an interpolation space between
L32((to,T) x R?) and L%?((ty,T) x R?) (see Appendix A.2), we also get

(2.29) U: Lo((to, T) x R?) — Lo ((to, T) x R?)

bounded. We then deduce (2.27) from (2.28), (2.29) and the fact that ® satisfies the Ag-condition
(see Appendix A.1).

Step 4. Now we estimate the last term in (2.26). We denote by ®* the conjugate function of ® and
we observe that ®*(n) < (3'172(1,()vg77)’2 for any 1 > 0 and for some fixed constant C' € (0, 00) (see
Appendix A.3). We introduce the notation fx := flysx and Ag(f) == (fg> f1r>x/2)"/?. Using
Young’s inequality &n < ®(&) + ®*(n), we obtain

Ty = 2KV / Aul f 15k
Rz
< 2Kp1{ [ vapizu+ [ @*(AK<f>1fK>1f>K}:: Tor + Ton.
R2 R2

For the term 75,1, using that Ag(f) < M'/? and the elementary inequality lf(;g(fn) < lfovgf + lgé n,
we may write

Toq = 2KP~! /R O(Ax(f)|Aul)
< ¢ K1 / 18uf? [ Ak (/)] (log(Axc (/)] Au]))?

<orr ([ f1pms) ([ 18uP0orR(r)2 + [ 1auPGoau)?)
<C ( /. ﬁK(f)) (CQnlault; + |@(|Auz)
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For the term 75 o, using that fr > K on {f > K}, we obtain, for K > eM'/2,
Too = 2K”*1/ " (fr /AK(f)) 1pzk
]RZ

[ Uk/AR(D)

< CKP — 1>

- / (log(fre/Ar ()2 ="
KP=1 |Ag(f)|2 e

(log Mz

KP1|A 2
< C'—K (/ [V f] 1f>K/2>
(log M1/2

KP~ 1Ak (f |V fI?
<O B (L) ([ 1)

KP—! fP IV/I
e R A A )
Krt ( IV/I
— = (K'Y [ V()P +/ 1 >
(log Mjl(/Q )2 R2 | ( )| fSK R2 f f>K

where we have used the elementary inequality f% < C(f — K/2)3 in the second line, Sobolev’s
inequality in the third line and Cauchy-Schwarz inequality in the fourth line. Hence, for K large
enough, we have

1 KpP~1 [V f]
Top <C—p— | V()P 1<k +C / 1
22 (1Og MI5/2) R2 ‘ (f )l =K (log MI1</2 )2 R2 f IR
1 Kp! IVfI2
P/2y|2 1 liak.
/ V() 1<k + = 5 g K 7 I>K

Gathering 71, T21 and Tz.2, it follows that

i " D/2Y)|2
(2.30) R? ﬁK(ftalp' /tg /R IVa(fP9)" 1<k

< / Bt +C [ " (18ul3; + 190 Au) 1) [, et

Using the fact that h(t) := [p. |Aul* + ®(|Aul) € L'(to,T) from Lemma 2.4 and Step 3, we
can conclude to (2.25) by applying first the Gronwall’s lemma and by passing then to the limit
K — o0. O

Lemma 2.8. Any weak solution (f,u) satisfies
ot f, 0. f, (‘ﬁwjf, Oru, D, 02 u € Cy((0,T] x R?), VT > 0,

ki 7 Zj

so that it is a “classical solution” for positive time.

Proof of Lemma 2.8. For any time tg € (0,T) and any exponent p € (1, 00), there exists ¢, € (0, o)
such that f(t)) € LP(R?) thanks to (2.13), from what we deduce using (2.25) on the time interval
(t),T) that

(2.31) f € L®(ty, T; LP(R?)) and V,f € L*((ty,T) x R?).
Since u satisfies the parabolic equation
edu — Au + au = f,

the maximal regularity of the heat equation in LP-spaces (see Theorem X.12 stated in [8] and the
quoted references) and the fact that

u(t) = Ve *tw f+ Ve ko w0 and  Vu=T% * o [+ *2 Vo,
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where we denote 7> = e~ 7, and similarly for I', +; is the heat kernel given by
1 2
Yi(x) := — exp =P € L*(0,T; L**(R?)), Vzi,20>1, 1/21 +1/29 > 1,
47t 4t
and
Ti(x) := Voye(x) € L*(0,T; L*2(R?)), Vs1,80 > 1, 1/s1 +1/s3 > 3/2,
provide the bound
(2.32) u € L™®(ty, T; LP(R?)), Vu € L™ (ty, T; LP(R?)), 0w, D*u € LP((ty,T) x R?),
for all tg € (0,T) and p € (1,00). Since now f satisfies the parabolic equation
Of—Af=-Vu-Vf—(Au)f=2
with Z € L?(to,T; L9(R?)) for all to € (0,T) and all ¢ € [1,2) from (2.31) and (2.32), the same
maximal regularity of the heat equation in L7-spaces (with the choice s; = so = (4/3)7) implies
Vf e LP(ty, T; LP(R?)), Vp € [2,4),
and then Z € LP(to, T; LP(R?)), Vp € [2,4). By a bootstrap argument of the regularity property
of the heat equation, we easily get
(233) f € LOO(thTa LP(RQ))7 vf € Loo(t()vTv LP(R2))7 atfa D2f € Lp((t07T) X R2)7

for all tg € (0,7) and p € (1,00). The Morrey inequality implies then f, Vf, u, Vu € C%((to,T) x
R?) for any 0 < a < 1, and any to > 0. Finally the classical Holderian regularity result for
the heat equation (see Theorem X.13 stated in [8] and the quoted references) implies first u €
C?((tg,T) x R?) and next f € C?%((tg,T) x R?), which concludes the proof. O

We prove now the free energy-dissipation of the free energy identity (1.5) in Theorem 1.3.

Proof of the free energy identity in Theorem 1.3. We split the proof into four steps.

Step 1. We claim that the free energy functional F is lower semi-continuous (Isc) in the sense
that for any sequences (f,) and (u,) of nonnegative functions such that (f,) is bounded in L' N
L'(log(x)?) with same mass M < 8, (u,) is bounded in H' if @ > 0 or in L' N H' if a = 0,
(fn ) is bounded in LY, (F(fn,u,)) is bounded and (f,,, u,) — (f,u) in D'(R?) x D'(R?), there
holds

(2.34) 0< feL'nL'(log(z)?) and F(f,u) <liminf F(fp,un,).
n—0o0
Indeed, because of (2.5) and (2.6), we have H*(f,) < C and we may apply the Dunford-Pettis

lemma which implies that f,, — f weakly in L!(R?). We then rewrite the free energy functional
as

F(frrun) = H(fn) + Falfn,un),

H(fn) /fnlogfn and  Fo(fn,un) := /|Vun|2 /ui—/fnun,

and we consider separately the case a > 0 and o = 0.

with

Step 2: Case a > 0. We denote @, = Kq * fr, where ko(2) = ﬁ o I

kernel. Since f,, >0, f, € L' N Llog L and u,, € H!, [10, Lemma 2.2] implies that @, € H! and
also that the functional F,(f,,u,) is finite and satisfies

3 1 _ e} _
Fa(fnvun) - Fa(fnvun) = §||V(un - un)”?’ﬁ + §||un - un||2L2
Hence, we can write
1 _ e} _
F(fr,un) =H - / Jn(@) fa(W)ka(z —y )+’Hv(un_un)n%ﬁ+§Hun_un||%2
(fn)+V(fn +Z/l1(un—un)+bl2( _ﬂn)v

1212 _
4t
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where the functionals U; and Us are defined through the third and fourth term respectively. We

clearly have that U; +Us is Isc for the weak H' convergence and H is Isc for the weak L' convergence,
so we investigate the functional V. For any € € (0,1) we split V =V, + R, as

yi= =3 [ s@s) kol = ) e
yi= 5 [ 9@st) kol = ) Lo

The Bessel kernel k. is a positive radial decreasing function with a singularity at the origin:
Ka(2) = —5=1log|z| + O(1) when |z| — 0. Hence V. is continuous for the weak L' convergence and
for the rest term we obtain, for any € € (0,1) and A > 1,

IR (g \<C// Y)lja y|<e+0// y)(og |z —y|)-1jz—y<c
<C// Mgy <2 g(Y) 1z y|<e+c// 9(2)>2 9 (W) Ljz—y|<e

+C// x)>)\g )(10g|$_y|) 1\1 y|<6+0// x)>)\g( )10g |$_y| 1|a: y|<e

< cx/yg<y>{/lzl<6 }w/ oy ot ons(o |
+C)\/yg(y) {/|Z|S6(10g|z| }+C/ (z>>A/y{g(y) log g(y) + [ — y| ™"} jo—y<c

H(g) H(g)
< O MM M2 M2 =7
<CMX +C log)\+c e +Clog)\{7-[(g)+e},

where we have used the convexity inequality uv < ulogu + €” for all w > 0, v € R and the
elementary inequality ulogu > —u!/? for all u € (0,1). Hence sup,, |R(f.)| — 0 as ¢ — 0 and we
deduce that F is lsc.

