LANDAU EQUATION FOR VERY SOFT AND COULOMB POTENTIALS
NEAR MAXWELLIANS

K. CARRAPATOSO AND S. MISCHLER

ABSTRACT. This work deals with the Landau equation for very soft and Coulomb potentials
near the associated Maxwellian equilibrium. We first investigate the corresponding linearized
operator and develop a method to prove strong asymptotical (but not uniformly exponential)
stability estimates of its associated semigroup in large functional spaces. We then deduce
existence, uniqueness and fast decay of the solutions to the nonlinear equation in a close-
to-equilibrium framework. Our result drastically improves the set of initial data compared
to the one considered by Guo and Strain who established similar results in [21, 38, 39].
Our functional framework is compatible with the non perturbative frameworks developed by
Villani, Desvillettes and co-authors [44, 17, 16, 13], and our main result then makes possible
to improve the speed of convergence to the equilibrium established therein.
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1. INTRODUCTION

1.1. The Landau equation. The Landau equation is a fundamental equation in kinetic theory
modeling the evolution of a dilute plasma interacting through binary collisions. We consider here
a plasma confined in a torus T? and described by the distribution function F' = F(t,z,v) > 0
of particles which at time ¢ > 0 and at position 2 € T3, move with the velocity v € R3. The
evolution of F' is governed by the spatially inhomogeneous Landau equation

{BtF—l—%VIF =Q(F,F)

(1.1) F(0,z,v) = Fy(z,v).

For a spatially homogeneous plasma, namely when F' = F'(¢,v), the equation simplifies into the
spatially homogeneous Landau equation

{@F: Q(F, F)

(12) F(0,v) = Fy(v).

The Landau collision operator @ is a bilinear operator acting only on the velocity variable and
it is given by

(13) Qoo 1)(0) = 0s [ auslo =) (9.0, = 3;9.) do..

where here and below we use the convention of implicit summation over repeated indices and the
usual shorthand g, = g(v.), 9j9« = 0p,,9(vs), f = f(v) and 0;f = 0y, f(v). The matrix-valued
function a is nonnegative, symmetric and depends on the interaction between particles. When
particles interact by an inverse power law potential, a is given by

ZiZj

(1.4) @) =1 (35 - 7). ca<a<i

In the present article, we shall consider the cases of very soft potentials v € (—3,—2) and
Coulomb potential v = —3. It is worth mentioning that the Coulomb potential is the most
physically interesting case, and also the most difficult because of the strong singularity in (1.4).
The Landau equation (1.1) (or (1.2)) possesses two fundamental properties (which hold at
least formally). On the one hand, it conserves mass, momentum and energy, more precisely

(1.5) i/ Fgodxdv:/ {Q(F,F) —v-V,f}ypdrdv=0 for o(v)=1,v,v%.
dt T3 xR3 T3 xR3

On the other hand, the Landau version of the celebrated Boltzmann H-theorem holds: the en-
tropy H(F) := [ F log F dz dv is non-increasing and the global equilibria are global Maxwellian
distributions that are independent of time and position. Hereafter, we normalize the initial data

/ Foydxdv =1, / Fovdrdv =0, / Foy [v]? dx dv = 3,
T3 xR3 T3 xRR3 T3 xRR3
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and therefore we consider the associated global Maxwellian equilibrium
n(v) = (2m) 32112,

with same mass, momentum and energy of the initial data (normalizing the volume of the torus
to [T3| =1).

1.2. Main results. Our aim in this work is to study the Landau equation in a close-to-
equilibrium framework (or perturbative regime) in large functional spaces and to establish new
well-posedness and trend to the equilibrium results.

Let us then introduce the functional framework we will work with. For a given velocity weight
function m = m(v) : R®> — R, and exponent 1 < p < oo, we define the associated weighted
Lebesgue space LP(m) and weighted Sobolev space WP (m), through their norms

(1.6) I llzeemy = lImfllees [ fllwirmy = mfllype-
Similarly, we define the weighted Sobolev space WP LP(m), n € N, associated to the norm
(1.7) o 1y = S W = > IVEMANL,

0<j<n

and we adopt the usual notation H® = W™2,
We make the following assumption on the weight function m :

m = (¥ := (14 [v|>)*/? with k > 2+ 3/2;
m = exp(k{v)®) with s € (0,2) and kK > 0, or s =2 and « € (0,1/2);

and through the paper we denote ¢ = 0 when m is a polynomial weight, and ¢ = s when m is
an exponential weight. We associate the decay functions

k—t
C ()~ mr, if m = (v)*,

(1.8)