Step 3: Case o = 0. We define @,, = ro(f, — M H) where H(z) = (z)~*/m and ro(z) = — 5 log 2|
is the Laplace kernel. Since 0 < f,, € L' N L*(log(z)?), H(f,) is finite, [(f — MH) = 0 and
u, € H', [10, Lemma 2.2] implies that @, € H' and also that the functional Fy(f, — M H, u,) is
finite and verifies

1
FO(fn _MHaun) _FO(fn - MHaﬂn) = §Hv(un _ﬂn)H%?

Now we argue as in the case a > 0. First we write

Flfurin) = H(h) = 5 [[ £a@) fa@rola o +M//fn Vol — )
+ 319 = a)le =M [ =2 [ H@ G0 -y)

= H(fn) + V(fn) + W(fn) +Ur(un — tin) + Uo(un) + Z(H)

The functional U is Isc for the weak H' convergence and H is Isc for the weak L' convergence.
For V we just argue as in the preceding case o > 0. In the same (even simpler) way we obtain that
W is Isc for the weak L' convergence. Finally we conclude that F is lsc.

Step 4. Now, we easily deduce that the free energy identity (1.5) holds. Indeed, since (f,u) is
smooth for positive time, for any fixed ¢ > 0 and any given sequence (t,) of positive real numbers
which decreases to 0, we clearly have

F(f(tn)ultn)) = F(b) + / Dr(f(s). uls)) ds.
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Then, thanks to the Lebesgue convergence theorem, the lsc property of F and the fact that
f(tn) — fo and u(t,) — uy weakly in D’(R?), we deduce from the above free energy identity for
positive time that

F(fo,uo) < Tminf F(f(tn), u(tn))

Snlinéo{f / Dx(f s))ds} = F(t / Dr(f(s),u(s))ds.
Together with the reverse inequality (1.10) we conclude to (1.5). O

3. UNIQUENESS - PROOF OF THEOREM 1.3

In this section we prove the uniqueness part of Theorem 1.3. In order to do so, we first prove
some estimates in Lemmas 3.1 and 3.2.

Lemma 3.1. Any weak solution (f,u) to the Keller-Segel equation satisfies that for any p € (1,00),
T € (0,00), there exists a constant K = K(fo,p,T) such that

(3.1) PO, <K Yte (0,T).

Proof of Lemma 3.1. Recall that we already know that || f||z» € C1(0,T) for any p > 1 and
I fllLe € L% (to,T) for any 0 < tg < T and any p € [1,00]. For p > 1, we have

/ o= (- 1/p) / (P 4 (- 1) / ) / (Bru + o) f7
= Tl —|—T2—|—T3

Using the splitting f = min(f, A) + (f — A)4, for some A > 0, and denoting h(u) := dru + au €
L?(0,T; L?(R?)), we have

(12 < € [ In(@lmin(7, AP+ C [ IM@I(f = AP, = T + T
For the term T31, we have
T | < CAPT2 / |h(u)| f1/? < CAPTV2(|[h(w)|[72 + M).

For T39, using Gagliardo-Niremberg-Sobolev inequality HgHL4(R2) < C’||g||L2(R2 ||Vg||L2(R2) with
g:(f—A)+ , we have

oo < c/\h<u>|<f—A>’i

< C||h(c)|| 2 ( / (f - A)i")m

§C||h(6)||L2</(f A) </|Vf Ap/2|2> 1/2

< Collhw)ls [(7 =A% +6 [ [P 15

for any § > 0.
For the second term T5, we have

ITy| < C/min(f,A)P+1 +C/(f—A)T1.

At the right-hand side, the first term is easily bounded by C AP M, and using (2.10), the second
one is bounded as follows

fi e =e{fu-au) ([ ar) < (fmirins).
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Gathering all the previous estimates, choosing § > 0 small enough and A large enough, we get

d
G2 4 [P [IV0HE bl [ 12+ + b)),
Thanks to the following Holder and Gagliardo-Niremberg-Sobolev inequalities
-1 _
AP0 < AT DI and [IF15EL < CIFI V(223

we obtain from (3.2) the differential inequality

iX(t) < —CoX ()77 + CLH(H)X (1) + C2(1 + H(t)), te(0,T),

dt
where we denote X (t) := || f(¢)||}, and H(t) := ||h(u)||2.(t) € L*(0,T). By standard arguments
(see e.g. [10, Proof of Theorem 5.1]) we conclude to (3.1). O

We (crucially) improve the preceding estimate by showing
Lemma 3.2. For any q € (1,00), any weak solution (f,u) to the Keller-Segel equation satisfies:
(3.3) 5| f(t, )lpe = 0 ast— 0.

Proof of Lemma 3.2. We prove (3.3) from (3.1) and an interpolation argument. On the one hand,
denoting log f := 2 +log, f, we use the Cauchy-Schwarz inequality in order to get

[rr< ([riowa) ™ ([ awn)"

or in other words

g1 (= 1) /(2D
(3.4) 1llze < COLAHL(F) ([ £ (log )7)
On the other hand, we observe that
. RQq—l t2q—2
752’1_2/]“2‘1_1(longf)_1 < tQ‘I_QT/ f—i—T/ 271 VYR>0
log, R Jf<Rr log, R Jf>R
< 2 MR o P

log, R log R’
for any R > 0, where we have used that s +— 32‘7*1(10,\é+s)’1 is an increasing function in the first
line, the mass conservation of the solution of the Keller-Segel equation and the estimate (3.1) in

the second line. Choosing R :=t~!, we deduce
—~ M+ K
(3.5) e [ prt g, )t < 2
log, t

We conclude to (3.3) by gathering (3.4) and (3.5). O

. Vi<

We are now able to prove the uniqueness of solutions.

Proof of the uniqueness part in Theorem 1.3. We consider two weak solutions (f1,u1) and (f2, us)
to the Keller-Segel equation (1.1) that we write in the mild form

fi() = €2 £(0) — / Velt=92 (£,(5)Vus(s)) ds

0

and
o s 1 s o SsS—o
ui(s) = e~ “%e=2u;(0) + */ e 2= )Afi(o) do,
€Jo
from which we also obtain
1

Vu(s) = e~ %2 (Vu;(0)) + g/ e_%(s_”)(Ve(tid)A)fi(a) do.
0
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When we assume f;(0) = f2(0) and u;(0) = u2(0) = ug, the difference F' := fo — f; satisfies

— /75 Velt=2)4 {F(s)[e”
0

(3.6) - /t vel 2 {F( ) [
Ve(t S>A{ 1(s) [

= I1 )+ La(t) + I3(t).

For any t > 0, we define

Zy(t) = sup 527 [|fi(s)l| 2, ()= sup ST{|F(s)]| s

0<s<t 0<s<t

SA

et Vuo}}ds

/ e~ e(5=9)ye <S;U)Af2(a) da} } ds
0
/( e_%(S_U)Ve(:a)AF(U) da} } ds
0

m\Q

| —

M= O

We recall the explicit formula for the heat semigroup

1
etAg = ’Y(ta ) *z g, ’Y(t,l’) = m exp (_) )

and the following well-known inequalities that will be useful in the sequel

1 1 1

(3.7) 1K % gl <lIKllzallgller, 42 =_+1 1<pgr <00,

and
1_ 1_3
vt ez < Cata ™, [IVy(t, )|l o) < Cqta 2.

We fix p > 2 and we compute the quantity 3| - || ;4/s for each term of (3.6).

For the second term, we compute
Velt=9) {F(s)/ Ve T2 £y (o) da}
0

F(s) /0S Ve(s_sﬁ)AfQ(J) do

o)

3 s (s—
/(t—S) 4HF(5)HL4/3/ Ve = 2 f2(0)||a do ds,
0 0

ds
L4/3

()| s < Clae) th /
0

ds

L1

t

(3.8) <ot / IVt = 8)][ oss
0
t

NG

<Ct

where we have used Young’s inequality for convolution (3.7) in the second line and Holder’s in-
equality in the third line. Now we can estimate the integral over do using again Young’s inequality
(3. 7) with1/4+1=1/a+ (p+1)/(2p), i.e. 1/a =3/4—1/(2p), by

r

)

(s— U)
ve Ao | do</ IVl o)l 2, d

EY

since the last integral is bounded thanks to f% — é > —1 from p > 2.
Gathering that last estimate with (3.8), it follows

t 3 1 1
t1 | Lo (t) || ars < C Z2(2) 5@)/ (t—s)"itis 2ds
0
< CZ2(t) 8(t).

(3.9)
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For the term I3, we have

(s=0o)
€

t S
Al @l < 0t | HVe(f-sm{fl(s) [ ve AF<o>da} s
0 0

1L4/3

t
(3.10) <ctd [0t~ sl ds
0

£1(5) /O Ve T2 AF(0) do

1
(s=o)

t s
<ctt [a-a A,z [ IV s do s

We compute the integral over do in the following way

3 (s=0) ° s—a
/ IVe“T22F(0)]| 2 do < / VA=) o [ F(0) | gass do
0 Lp 1 O LJ[J 2

< C5(s) /Os(s _ o)t
< Ci(s) s,

Sl
B

Q
=
U
q

since the last integral is bounded because p > 2. Putting together this estimate with (3.10), we
obtain

=

t
ta || Is(t)||pass < CZ;(t) 5(t)/ (t—s)"1t2s™
0

< C Zy(t) 8(t).

(3.11)

For the term I, we compute

ds
14/3

t
Al <Ot [ T8 (Po)ei>Tug}]
0

t
(3.12) < Cti/ IVY(t = 8)llpass || F(s)e=2Viuo|| 1 ds
0

IN
Q

i+ / (t— )4 [F() s |

0

egAVuoHL4 ds,

where we have used Young’s and Holder’s inequalities. Let K > 0 to be chosen later, we estimate
(3.13) le£AVug|| s < |lef 2V 14 Vuo <k}t + lle=2Vug 14 |Vuo|> K} 2

Using Young’s inequality, we have

s 1 1/2
€28V uo Lvugi<iy 2t < V()21 1 VU0 1 jvuoj<xy s < CK? |[Vugl[}5.

Using Young’s inequality again for the second term in (3.13), we have

le22Vuo 1(jvugiz 32t < V() Lol Vo Lvug sk llze < Cs™7 (K),
where
(K) = |[Vuo 1{WU0|2K}HL2 —0 as K — 4o0,

by the dominated convergence theorem. Putting together that last estimates in (3.13) and choosing
K= s‘i, it follows

lef2Vug||ps < Cs i a(s) with «a(s) = S5 + w(s‘i) — 0.
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Coming back to (3.12), we obtain

t . S
£ | Iy (8) || pass < Ct%/ (t—8)" 5 |F(s)|| pass s~ % as)ds
0

(3.14) <c ( sup a(s)) 5(t) /Otti(t—s)—is—%ds

0<s<t

<cC ( sup a(s)) 3(2).

0<s<t
Gathering (3.9), (3.11) and (3.14) and using Lemma 3.2, we conclude to

sty <C { sup a(s) + Z,(t) + Zﬁ(t)} 5(t) < lé(t),

0<s<t 2
for t € (0,T), T > 0 small enough. That in turn implies §(¢) = 0 on [0, 7). We may then repeat
the argument for later times and conclude to the uniqueness of the solution. U

4. SELF-SIMILAR SOLUTIONS AND LINEAR STABILITY

4.1. Convergence of the stationary solutions. First, for a given mass M € (0, 87) and a given
parameter € € (0,1/2), we consider the self-similar profile (G, V;) which is the unique solution of
the system of elliptic equations (1.18)-(1.19). We also consider the unique positive solution (G, V)
to the system of equations corresponding to the limit case € =0

1
(4.1) AG—V(GVV—imG)zo in R?, Gdx = M,
R2
AV+G=0 in R%
It is worth emphasizing that (G, V) is the unique self-similar profile associated to the parabolic-
elliptic Keller-Segel equation, see [12, 18].

Lemma 4.1. There exists a constant C' such that for any € € (0,1/4]

(4.2) 0< G.(z) < Celol*/4,
1
(4.3) sup (— + (z)) [VVe(2)| < C,
x€R2|x‘
and
(4.4) sup |AV.(z)| < C.
zER?

Proof of Lemma 4.1. We split the proof into three steps.

Step 1. The estimate (4.2) has been proved in [4]. More precisely it is a consequence of equations
(26) and (49) in [4], and

G(0)=b, 0< M(e,b) <4m min(2,b).
Here the parametrization of G is made in function of £ and b = G(0) instead of £ and M because
this dependence is more tractable. Observe that the above estimate guarantees that the mass is
subcritical, i.e. M(g,b) < 8.

Step 2. Since V. and G, are radially symmetric functions, the equation on V. writes

1 1
(4.5) VC-H+(;+§€7‘)VE/+G520 Vr >0,
where we abuse notation in writing V.(r) = V.(z), Ge(r) = G(Jz|), 7 = |z|. The function V.
is smooth and the equation is complemented with the boundary conditions V/(0) = V/(c0) = 0.
Defining w := (rV/)?, we find
w' 1 r .
5 = Tfrw- G.V/r? < C’\/;UW, C = il;%)Ge (r)3.
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As a consequence
r

d
_ < (O —
dr V<0 (r)3’
Vw < C(1AT)?,
from which the inequality sup,[(x) |[VV.(z)|] < C of (4.3) follows.
Step 3. We rewrite (4.5) as

and then

1 1
—(VIr) =w:= -G, — §€TVE/ € L™,

/07’ sw(s)ds

This completes the estimate (4.3). Coming back to (4.5), we also obtain
VI ()l <G,
which gives (4.4) and ends the proof. g

which implies

[V (r)r| = < Cr2.

Corollary 4.2. Ase — 0, there hold
G. =G in WP Vpe(1,00),
and
VV. = VV in L°, (AV.)eso uniformly bounded in L™ and AV, — AV a.e..
Proof of Corollary 4.2. Coming back to (1.19) and using Lemma 4.1, for any p € (1,00), we have
LG, =VG: - VV.+GAV, € L?,

where L denotes the operator LG, := AG. —V - (%xGE). By elliptic regularity we obtain that G
is uniformly bounded (with respect to ¢ € (0,1/2)) in W?P. Thanks to previous estimates and
Lemma 4.1, there exists (G, V) and a subsequence (still denoted as (G, V:)) such that G. — G,
V. — V. We may pass to the limit (in the weak sense) in the system of equations, and we find

_ 1- _ _ _
V'+=-V'+G=0, V'(0)=V'(x)=0.
T
We conclude that (G, V) is a solution to the stationary equation (4.1), so that (G, V) = (G,V). O

4.2. Splitting structure for the linearized operator. The evolution equation in self-similar
variables writes (see (1.16) and (1.17))

1
Og=Ag+V(519—gVv),
2
(4.6) 1 1
O = E(AUJrg) + 59:on,

and the associated linearized equation around the self-similar profile (G, V;) is given by

Of = Aro(fou) == Af—&-V(%xf — fVV. - G. V),
(4.7)
O =Noo(fu) = ~(Dut )+ 32 Vu

which we also denote O:(f,u) = A(f,u) = (Al,s(f, u), Ao (f, u)) From now on, we restrict
ourselves to a radially symmetric setting.

We introduce some classical notation of operator theory. Let X be a Banach space and consider
a linear operator A : X — X. We denote by Sj(t) = e the semigroup of operators generated
by A, by 3(A) its spectrum and by ¥4(A) its discrete spectrum. Moreover, for two Banach spaces
X,Y we denote by #(X,Y’) the space of bounded linear operators from X to Y and by | - || (x,v)
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its norm, with the usual shorthand #(X) = Z(X, X). We also define the subset C, C C for any
a € R by

(4.8) Co={2€C | Rez>a}.

Let us denote by L%ad the L? space of radially symmetric functions and by Li,j, J < k, the
following space

Ly, = {geLi | /x"gzo, VaeN? af Sj}.
We fix k > 7 and we introduce the Hilbert space
(4.9) X =X1xXo, Xy:=L} 4 NLioCLy,, Xo=0L,,

associated to the norm
(4.10) ICF )l = 1F1172 + lullZ.
We now state a property of the spectrum of A, in X that is the main result of this subsection.
Proposition 4.3. Fiz some a* > —1/2. There exist €*,7* > 0 such that in X
Ve e (0,e%) Y(Ae) NCyx C Xa(A) N B0, 7).
We define the bounded operator A = (A1, A3) : X — X by
(4.11) Ai(f,u) == Nxg[f] == N(xrf = xa(xr/f)), A2(f,u) =0,

for some constants N, R > 0 to be chosen later and a smooth non-negative radially symmetric
cut-off function ygr(x) := x(2z/R) with x = 1 on By 5, Suppx C Bz and (x1) = 1. We can split
the operator A, = A+ B. and we shall investigate some properties of A and B. in the next lemmas
before proving Proposition 4.3.

Lemma 4.4. In the above splitting, we may choose N, and R, large enough in such a way that
for any N > N,., R > R., the operator B. is a-hypo-dissipative in X for any a € (—1/2,0), in the
sense that

158, ()|l z(x) < Cae®, VE=0,

for some constant C, > 0.

Proof of Lemma /4.4. First of all, thanks to Lemma B.1 and using the notation of Appendix B, we
see that in X the norm of Li x L? is equivalent to the norm defined by

(4.12) ICF . = 11122+ llu = rplZe,
for any fixed n > 0. We also observe that, thanks to Lemma B.2, we have
[Vegllpe =[x flle2 < Cllfllez, VE>2,

and
195 slloz = I % Fllza < Clifliz, V>3,

thus we fix some ¢ € (3, k) from now on.
We consider the equation

(4.13) O(f u) = Be(f,u) = Ac(f,u) — A(f, )
and split the proof into three steps.