(1.9) O.,(t) = . .
Ce= 2t , if m= eV,

for any constant ¢ € (24 3/2, k) and some constants C, A € (0, 00). It is worth emphasizing that
in the polynomial case m = (v)*, the notation ©,,, refers to a class of functions (with increasing
rate of decay as ¢ tends to 2 4 3/2), while in the exponential case m = e"(*)" | the notation ©,,

stands for a fixed function. We finally introduce the projection operator P, on the v-direction
for any given v € R3\{0} defined by

(1.10) Pt = (g. ”) 2 VeeR?,
[v] ) |v]

as well as the anisotropic gradient v, f of a function f defined by
(1.11) Vof = PoVof + (0)(I = P,)V, f.
Our main result reads as follows.
Theorem 1.1. For any weight function m satisfying (1.8), there exist C > 0 and g9 > 0, small

enough, so that, if |[Fo — il g212(m) < €0, there exists a unique global weak solution F' to (1.1)
such that

yt+o

sup |F() = ilfrzrgon + [ 10075
>0 0

(F(t) = )| 2122 (my
(1.12)

[ 1) Tum(P @) 1) W de < O,
0
This solution verifies the decay estimate
(1.13) |F(t) = pllazez < Om(t) |Fo — plluzrzm), YVt =0.
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Remark 1.2. For a spatially homogeneous initial datum Fy € L2(m), the associated solution F(t)
is also a spatially homogeneous function, and thus satisfies the spatially homogeneous Landau
equation (1.2). In that spatially homogeneous framework, the H? regularity is automatically
fulfilled, it can be then removed of the corresponding version of Theorem 1.1 which statement
thus simplifies accordingly.

Let us briefly comment on known results on the existence, uniqueness and long-time behaviour
of solutions to the Landau equation when —3 < v < —2. For the other cases —2 < v < 1, we
refer the reader to the recent work [14] and the references therein.

In the space homogeneous case, existence of solutions has been first addressed by Arsenev-
Penskov [2], and next by Villani [44] and Desvillettes [16] who establish existence of global
solutions for any initial datum with finite mass, energy and entropy. Uniqueness of strong
solutions (which do exist locally in time) has been proved by Fournier-Guérin [19] and Fournier
[18]. In a similar framework and for bounded (after regularisation) collision kernel a with
—3 < v < —2, polynomial convergence to the equilibrium has been obtained by Toscani and
Villani [40] by entropy dissipation method. That last result has been recently improved by
Desvillettes, He and the first author [13], who prove convergence to equilibrium with algebraic
or stretched exponential rate removing the boundedness (unphysical) assumption on the collision
kernel a and also considering the Coulomb potential v = —3. The space homogeneous version
of the results by Guo and Stain presented below also provides well-posedness and accurate rate
of convergence to the equilibrium in a perturbative regime in HS(pu=%), 6 € (1/2,1). It is worth
emphasising that even in that simple space homogeneous case, it was the only known result of
existence and uniqueness of global (in time) solutions.

In the space inhomogeneous case, existence of global (renormalized with a defect measure)
solutions has been established by Alexandre-Villani [1] for any initial datum with finite mass,
energy and entropy. Under an additional (unverified) strong uniform in time boundedness
assumption, Desvillettes and Villani [17] proved polynomial convergence of the solutions to the
equilibrium. On the other hand, in a perturbative regime, Guo [21] proved well-posedness in the
high-order Sobolev space with fast decay in velocity HS ,(1/?), and Guo and Strain [38, 39]
proved stretched exponential convergence to equilibrium in HS  (u7%), 6 € (1/2,1).

Our result thus improves the well-posedness theory of Guo [21] to larger spaces H2L?(m)
as well as the convergence to equilibrium of Guo and Strain [38, 39] to larger spaces and with
more accurate rate. It is worth emphasising that in the space homogeneous case, our results
only require that initial data are bounded (and close) in the Lebesgue space L2(m) (and thus
do not require any control on derivatives).

Our result makes possible to improve the speed of convergence to the equilibrium results
available in a non perturbative framework in the following way.

Corollary 1.3 (Spatially homogeneous framework). Consider a nonnegative normalized initial
datum Fy = Fy(v) with finite entropy such that furthermore Fy € LY(m) for an exponential
weight function m satisfying (1.8) with s € (0,1/2). There exists a global weak solution F to
the spatially homogenous Landau equation (1.2) associated to Fy satisfying

(1.14) 1£(t) = plirz S Om(t), Vt>0.