Step 1. We write the equation satisfied by f as

&gf:Af—l-V(%xf—fVVg—GEVu)—NXR[f].
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Using that (f) = 0 and the notation x§ = 1 — x g, we compute

s | P = [ars@ g [-@p - [V v s

_ / V- (G-Vu) fla)?* / Nrlf)f ()2
(4.14)
/ V()2 /{<ﬂ ~ Nxa(o)} £2(0)%

/ A(GoVu) flz)? N/fX1 Fdx (xR 1),

using that (f) = 0 in order to replace xr with x% in last line, and where

1

o(a) = (GAL - o V@™ 4 {7 (@) = 57+ (TVla™) 4 TV, V) ) (2)7

= —%(k — 1) + k(2k + 1/2)(x) "2 — k(2k — 2){z)~* — %AVE + k(VV. - z){z) 2.

We observe that, thanks to Lemma 4.1, we have (VV; - z)(x) =2 — 0 as |z| — co. From (1.19), we
also have that
1 1 €
—§AV€ = §GE+1x-VVE
with Ge — 0 as |z| = oo from (4.2) and |z - VV;| < Cy. from (4.3). All together, it follows

1
(4.15) limsupp(z) < —=(k—1-¢C),

where C' > 0 is the constant exhibited in (4.3).
For the third term in (4.14), for any § > 0, thanks to Holder’s inequality and using that
Ge(z) < C(z)~ from (4.2), we get

/v (G.Vu) f /Vf Vu G, (2)?* + /GVu V((z)?*) f
<6OIVLIT: + CO)IVullFa + CllfIIZ-

)
<O|IVIZe + CONV (= rp)llLs + C@O)[VrslZz + ClFIIL
<OV IZ: + CONV (= w72 + COIFIT: + ClIfIIZ,

where we recall that we have fixed some ¢ € (3, k). For the fourth term in (4.14), we have

N / £ x1 (@)dz (G f) < N [lxalzz

2k—¢

I (@)l 112
<N R Co| [l

We conclude this step by gathering the previous estimates to obtain

1d

Sl < —(1= 8V A2, + COIV (= )3

(4.16)
+ [ {o@)+(€0)+ €N R=@PD - Nxa(a) } £

Step 2. From the second equation in (4.7), we have

%%/(u—mff = /(u—l'if) {i(Au—l—f)—&—;x~V(u—ﬁf)+;x-me —amf}

:_i/V(u—ﬁf)ﬁ—;/(u—mf)%/(u—nf){;x-vﬁf—amf},
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and we shall estimate the last integral. Since Oixf = K * 0; f, we may write

/(u— Kf) {;x -VEy —atnf} = %/(u— k) {z- Vis}
- [t wpes {7+ 3V - VGOV - VG - Nxalf)}

and we estimate each of these terms separately. First, the first and third terms together gives

1

I = 5/(U—/€f){$'v1€f —kxV(zf)} =

because
z-Vir—kxV(zf)=x- lC*f K*fo)

/\x y|2{ o 1) =y )b dy = 5= [ )y =

b= [w-wpns{afy = [w-npf

<O |[(u— kg7 +C©) IF72-
Furthermore, since fVV, € Li’o, we can apply Lemma B.2 and use that VV, € L* to obtain

Next, we have

b= [ npe V9V = [ ng)Kix (70V2)
< 8ll(u— gl + CO V2
< 8ll(u— )2 + COIFIE.

For the next term, using Lemma B.2, since G:Vu € Lj ;, and the bound G. € L}°, we have

Iy = /(u R (A I /(u k) Ky % (G Osu)

< 8ll(u = rp)lz2 + CONK * (G-Vu)|Z-

< 8ll(u = rp)lze + COIGVul L

< 3ll(u = rp)lz2 + CO)IVulZ:

<l (u—rp)lze + CONV(u = rg)ll72 + C@E)Vrgll
<0l (u— sz + CONV(u—rp)llL2 + C@)IfII75-

For the last term and thanks to Lemma B.1, we finally have

= N [ (g (xalfl} < Ol = le N el
< Sllu— ks + CON2 2.

Putting together all the estimates of this step, we deduce

1

(@17) Sl gl < — (2 - CO)IV@—rple — (5 -

> = 8)llu = rsls + CONIIF 2.

Step 3. Conclusion. Gathering (4.16) and (4.17), we obtain

sl < [ {o@+ [04nv2cw + 22 @4 - Nato) |12

(4.18) 1 1
- n(§ - 5) lu = rgllZ2 = (1= 8)IV 72 — n(g - 0(5)) IV (= s p)lIZz



KELLER-SEGEL EQUATION 27

Taking then first § € (0,1) small enough and next ¢ € (0,1) small enough, it follows that for
n=N3and R=N

3l 0l < [ ox(@) - M) 7@ + al V12

+anu— f-‘»flliz +an|[V(u—ky)l,

for any a > —1/2, where gy (x) = @(x) + C(1 4+ N~ + N274)(2)2~F) has the same asymptotic
behaviour as ¢(x) when |z| — oo and @y decreases as N increases. We can choose N large enough
such that

on(z) — Nxg(r) <a, VaeR?

which yields that B. is a-hypo-dissipative for any a > —1/2. (]
We introduce the space

(4.19) Y:=Y1xYs, Yi:=H NL NL,, Yy:=H'NL,,

endowed with the norm

(4.20) ICF Wl = I )l + IV T2 + 1Vl Za.

For the operator A defined in (4.11), the following result holds true.
Lemma 4.5. There hold A € B(X) and A€ B(Y).
Proof of Lemma 4.5. The proof is straightforward so we omit it. O

Lemma 4.6. We can choose N and R large enough such that Be is a-hypo-dissipative in Y for
any a € (=1/2,0), i.e
198, (t)|z(vy < Ce®™, Vt>0.
Moreover, we also have
IS5, ()|l z(x.y) < Ct7H2e™, Vi>0.

Proof of Lemma 4.6. We introduce the following norm
(4.21) ICF )R = 1wk, +mlIV AT +ml Ve = k)72,

which is equivalent to (4.20) for any n; > 0 thanks to Lemma B.2. We recall that, as in Lemma 4.4,
we have

IVullz < [IV(u=kp)llee + [IVAsllze < V(= rp)lle + Cllf L2,
for the same fixed £ € (3, k), and moreover we observe that
IV2ullze < IV (u = fp)llze + Vgl < V2 (u = sip)llze + [1f] 22

We consider now the equation (4.13) and we split the proof of the announced results into three
steps.

Step 1. L? differential inequality. For i = 1,2, d;u verifies
1 1 1 1
We have then

2 it — I :/ai(u—nf)at{aiu—amf}
= /8 u— k) A{O;(u—Kg)} + = /8
+i/ai(u—,@f)x-V{a,»(u—ﬁf)Hi/ai(u—nf)x-wamf}

- [ oitu = np @ur)
= Tl —|—T2+T3—|—T4—|—T5
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For the first term, we easily have
T = V{01 — )} 3.
For the second term, we have
Ty < OV (u—kip)lz2 + CVulZs < OV (u—kp)lZ2 + ClIfII72.
We also easily see that
Ty =~ 0i(u — s)lf <0,
and, for the fourth term, that
Ty < O|IV(u— ky)|22 + Ol D?ksll72 < ClIV(u— rp)l|72 + ClIfl|72-

For the last term T3, we use the equation satisfied by f and we get

1
Ty = — /81(u — k)i * {Af + EV(a:f) - V(fVV.) = V(G.Vu) — NXR[f]}
= T51 + T52 + T53 + T54 + T55.
We estimate each term separately. We have
Ts1 < C|IV(u = rg)||72 + CV 72
and
Tsy < OV (u— kip)lz2 + CIVPhx (2 f)|22 < CIV(u— kp)|I 22 + CllfI17a-
Using that VV, € L*°, we have
Ts3 < OV (u—ky)|22 + C|V2r (fVV2)|[72
< ClIV(u—rp)lz2 + ClFVVE]Z
< O|IV(u—kg)lz2 + Cll fl1Ze,

and arguing as above with G, € L*, we also obtain

T5s < C|V(u—p)l[L2 + ClIVE (G Vu) |12
< CV(u—kp)lliz + ClIG:Vull
< ClIV(u—rp)lz> + ClIVullz2

< OV (u— wp)|3: + ClIfI%.
For the last term, using Lemma B.2, we have
Ts5 < OV (u — k)| 22 + ON?|K * xr[f]|22
< C|V(u—rip)lz> + CN?[IfII7.

Gathering these previous estimates, we finally obtain
1d

1
- _ 2 < = 2 _ 2 2 2
(4.22) 5 g IV =gz < =2 IViu = wp)llze + O+ NI FIIZ

+C|IVFIZ2 + ClIV(u — ky)| 2o
Step 2. H' differential inequality. We write the equation satisfied by &;f which is nothing but
1
Ou(0i f) = Be 1(0i f, Oiu) — §5z‘f = V(fV(0;V.)) = V(0;G-Vu) — N(Oixr)f + N{xr[f)0ix1,
and then we can write

d

5|0 = [ Beal0if 00 0uf @ = J01 s — [ VvV 0 ()
—/%wukvw&ﬂw%—N/ﬁmRvaﬂw%+NuRﬁ/wmn&ﬂ@%
::A1+A2+A3+A4+A5+A6.
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Arguing as in the first step of Lemma 4.4, for any ¢ > 0, we have
A1 < =1 =8)IV(:)IIZz + CONV*(u = kp)lI7
+ [ {ote)+ 00) + €N R0 - Nxan(a) } 0:S2 )
We next compute
Ayi= [ 190V V@ + [ 190 Vo
< cCO)IFI2; + 819112 + SIS |2,
using that AV, = —G. — (¢/2)x - VV; and Lemma 4.1. We also have
Ay = /&GEVu V(0 f)(x)?* + /&GEVU V(x)?* 0, f
< OVl + 31V, |+ 019 fI%
< OOV w3+ COISI +5IVFIZ | +aIV2 IR,

and we easily get

As < N% / Lg/2<ioi<2r f2 ()% + N%/lR/zgmng |03 f|? ()"
For the last term, we have
As < N{(xr/f) /(31‘X1)8if<95>2k
< CN | fllz2 10:f 1z < CEN [ flIZ> + dll0:fI172-

Finally, putting together all the above estimates, we obtain

1d
5 IVEIZ: < = =0)IV2flZ: + CEOIV(u—rp)lT + COIV(u — kp)ll7

(4.23) 2 dt
+ [@IP@ o+ [ o) e,
where
(x) == eC(0) + N%IR/ZS\;C|§2R +C(0)(z)* M + C(5)N?(z)~2*
and

1 C _ _
W) = (@) = 5 + 0+ N npacpi<ar +[C(0) + CNR ()70 — Nyp.

Step 3. Conclusion. We gather estimates (4.22), (4.23) and (4.18), and we get
1d
sl Gl < [ {e@) +0°@) - N

FInCE) +mC+ N?) + CO)(1+nN) + O J(a) 20 | f2 () 2"

RI—T
(4.24) +m / (@) [V — (1= 9|V fI2

1
L (2 _ 5) lu = rgl2s = m(1—6)[V2FI3,

— (i —0®6) - 73710(5)) IV (= rp)|22 —m (i - 0(5)> IV2(u = s p)lZ2-

29
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Now we conclude as in Step 3 of the proof of Lemma 4.4. We choose first 6 € (0, 1) small enough,
next ¢ € (0,1) small enough and then ; =7 = N2 and R = N in the above inequality. For any
a > —1/2, we obtain

1d
3l 0l < [(eh@) ~ Nxab @ 4 m [ (o)~ Ne 19520
(4.25) +al[VFI2; +anllu — g 3s + am [ V2F2
a9 = sl + am |V (u — gl
where

on(2) == @(2) +CN3+CN g9y <orH(CHON T HCON 3 HCONZ ) () 2R L ON Y z) =%
and

0 (2) == p(z) + Clgjoc|s|<ar + (C + ON?4)(z)2H) 4 C(z) =2
have the same asymptotic behaviour as ¢(x) when |z| — oo and are decreasing as a function of
N. Picking N large enough such that

¢y(x) = Nxr(z) <a, VaeR?
we deduce from (4.25) that, for some constant K > 0,

d
S0l < all(fw)

We first conclude that B, is a-hypo-dissipative in Y. Moreover, using the interpolation inequality

(4.26)

v~ K(IV2FIIZ: + 1V (= kp)l72)-

lgllZ < Cligllazllgllzz,
it follows from (4.26) that

d
S Wl < al(f,w)

By standard arguments, we get the estimate

1S5, () (f,w)lly < Ct72 e |(f,u)llx,
concluding the proof. O

2 = K ly, 1wl

Proof of Proposition 4.3. The domain D(A,) of the operator A, : D(A;) C X — X is given by
D(A) = B} (1 g1 Loy x 12 1 22,
and we recall that X = L (N L2, x L2 ;and Y = HLNLE ;N L2, x H' N L2, (see equations
(4.9) and (4.19)). We define a family of interpolation spaces
X"i=H"NLE N L2y x H" L2, ne€0,1],

so that X? = X, X! = D(A.) and X1/2 = Y. Thanks to classical interpolation results we have
Y = X1/2 ¢ D(A?) for any 1 € [0,1/2), see [36, 38, 41]. Now we fix some 7 € (0,1/2) and we have
Y CcD(A?) C X.
Recalling the results from Lemma 4.4, Lemma 4.5, Lemma 4.6 and (4.11) we have, for any

a>-1/2,

Sp.(t): X = X, with | Sk, (t)H@(X) < Ce™,

Sp.(t):Y =Y, with |[|Ss.(t)|ay) < Ce™,

Sp.(t): X =Y, with |Ss. (t)H%(X,Y) < ct1/? eat,
moreover A € Z(X)NA(Y) and

ASp.(t): X =Y, with [JASE. ()| zxy) < Ct e

First, from the previous estimates, we immediately obtain, for any a > —1/2,

(4.27) Ve>0, |Sg. * (ASE.) " (1) zx) < Ce™.
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Moreover, from [27, Lemma 2.17] there exists n € N such that
1(ASE.) ™ ()] mx.v) < Ce™,

which together with the fact Sp_(t) : D(AZ) — D(A?) with [|Sp, ()|l znar)) < Ce** (by interpo-
lation of the same results in X and Y'), yield

(4.28) 1S5, * (ASE.) "™ ()| @(x.pan)) < Ce.

Recall that we have fixed some a* > —1/2. Gathering that last estimate with (4.27), we can apply
[41, Theorem 2.1] which yields, for some r* > 0,

Y(A:)NCe» € B(O,7*) on X.
From the previous estimates together with the fact that A € #(X, Li_H X L%H)7 we also obtain

(4.29) | 1S5 0y it <

where Y :=Y N (L7, x L? ;) C X with compact embedding. Hence, thanks to (4.27)-(4.28)-
(4.29), we are able to apply [41, Theorem 3.1] that implies

Y(A) NCor CXg(Ae) on X,
and that concludes the proof. O

4.3. Localization of the spectrum for the linearized operator in a radially symmetric
setting. We recall that we consider a radially symmetric setting and we have already defined the
space X in (4.9). We establish in this subsection the following localization of the spectrum of A..

Theorem 4.7. Fiz some a* > —1/2. There exists €* > 0 such that in X there holds
Y(A)NCo» =0 for any e € (0,e").
As a consequence, for any a > a*, there exists Cq > 1 such that
[Sa. ()| z(x) < Cae™ VE>0, Ve e (0,e%).

The difficulty is that A. is not a perturbation of some fixed operator A and we cannot apply
directly the perturbation theory developed in [40, 54]. However, we are able to identify the limit
of Ra_ as € — 0 which is enough to conclude.

We introduce the notations

Af = Af—l—V(%xf—fVVe), Bu:= -V (G: Vu)

1
Cu:=Au, Du:= ix - Vu,
so that the linearized equation writes
1
(4.30) of = Af + Bu, Oyu = E(Cu + f) + Du.

The important point is that at a very formal level, the limit system (as ¢ — 0) is the linearized
parabolic-elliptic system

(4.31) o f = Aof + Bou, Cu=—Ff,
where )

Aof = Af + V(§ xf—fVV), Bou:=-V(GVu),
with G and V defined in (4.1), which simplifies into a single equation
(4.32) Oif = (Ao + Bo(=C) 1) f =: Qf.

Observe that the last equation is nothing but the linearized equation associated to parabolic-
elliptic Keller-Segel equation which has been studied in [11, 12, 18] and for which it has been proved
therein that the associated semigroup is exponentially stable in several weighted Lebesgue spaces.
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In the sequel we explain why the linearized parabolic-parabolic system inherits that exponential
stability at least for € > 0 small enough.

We recall the following result which is an immediate consequence of [12, Section 6.1] and [18,
Theorem 4.3].

Theorem 4.8. There exists a constant C such that
Vt>0,VheLi,, el < Ce 2 |h]|.
As a consequence, there holds
Ra € H(C_1/2; B(X1)) and then X(Q)NC_i/o =0 in X,
where Xy = L2, 0 L3 o is defined in (4.9).

Remark. The optimal decay rate —1 stated in [12, 18] becomes —1/2 here, because of the different
normalization choice in the definition of the rescaled functions g and v in (1.16) and (1.17).