Estimate (1.14) improves the rate of convergence of order e ~** 1 established in [13], thanks
to an entropy method, for the global weak solutions built in [44, 16]. Corollary 1.3 has to be
compared with [34] where the optimal speed of convergence to the equilibrium for the spatially
homogeneous Boltzmann equation for hard spheres has been established and with [41] where
the optimal speed of convergence to the equilibrium for the spatially homogeneous Boltzmann
equation for hard potentials has been proved.
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Corollary 1.4 (Spatially inhomogeneous framework with a priori bounds). Let F' be a non-
negative normalized global strong solution to the spatially inhomogeneous Landau equation (1.1)
such that

(1.15) sup (IF(0) g, + 1Pz, ) < +oo,

for some explicit £ > 3 large enough and some exponential weight function m satisfying (1.8),
and such that the spatial density is uniformly positive on the torus, namely

(1.16) Vt>0, z €T3 p(t,x):/ flt,z,v)dv > a > 0.
Rd

Then this solution satisfies
(1.17) IF(t) - illzzs S Om(®), VE20.

Estimate (1.17) improves the polynomial (of any order) rate of convergence established in [17,
Theorem 2] under stronger (of any order) uniform Sobolev norm estimates but weaker (polyno-
mial of any order) velocity moment uniform estimates. Corollary 1.4 has to be compared with
[20] where the optimal speed of convergence to the equilibrium for the spatially inhomogeneous
Boltzmann equation for hard spheres has been established.

1.3. Overview of the proof. Our main theorem is based on stability estimates (which are
however not uniformly exponential) for the semigroup corresponding to the associated linearized
operator in large functional spaces, by taking advantage of a weak coercivity estimate in one small
space and using an enlargement trick for weakly dissipative operators that we introduce here.
We then conclude to our main result by combining these stability estimates (at the linear level)
together with some nonlinear estimates for the Landau operator ) and a trapping argument.
It is worth mentioning that our method is mostly based on these semigroup stability estimates,
what is drastically different from the nonlinear energy method of [21, 38, 39].

Let us explain this enlargement trick in more details, and we restrict ourselves to the Hilbert
framework to make the discussion simpler (and because it is the only case we will consider in the
all paper). We begin with the simpler hypodissipative case. Let A be a linear operator acting
on two Hilbert spaces E C £ and suppose that A has a spectral gap in the small space E, and
more precisely

(1.18) VieEY, (Af, fip S —IIflI%,

where E{* stands for the domain of A when acting on the space E and II denotes the projector
onto the orthogonal of ker(A). It is worth recalling that this estimate is equivalent to an
exponential rate decay for the associated semigroup Sx(¢)II in E. The extension theory recently
introduced in an abstract Banach framework in [34] and developed in [20, 31, 29] (see also
[30, 42, 32] for other developments of the factorization approach for the spectral analysis of
semigroups in large Banach spaces) establishes that if we can factorise A = A+ B where B is
hypodissipative (with respect to £), A is bounded and some convolution product of ASp enjoys
suitable regularity property, then A generates a Cp-semigroup S (¢) on the large space £ and
Sa(t)II enjoys in € the same exponential rate decay as in E. This method has been successfully
applied to many evolution equations, and in particular to the Landau equation with hard and
moderately soft potentials in [11, 12, 14].

In our case (of very soft and Coulomb potentials v € [—3, —2)), the linearized Landau operator
A does not satisfy any spectral gap inequality but only a weak coercivity estimate on a small
space E£. We are however able to generalize the extension theory presented above and prove
that A generates a uniformly bounded continuous semigroup S (t) on small and large Hilbert
spaces X, which is now only strongly stable but not uniformly exponentially stable.
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More precisely, on the one hand, the linearized version of the H-Theorem states that (at
least) in one Hilbert space E, the linearized Landau operator A enjoys a weak spectral gap
estimate

(1.19) VieE, (Aff)e < —ITf]
where here E, is a second Hilbert space (in the norm of which we express the weak dissipativity
property of A in E).

On the other hand, in many Hilbert spaces X, the linearized Landau operator A splits as
A = A+ B where A is a bounded operator in X and B is weakly dissipative

(1.20) Vie X, (Bf,fix S—IIfl%., X.not included into X,

%*, FE, not included into F,

where again X{* stands for the domain of A when acting on the space X and X, is a second
Hilbert space (in the norm of which we express the weak dissipativity property of B in X).