In order to formalize the link between the linearized parabolic-parabolic equation and the lin-
earized parabolic-elliptic equation, we write the linearized parabolic-parabolic system (4.30) into

the matrix form
d(f\ _ f . A B
dt(u)_A5<u>’ AE'_(s_ll 5_1C+D)'

For the analysis of the spectrum of A, for any z € C, we have
a b
A —2z= < ¢ d ) ,

a=A(z)=A-z b:=B, ci=c'I, d:i=c'C+D(2), D(z)=D-z
One can readily verify that for z € C such that D — z and its Schur’s complement
se =s.(2):==a—bd 'c= A(z) — B(C +eD(2))""
are invertible, the resolvent of A. is given by

_ st —sthd ™! RY:(2) R (2
RAE(Z) = (AE_Z) t= ( _d—slcs—l d-1 —‘rde_lcs_lbd_l ) = < 11( ) 12( ) )

with

Then, at least formally, we see that

Ra(z 0
(4'33) RAE('Z)ET())< 707?7(23(2) 0 >

Indeed, on the one hand, we have
Rif =s.' ={A(2) = Be"'C+D(z) e 1}
={A—2-B(C+eD—e2) '} —— (A4g — BoC™ — 2) 7' = Ra(2).

—0

and
Ry (z) = —d les;' = —(7'C + D(2))'e T {A(z) - B(C +¢D(2)) '}
= (C+eD—e2) " {A—2—-B(C+¢e(D—-2))"'}7!
— —C7 YAy — BoC™ ! —2)7t = —C7'Rq(2).
e—
In the same way, we have

Ris(2) = —sd ' = —e{A— 2~ B(C+eD —e2) '} 'B(C+eD —e2) !
as well as
Ris(z) =d P 4+dtesTibd™ =e(C+eD(2)) 4+ e(C+eD(2) HA(z) — B(C+eD(2)) '} 'B(C +eD(2)) 7},

and then both last terms vanish in the limit ¢ — 0.
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In fact, we will not try to prove that convergence (4.33) rigorously holds, but we will just prove
the following result. We define, for a given p > 0 and some fixed a* > —1/2,

O, :=Cq- N B(0, p).
Proposition 4.9. For any p > 0, there exists £, > 0 such that in X there holds
Ra, € H(Op; B(X))  for any €€ (0,e).
Before proving Proposition 4.9, we establish some estimates on the terms involved in Ry, .

Lemma 4.10. Define
5(2) :== B(C +eD(2)) ' (=D(z)) C%.
For any p > 0, there exists €, > 0 such that

sup sup Hé(z)”@(xl) <C.
2€0, e€(0,e3)

Proof of Lemma 4.10. On the one hand, from Lemma B.1 and Lemma B.2 we have
—D(z)C™": L%,O NL g — Liaa
is bounded uniformly for z € O,. More precisely, for f € L%O we write
f=lf+fi+fs fi=NF,i=12,
where we define the coefficients A\; € R by

A1 z/ fr)yrirdr, A z/ f(r)yrtrdr,
0 0
and the functions F; by
1 5 3 : 1 1 1

Fi(r) = <—8r4 + 17"2 — 2) 6_72/2, Fy(r) = <64r4 — §r2 + 8) e‘r2/2,
so that it holds

/ Fl(r) (1’T2?T4)TdT: (07170)a / FQ(T) (17T27T4)TdT: (07071)a

0 0
and hence fj € Li75.
We may then solve the equation
Cu= Au=f, wuradially symmetric, «'(0) = u'(c0) =0,

by writing
w=wug+u +uz, Au;=f;, u;(0)=u(co)=0,

where u;, i = 1,2, is defined by the relation
T
rus(r) ::/ ofi(o)do,
0

so that (r)|u] < C, |Ju| < Clog(1 + (r)), and ug € L? ;N L3, Vug € L is the unique solution
to the above Poisson equation as given by Lemma B.1 and Lemma B.2. As a consequence, gg :=
D(z)ug € L3, and g; := ruj + zu; satisfy the estimates gie”"/? € L* for i = 1,2. Thanks to
Lemmas C.1 and C.2 and using the notation of Appendix C, we have v; := L_1g; which satisfy
llvoll gripp2 < C ||90||L‘2171» while for ¢ = 1,2, v; satisfy the estimates

lvg €= CFEDT oo 4 [Jof e OBV o < Olgs 772 e

Finally, we solve the equation w; := Bwv;, which means
1
w; = GeAv; + VGe - Vo, = G.(v] + = v}) +r GLv},
r

and the previous estimates together with the bound (4.2) yield w = wgp + w1 + wq € L%O N Lfad =
X. O
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Lemma 4.11. With the above notation, for any p > 0, there exists C, such that

(4.34) sup ld™" ()|l z(xz) < Co-
ze0,

Proof of Lemma 4.11. Consider the equation
1
(4.35) d(z)v=ec" Av + 3% Vv —zv=u,
for z € O,. Multiplying the equation by v and the conjugated equation by v, we find

UL ot (2 S
(4.36) E/|Vv|+(2+3?ez)/|v| = —5 [vu—g [ vu

[ullz2 flvllz2,

IN

and then

(5 + Bez) oz < ullze,
which is nothing but (4.34). O
Lemma 4.12. With the above notations, for any p > 0, there exists C 4., > 0 such that

(4.37) suéo [6d~" (2) ]| B(x.x1) < Chyap vVE — 0.
z€0,

Proof of Lemma 4.12. Consider the equation (4.35) again. Coming back to (4.36), we have

(4.38) [Vl < [l 2

_c

% + Rez

Next, multiplying the equation (4.35) by z - Vo and the conjugated equation by z - Vv, we find
/ 2 - Vu|? = /(u —z2v)(z - V0) + (a — z0)(z - Vv),

which in turn implies
||JJ : V’U”Lz < Ca,7'~
Coming back to (4.35) and together with (4.38), we have proved

(4.39) [Av][pz + [[Vvl|2 < Capvelullrz.
We then immediately conclude to (4.37). O
Lemma 4.13. With the above notation, for any p > 0, there exists Cy,, > 0 such that
(4.40) sup [led ™| z(x, x2) < Chp-
2€0,
Proof of Lemma 4.13. We just have to use appendix C. ]

Proof of Proposition 4.9. We split the proof into four steps.
Step 1. We prove that

(4.41) Vee (0,e5) Rif =s-' € H(O,;B(X1)).
We write
5.(2) = A(z) = BO™' — [B(C +eD(2))"t — BO™'] =: 50(2) — €5(2),
and then
se(2) — Q(z) = [s0(2) — Q(2)] — €5(2),
with

s0(z) = A(z) = BC™Y, Q(2) =Q— 2= Ag(2) — BoC™', 3(2):= B(C +eD(2)) " (=D(2))C~1.
We remark that
so(2) = Q(z) = s0 = = =V(V(V: = V)) = V((G: = G)V(A™))
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does not depend on z, and thanks to Corollary 4.2, we easily get
llso = Qzvi,x,) <nle) with n(e) = 0ase — 0,

where we recall that Y; = H} N Lio N L2, is defined in (4.19). Moreover, using Lemma 4.10, we
get

sup sup ||3]|zx,) < C,
2€0, e€(0,e3)

from which we deduce, for any z € O, and ¢ € (0, zs;), the bound
[s(2) — Q2)|| 2(vi,x1) < n(e) + Ce.
Then, arguing as is [54, Lemma 2.16], the operator
Te(2) i= (=1)"(s: — QRa(2) (AuRF (2))"

satisfies
1Tz(2)lzx) <n'(e) YzeO, n'()—=0 as e—0,

Ry, —: Ry Ris A A 0
O\ REG Ry ) T L 00
and the integer n is defined in the proof of Proposition 4.3. As a consequence, the operators

I+ 7-(z) and s.(z) are invertible for any z € O,, and furthermore

Rif (2) = s:(2) 7 = U (2) (1 + Te(2)) s

where

where
Us(2) = Y (1R (2)(AnRY; (2)) + (—1)"Ra(2) (AnRE; (2))"™.
=0

We immediately conclude to (4.41), because ¥(Q2) NC, = 0 on X, and ||Ra(2)|z(x,) < C for any
z € O, from Theorem 4.8.

Step 2. We have

(4.42) Vee (0,e)) Ris = —s-'bd € H(Op B(X2, X1)),
as an immediate consequence of Lemmas 4.10 and 4.12.

Step 3. We also have

(4.43) Vee (0,e)) Ryf=—d 'es;t € H(Op B(X1, X2)),
as a consequence of Lemmas 4.10 and 4.13.

Step 4. We finally have

(4.44) Vee (0,e5) Rps:=d ' +d les;'bd ™ € H(O,; B(Xa)),
as an immediate consequence of Step 1 together with Lemmas 4.12 and 4.13. ]

Proof of Theorem 4.7. The proof is a consequence of Proposition 4.3, Proposition 4.9 and Theo-
rem 4.8 together with [41, Theorem 2.1]. O

5. NONLINEAR EXPONENTIAL STABILITY OF SELF-SIMILAR SOLUTIONS

5.1. Linear stability in higher-order norms. Define the space

5.1 Z:=21 X2y, Zy:=H.NL? NL? Zy:=H?*NL?
k k,0

rad> rad’

associated to the norm

(5.2) ICFwlZ = 1wl + 1Vl 22

We shall prove that the same linear stability estimate in X established in Theorem 4.7 also
holds in Z, as stated in the following result.
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Proposition 5.1. Let a* > —1/2 be fized. There exists €* > 0 such that there holds in Z
Y(A)NCo- =0, Vee (0,e7).
As a consequence, we have
1Sa. ()| (z) < Ce™, Vt>0, Ve € (0,e), Va > a".
Before proving Proposition 5.1, we state and prove an auxiliary technical result.

Lemma 5.2. (1) A€ B(Z).
(2) There exist N, R large enough such that the operator Be is a-hypo-dissipative in Z for any
a>-1/2, ie.
198 (t)l#(z) < Ce™, Vit =>0.
Moreover, we have the following estimate
1S5, ()|l zx.2) < Ct e, Vt>0, Va>—1/2.

Proof. Point (1) is straightforward from (4.11) and we omit the proof. For proving point (2), we
consider a solution (f,u) to the equation 9;(f,u) = B:(f,u). First of all, observe that the norm
Il - ||z is equivalent to

(5-3) ICFw)llZ. = I lF, + ml VP (u = kp) 1 2s,
for any ne > 0. We write

1 1
0e(0iju) = A0 (u = k7)) + Oigu + Sz - V(9iju),

and then we compute
23 [ 10— ) = [0yt p)0 (01— 1))

:/aij(“_“f)* (0ij(u—Ky)) /aw diju

/8” x V(0i(u—Ky)) /GZJ u—.%f) x-V(0;jkf)
/817 8”% * (atf)
= B;+---+ Bs.

We estimate each term separately. We easily obtain

1
By = ——[IV{0i;(u = £}z,
moreover
2 2 2,112 2 2 2
By < OV (u = kp)llze + ClIVoulzz < OV (u = kf)llz2 + Cl fllz2,
by integration by parts Bs < 0 and also
By < ClIV2(u— rp)|s + ClIVP = 2 < CIIV?(u = k)3 + CIV £

For the last term, we get

/ 03 = )0y { Af + 3V(af) ~ TUVV.) = V(G.T0) - Nl
=: Bs1 + -+ + Bss.

‘We have
Bs1 < C(8)[|V*(u = rp)l72 + 61V f]7-
and

By < OV (u = kg)ll72 + CIVEx V(@ f)[2 < CIV(u = kp)|[12 + CIIV ST + ClFIIZ--
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Moreover, using that VV,, AV, € L, we get
Bz < O[|V2(u— kg)ll72 + C|IV2k + V(FVVE)| 22
< OV (u— kp)|22 + CIV(FVVL) 122
< C|IV3(u—rp)lI22 + CIVFlIZ2 + Cllfll72
and arguing as above with G, VG, € L, we also obtain
Bsy < C||V*(u— kg)||7> + C|| V6 % V(G Vu)||72
< OlIV2(u— ky)|Z2 + ClIV(GeVu) | 22
< OV (u — k)| 22 + C|V2ullZ2 + OVl 2.
< ClIV*(u = kp)lIZ2 + ClIfIZs,
where we recall that ¢ € (3, k) is fixed in Lemma 4.4. For the last term, we easily obtain
Bss < CV3(u— p)|22 + CINXalf]2 < CIVE( — k7)[[32 + NI 2z.
All the above estimates yield

1d

(5.4) th||v2(u— rp)lie < —*HV3(U— sp)lZ + COIV(u — kp)lI7

+CIfI7: + ON?|flIZ2 + CIV £z + 8 V2 £II7-.
Putting together that last equation with (4.24), we get

S,

N
< / {W(fﬁ) +meC () + nlcﬁlR/Qg\ﬂgZR +mC ()N (z)~2F + npON*(z)~2*

N
+ [ CE) + MO+ N?) + C6)(1+nN?) + Oy +mCl(a) ) = N | f2(a)
1 N N
+m / {80(96) -5t d+ CﬁlR/zgmng +[C(9) + CRg -](a)2 )

+0@) 4 B0 — Nxa IV 1)
1
~ (= 8)VFI3z —n (; — 5) lu—rpll72 —m (1 —0- Zid) IV2 £z
~n (200~ 20 ) IVl = m (3 = C0) - 2C)) IV = wp)ls

o AR

We can now conclude exactly as in the proof of Lemma 4.4 and Lemma 4.6, and we obtain that
for any a > —1/2

(55) S SIFwIE, < all ()l — KAT T3 + 19%0— wp)l32),

for some constant K > 0, from which B, is a-hypo-dissipative in Z.
From (5.5) and the interpolation inequalities

4/3 2/3
I < ClF ez 11l Nulle < Cllullys ull7s

it follows that

S I, < all (g, — KNl 1wl

We obtain by standard arguments

195, () (f.w)llz < CtF e | (f u)llx,
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which concludes the proof. O

Proof of Proposition 5.1. From Lemma 4.4, Lemma 4.5, Lemma 5.2 and [27, Lemma 2.17], it
follows that there is n € N such that

[(ASB. )™ ()|l #(x,2) < Ce™.

Then the proof of the linear stability result in Z is a consequence of last estimate, Lemma 5.2,
Theorem 4.7 and the “extension theorem” [39, Theorem 1.1]. O

5.2. Dissipative norm. We define the new norm

ICFwZ =l (fwlZ + /OOO 18, (7)(f, W% dr

for some n > 0. Thanks to Proposition 5.1, the norm || - ||z is equivalent to || - ||z for any n > 0.
Moreover, considering a solution (f,u) to the linearized equation 0;(f,u) = A.(f,u), we obtain
from Proposition 5.1, Lemma 5.2 and arguing as in [27, 18], that

d

(5.6) M%< =Kz = BV flI72 + V2ullZe} = —K||(f,0)|5,
dt k

for n > 0 small enough and some constant K > 0.

5.3. The nonlinear problem : Proof of theorem 1.4. We focus now on the nonlinear parabolic-
parabolic Keller-Segel system (1.16)-(1.17) in self-similar variables and we prove Theorem 1.4.
Consider a solution (g,v) to (1.16)-(1.17) and define f := g — G, and u := v — V, which satisfy

8tf = Ae,l(fa U) — V . (fVu)
O = Aco(f, ),

together with the initial condition (f,u)|;.—o = (fo,u0) := (go,v0) — (G, V) € Z.

(5.7)

We split the proof into three parts.

5.3.1. A priori estimate.

Lemma 5.3. The solution (ft,u:) to (5.7) satisfies, at least formally, the following differential
inequality

d
(5.8) SN wIZ < (K + Cl(Fwll) (w3,
where || - || 7 is defined in (5.6).

Proof of Lemma 5.3. Because
ICF % = 11y + [lullZe,
and denoting Q(f,u) = (=V - (fVu),0), we obtain from (5.7) that,

1d

3310l =m0 A + [T ISE 0, SO ar

Fal(r0.Q ) + [ SIS ), SOQU W) dr = I + .
For the first (linear) term, we have already obtained in (5.6) that
I = n{(fou), Ac (o)) + / TS (o), S (fow) dr

< =K {0l + 19212 +1V2ul3: } = —KI(fwll.
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For the second (nonlinear) term, we use the linear stability in Z from Proposition 5.1 to obtain
Iy = n{(f,u), Q(f, u)) +/0 (S(T)(f,u), S(T)Q(f, u)) dr
< nll(f, )l z 1Q(f, w)ll z +/0 IS()(f, Wz 1S(r)QUS, vl z dr

<nll(f,wllz 1Q(f, w)llz + C/O e[I(f, w2z e Q(f w)llz dr
< Cl(f,wliz 1R, wllz.

Now, we have to compute
QU WIZ = 1(=V - (fVu), 0)[Z = V- (FVu)lZz + IV - (f V)%
We split V- (fVu) = fAu+ V[ - Vu and compute
IfAul7s = /f2|AU|2<$>2k < OIV?ul| 2 [[(2)" fII7~
< CIV2ullge 117 < CICEwIZ I Wi,
where we have used the embedding H?(R?) — L>°(R?). Moreover, we have
V5l = [ IV5PVuP 0 < CIvulf~ 9]
< Ollullyps IV £II72 < CICE W)l 1wl
Furthermore, we have
IVGauIE <€ [ PITSa + o [ 199t
< OV3ullZa (@) 17 + Cl(2) V70 V0l s
< CIIVPullze £ 172 + Cllfllz 1z IVull 2 [1VPul 72

< CI(f )l

where we have used the Gagliardo-Niremberg-Sobolev inequality ||h||%4(R2) < COlh|| 2wy [ VR L2 (R2)-
For the last term, we have

IV(VS V)l < [ [DIPITAP ) +0 [ 192 7PIval
< CHa)*VFIIZa IV2ullZs + ClIVullZe V2 £1172
< Cllfllzz 11z 1Vl 2 (1V2ullze + CllullFs V2 £15
< Oll(f,wll5-
Finally, gathering the above estimates, the solution (f,u) of (5.7) verifies
d
SN E w7z < =K w5+ CIEwllz (0l < (K + ClitLwll2) 1wl
which concludes the proof. O

5.3.2. Regularity. We prove that starting close enough to the self-similar profile, the solution to
the Keller-Segel equation (1.1) satisfies some strong and uniform in time estimates.