It is worth emphasizing that this weakly dissipative case is much more tricky than the previous
classical dissipative case, because one cannot deduce any decay estimate on ILSy (resp. Sg) just
from inequality (1.19) (resp. inequality (1.20)).

However, by using (1.20) with several choices of spaces X and using an interpolation argu-
ment, we first obtain that Sg is strongly asymptotically stable (but not uniformly exponentially
stable). Next, by using an extension trick, we deduce that the same holds for I1Sy. More
precisely, for several choices of Hilbert spaces X C Xy, we have first

(1.21) ITLSA ()|l x 5x, < O(t) = 0, ast— oo,

for some polynomial or stretched exponential decay function © = ©x x,, as well as the regular-
ization estimate

(1.22) ITLSA ()l x;—5x0 < (EA D)2 O4(1),
for some polynomial decay function O, = Oy, x, (such that (t A 1)~1/20(t) O,(t) € LY (Ry))

and where X is the dual of X, for some suitable duality product. Next, for some convenient
choice of n, K > 0, the norm

(oo}
(123 VIEX, Il = nl o+ [ IS dr
is an equivalent norm in ITX and A satisfies the weak dissipativity estimate
(1.24) VieXl, (Aff)x < -KIf|%.,
where ((-,-)) x stands for the duality bracket associated to the || - || x norm.

By choosing X and X, well adapted for the quadratic Landau operator, we may then establish
that for any solution f = F' — u to the Landau equation, the following a priori estimate holds
(for some constant C' > 0)

d
I < ITFI1%, (=K + CIITf||x).

Our existence, uniqueness and asymptotic stability results are then immediate consequences of
that last differential inequality and of the estimates it provides.

Let us finally discuss the decay issue for non-uniformly exponentially stable semigroups which
naturally arises in many contexts. It arises first in statistical physics when involved coefficients
are suitably decaying. In [9, 10], for the Boltzmann equation with soft potential of interaction
under Grad’s cutoff assumption, Caflisch had exhibited the explicit semigroup solution to the
associated linearized equation and had deduced well-posedness and stability for the nonlinear
Boltzmann equation in a perturbative regime. In [28], a similar result is obtained for the
critical case of an attractive reversible nearest particle system. More recently, for the Fokker-
Planck equation with weak confinement potential and for the spatial homogeneous Landau
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equation with soft interaction some polynomial and stretch exponential rate of convergence to
the equilibrium have been established in [37, 40]. The proofs are based on entropy methods,
moments estimates and interpolation arguments. These results for the Fokker-Planck equation
are improved in [23] where a similar factorization approach, as introduced in the present paper,
is developed.

Independently, inspired by scattering and control theory [24, 4], many results on the decay
rate of the energy for damped wave type equations have been established, see for instance
[25, 26, 27, 8]. These results are based on the analysis of the absence of poles (resonances)
in the neighbourhood of the real axis for the resolvent of the associated operator. They have
inspired an abstract theory for non-uniformly exponentially stable semigroups, and we refer the
interested reader to [7, 5, 6] and the references therein.

It is worth emphasizing that in that last abstract theory, one typically obtains some estimate
on the semigroup by allowing the lost of (part of) a domain in the control of the trajectory
and, roughly speaking, that is related to the absence of pole in bounded neighbourhoods of
the real axis and to the control of how the spectrum approaches the imaginary axis at +ioc.
That is slightly different from the picture arising in the present statistical physics framework,
where the estimates do not involve domains norms but norms controlling the confinement of the
distribution function and where the continuous spectrum extends up to the origin.

1.4. Notations and definitions. If A is a closed linear operator on a Banach space X that
generates a semigroup on X, we denote by S, (t) its associated semigroup. Moreover, for Banach
spaces X and Y, we denote Z(X,Y) the space of bounded linear operators from X to Y, with
the associated operator norm || - || x—y. We say that the generator A of a semigroup in a Banach
space X is dissipative if

Vie Xy, 3f edy, (ffAf)xx <0

where X} = D(A) is the domain of A and Jy is the dual set J; := {g € X'; ||g|% = |If]% =
(9, f)x’.x}. We say that the generator A is hypodissipative if it is dissipative for an equivalent
norm.