Proposition 5.4. There is § > 0 such that, if ||(fo,wo)|lz < 6, there exists a solution (f,u) €
C(]0,00); Z) to (5.7) (and thus to the Keller-Segel equation (1.1)) that verifies

(5.9 vezo, GOl + 5 [ 1@l dr <28,
0
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Proof of Proposition 5.4. At least formally, taking § := K/(2C) in (5.8), we see that ¢ — ||(f, u)(®)||z
is decreasing if ||( fo, u0)||z < d, and then the a priori estimate (5.9) immediately follows from (5.8).
We refer to [27, Theorem 5.3] for a completely rigorous proof based on an iterative scheme. O

5.3.3. Sharp exponential convergence to the equilibrium. We now complete the proof of Theorem 1.4
following [27]. Applying Lemma 5.3 to the solution (f,u) constructed above and using the estimate
(5.9), we obtain

(fu)llZ < (=K + Cli(f,wll2) | (f, )%
< (K + 0@ |[(ful < (K +C'8) " |I(fwllZ-

4
dt

If § > 0 is small enough so that —K + C’6? < —K/2, this differential inequality implies the

exponential decay
Kc//
I

ICHw) @)z < e (fo, o)z

Finally, we can recover the optimal decay rate O(e?) of the linearized semigroup in Proposition 5.1
by performing a bootstrap argument as in [27, Proof of Theorem 5.3], and that concludes the proof.

APPENDIX A. ORLICZ SPACE, INTERPOLATION AND A CONVEX FUNCTION
We describe here some classical and technical results on Orlicz spaces and interpolation spaces.

We then apply these results to the function & — &2 (1,(;% €)? used during the proof of Lemma 2.7.

A.1. Basic notions. We recall some basic notions of the theory of Orlicz spaces, and we refer to
[37, 48] for more details. We say that a function ® : Rt — R¥ is a N-function if it is continuous,
convex, ®(t) > 0 for any ¢t > 0 and satisfies

o(t)

(et
limQ:O, lim — =
t—0 ¢ t—oco t

For such a function ®, we define the Orlicz space Lg by
fe€Ls < 3IX>0such that /<I><f) < 00,

and we endow Ly with the Luxembourg norm

1fllLe = inf{A >0 : /¢> <§> <1}.

Moreover, when ® satisfies the following As-condition,
de,s >0, Vi>s, O(2t) <cd(t),

we have

1flLe <00 & VA>0,/¢(§><OO.

A.2. Interpolation. We state an interpolation result on Orlicz spaces from [51] (see also [33] and
the references therein) which is used in Lemma 2.7.

Theorem A.1. Consider an N -function ® such that

. sP(s) s®'(s)
1< f <
SPSEas) S s

< g < o0

Then the Orlicz space Lg is an interpolation space between LP and L1. In other words, if U : L™ —
L" is bounded for r =p,q, then U : Ly — Lo is bounded.
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A.3. The function s — 52(10} s)2. With the notation of the proof of Lemma 2.7, we define
®(s) := s%(log s)?, as well as ®* the conjugate function of ® by
O*(t) = sup{ts — ®(s)} Vit >0.

We show below that there exists a constant C' > 0 such that

(A.1) *(t) < Ct*(logt) 2.

In order to prove such a claim, we first observe that, for any ¢ > 0, the above supremum is
reached at some unique point s; € (0,00), which is implicitly given by the equation ¢t = ®’(s;). In
particular, s, — oo when ¢t — oo (because @' is increasing and bijective from R* onto R ) so that
there exists t* > 0 such that s; > e for any ¢t > t*. For ¢t > t*, we have

4si(log ss)? >t = @' (s4) = 2s:(log s¢)? + 257 (log 5¢)* > 254 (log 5¢)*.
We then compute
t 254 (log s4)? S8
(logt)? — (log[4si(log s¢)?])2 — 2
for t > t**, t** large enough. We conclude that

t2
* — — <9

for any t > t**. We then easily conclude to (A.1) by observing that ®*(¢) = 4t? for ¢ small enough.

APPENDIX B. ESTIMATES ON THE SOLUTIONS TO THE POISSON EQUATION

In this section, we give some technical (and we believe standard) estimates on the solutions to
the Poisson equation in R? that are useful in the paper. We recall the notation

1 =z

1
K(z) = “ox logl|z|, K(z):=Vk(z)= 5 TP

and
kp=nrx*xf, Kp=Kxf,
so that there holds
Ky € C3HR?), |kf| < C(1+1log(x)), —Ary=f.
Lemma B.1. For any integer j > 1 and real number k > j + 2, there exists Cy ; such that
(B.1) [| % * fHLi1 < Ck,j”fHLg Vfe Li,g*

Proof of Lemma B.1. Consider f € L%j, so that f € Cg“ and 8?f(0) = 0 for any |a| < j thanks
to the moments condition. For a multi-index o € N2, |a| < j — 1, we may thus write the Taylor
expansion

A 1 A
o8O = [ (1D f(s€) €% s

In Fourier variables the Laplace equation writes |€]24f(¢) = f(£), and then for a multi-index

a e N? .
) |og fI?
JraeRlns = [1ogi,e = [ S
All together, we have

. DIi=1% .12 . .
/mﬂfwwws/' W‘@+/’prﬁvwF@
> B

A L neBy

<IfI2:, +CIfIB,, < ClfI;,

where we have used |g|[zr < Cllgllzz for 7 > 1 with g = ()71 f in the last line, which gives
k>j+2. 0
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Lemma B.2. For any integer j > 0 and real number k > j + 2, there exists Cy ; such that
(B.2) 1K fllzz < Cugliflly Ve L2,

Proof of Lemma B.2. The proof is similar to Lemma B.1. In the case j = 0 for instance, we write
in Fourier variables |£|24 (&) = f(€), we observe that

£12
Jrows= [1eie = [
I€]
and we use the moments conditions to conclude. O

APPENDIX C. ESTIMATES ON THE ¢~ 'd OPERATOR
With the notations of Section 4.3, we consider the equation
(C.1) Leu:=c tdu= Au+ §x~Vu—ezu:f
with 2 € C_y /5.

Lemma C.1. For any f € Li,(w k> 2, z € C_y/2\{0}, there erists a solution u € HZ . to the
equation Leu = f and there exists a constant C' (which does not depend one > 0 and z € C_y3\{0})
such that

[Vul[2 + [[Aul[r2 < C[[f] L2

Proof of Lemma C.1. Multiplying equation (C.1) by @ and Au and its conjugate by u and Au, we
find

(C.2) /|Vu|2+5 + Rez) /\u|2 /fqufu)
and

(C.3) /|Au|2+(5§}%ez)/wu|2 _ %/fAﬂJr%/fAu.
Writing

1
+/ Vu(zs) (x —y)ds, zs:=y+s(y—x),
0
we have

1
u(z) = (u)s + / - / Vu(z) (z — ) dsdy, (u)y = /B RLOLY

From the above equation (C.2) and the moment condition, we obtain

[iou < - / y o / @) Vules) + @)Vl - (o — y) dsdyda
% [] ”2{ /B L a0 s
a/B(O ) /;2 5 |Vu(sx+(1—8)y)|2dx}d8dy
<

l / dy / ‘f 2(£+1) d
B(0,1)
o dz 12 ds 9
+§ /]Rz 7< >2£ A (1—8 ‘VU( )| dz

/ dy/ 2/ |Vu(z)? dz,
B(0,1) /2 87 JR2
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and we deduce that
[ivar<c [ 1@ @
by choosing £ = k — 1 and a > 0 small enough.RFrom (C.3), we have
|Aullfs < SIVul?a + £ ll|Aul 2,
and we conclude the proof thanks to the above estimate on ||Vul||;2 and Young’s inequality. [

Lemma C.2. There exists a constant C such that for any ¢ € (0,1), any z € C_1/5 and any
radially symmetric function f the equation

Lou=f, w radially symmetric, u(0) =4'(0) =0,
has a unique solution which furthermore satisfies

(C.4) Jlu e TFEDT | o 4l e CFEDT oo < C I €772 e

Proof of Lemma C.2. We may write the equation as

(C.5) u”—i—(%—i—sr)u’—i—azu:f, Vr >0,
with the additional boundary conditions u(0) = u/(0) = 0. Defining U := |u|? + |u/|?, we have
U = wid +d'a+da" +u'd
< 2t elel ul |~ (- +er) W+ 2] I
< @+elhU+IfP
from which we immediately get (C.4) thanks to Gronwall’s lemma. O
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