1.5. Structure of the paper. For the sake of clarity, we shall first consider the spatially
homogeneous case through Sections 2 to 5, and in the last Section 6 we show how our method can
be adapted to the spatially inhomogeneous equation. In Section 2 we introduce a factorization
of the (homogeneous) linearized Landau operator £ = A+ B and prove several properties of the
operators A and B. Section 3 is devoted to the proof of (non exponential) decay estimates in large
functional spaces of the semigroup associated to £ (see Theorem 3.5) as well as weak dissipative
properties for £ (see Corollary 3.7), using the method presented above. In Section 4 we prove
nonlinear estimates for the Landau operator @, and then in Section 5 we prove the spatially
homogeneous version of Theorem 1.1. Finally, in Section 6, we deal with the inhomogeneous
case and prove Theorem 1.1, by following the same program as for the homogeneous case above.

Acknowledgments. The first author is supported by the Fondation Mathématiques Jacques
Hadamard. The second author gratefully acknowledges the support of the STAB ANR project
(ANR-12-BS01-0019).

2. LINEARIZED OPERATOR

We define the following quantities
bi(2) = 0ja45(2) = —2]2]7 2,
(2.1) () = By (2) = 2y +3) |27 if 7 € (=3,-2),
c(z) = 0;5a,;(2) = —8mdy if v = -3,
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from which we are able to rewrite the Landau operator (1.3) into two other forms

Q(g, f) = 0i{(aij x 9)0; f — (bix g)f}
= (aij * 9)0i; f — (cx g)f.

Consider now the variation f := F — p and the linearized (homogeneous) Landau operator

(2.2)

(2.3) Lf:=Qu f)+Qf, 1)
We denote
(2.4) Qij = aij *x i, b =b;xp, ¢=cxpu,

and remark that

ev) = —2(v+3) [ |v—v|"p. when 7€ (-3,-2),

Vs

¢(v) = —8mu(v) when ~=-3.

2.1. Known results. On the space Ey := L2(u~'/?), we classically observe that £ is self-
adjoint and verifies (Lf, f)g, <0, so that its spectrum satisfies £(£) C R_. Moreover, thanks

to the conservation laws, there holds

ker(L) = span{p, vi 1, vapt, Vs, [v]* 1},

and the projection IIy onto ker(L) is given by

25) T(f) = </fdv> u+§ </vjfdv) v+ </ |”263de> ‘”‘26*3%

Several authors have studied weak coercivity estimates for £ on Fy. Summarising results
from [15, 3, 21, 33, 36], for all —3 <~ <1, we have

(2.6) (L, e S ) T IfIZ, — 1)V (a2 f)|2:, Y f € Eo,

where we define the projection II := I — IIj onto the orthogonal of ker(£) and we recall that
the anisotropic gradient V,, has been defined in (1.11). Observe that (2.6) does not provide any
spectral gap for the operator £ in Ej in the very soft and Coulomb potential case —3 < v < —2
we are concerned with in the present work, contrarily to the moderately soft and hard potentials
case —2 <y < 1.

2.2. Factorization of the operator. Using the form (2.2) of the operator @), we decompose
the linearized Landau operator as £ = Ay + By, where we define

Aof = Q(f, 1) = 0:{(ai; * [)Ojp+ (bs * f)u} = (ai; * f)Oipu — (¢ flu,
Bof := Qp, f) = 0i{(aij * )05 f + (bi 1) f} = (ai; * 11)0; f (cxp)f.
Consider a smooth nonnegative function x € C2°(R3) such that 0 < x(v ) 1, x(v) = 1 for

|v] <1 and x(v) =0 for |v| > 2. For any R > 1, we define xg(v) := x(R™1v). Then we make
the final decomposition of the operator £ as £ = A + B, with

(2.7)

(28) A= Ay + Mg, B:= By — Mxg,

where M > 0 and R > 1 will be chosen later.
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2.3. Preliminaries. We introduce some convenient classes of weight functions and we state
some preliminaries results that will be useful in the sequel.
We say that a weight function m : R® — R is admissible if
(i) it is a polynomial function, and we write m = (v)*, k > 0;
(i3) or if it is an exponential function, that is m = e with x > 0 and s € (0,2), or with
0<k<1/2and s=2.

We denote o = 0 when m = (v)* and ¢ = s when m = e}, For two admissible weight
functions mg and my, we write mg < my (or my = mg) if lim,| Z—i’(v) = 0. Similarly, we

write mg < mq (or my = mg) if mg < my or mg = my (up to a constant).

We finally define the following functions:

11 _ . _ Oim  _ Omdim - Om 1_
(2-9) Cm(v) = Qﬁaij(aiij)—c:aij TJI’L + i m 7;’1 Qbi m —56,
(2.10) Cn(v) 1= gy 2 oim g 0m 1y

m m m 2
and also
0w Ojw O;w O;w O;m

2.11 e = Gy ;i 2 9g I
( ) Cmow (V) a]w—’_a]ww ajwm

We start stating some estimates on the matrix a;;. To that purpose, we define

aw - | (1 - (| - fw"|)> w20 — w) du,
52(”)2/@ (1—; ol %

where x stands for the vector product in R?, and, for —3 < 3 < 0, we define
Ja(v) == / lv — w|? p(w) dw.
R3

Lemma 2.1. The following properties hold:

v

2
> w2 (v — w) dw,

(a) The matriz a(v) has a simple eigenvalue ¢1(v) > 0 associated with the eigenvector v and a
double eigenvalue €o(v) > 0 associated with the eigenspace v-. Moreover, when |v| — +oo,
we have

0i(v) ~2(v)7,  La(v) ~ (0)F2

(b) The function a;; is smooth, more precisely for any multi-index B € N3,

10%a,(0)] < Cplo)T27181

Moreover, there exists a constant K > 0 such that
aij (0)€:&5 = (V) [Po€]” + La(v)|(1 — Py)E[?

> K{() [P + (o) 2(I — PSP},

(¢) We have
tr(a(v)) = b1 (v) + 202(v) = 2J42(v) and bi(v) = 41 (v) v;.
(d) If |v| > 1, we have
DL <o) and [9Ps(0)] < Cplo) A,
(e) For any B € (—3,0), there exists some constant Cz > 0 such that
[ Jp(v) = (0)°] < Cplv)’~1/2, VueR™
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Proof. Ttem (a) comes from [15, Propositions 2.3 and 2.4], (b) is [21, Lemma 3], (c) is evident
and (d) is [14, Lemma 2.3].
We just then present the proof of (e). On the one hand, for any v € R3, we have

(2.12) Ja(v) = / [0.] 2 vy — v) dvs + / 0.2 (v — v, do,
[va]<1

EAES!

< sup p(v— ’U*)/ 0,2 dv, —|—/ wv —vy) dv, < Oy,
[va|<1 lva|>1

o] <1

since the two terms are clearly bounded uniformly in v € R3.

On the other hand, for any v € R?, |v| > 1, and for any R > 0, we write
Ja(v) = / 0. — 0P p(vy) dus +/ v, — v]Pp(v,) dv, = Ty + Ts.
|va|<R [ve|>R

For the second term, we have

1Tl < Val) [

|
AR

Vi — v|5\/p(v*) dv, < Oy e*R2/4,

where we have used an estimate very similar to (2.12) in order to bound the integral term. For
the first term and for |v| > R, we have

T / (o] + o) () do
lv«|<R

Y

v

/ (Jv] + R)P p(vy) dvs > (o] + R)P (1 — Ce™ /4,
lv.|<R

and in a similar way, we have
T) < ||v| — R|".
We conclude by making the choice R := |v|'/2. O

Lemma 2.2. Let m be an admissible weight function such that m = (v)(7F3)/2

(1) If o = 0 and w = (v)* is a polynomial weight function such that w < m{v)~O*+3)/2 then
lim sup G, (v) () ™7 = limsup G (v) (V) ™7 < 2{(y + 3)/2 — k},

|v]—o0 |[v]—o0

limsup |G (0) + G (0)] (1077 < 2{(7+3)/2+ a = K},

|[v]— o0
(2) If o € (0,2), then

lim sup G, (v) () 777 = limsup & (v) (v) 7777 < —2ks.
|[v]—o0 |[v|—o0
(3) If o = 2, then
limsup ¢, (v)(v) 277 < 4k(4k — 1),

|[v] =400

lim sup G (v) (V) 7277 < 4k(2k — 1).

|[v] =400
Proof. We introduce the notation

5 (’7"_3)‘]7(,”) lf’Y € (_37_2)a
T (v) = { drp(v) if v = -3,
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so that ¢ = —Zjn,. We observe from Lemma 2.1 that, when |v| — 400, we have

(213)  200) ~ LI ~ 0) ad L 0) = (4 3) @) +O(() )

Step 1. Polynomial weight. Consider m = (v)*. From definition (2.1)-(2.4) and Lemma 2.1, we
obtain

aij azlm = (6ijai5) k(v) > + (@svivy) k(k = 2)(v) ™"
=205 (v) k(W) 7% + 1 (v) k(v) 72 4 41 (v) k(k — 2)‘U|2<1}>74,
Moreover,
_ Blm 8m _ _ _
aij — JW = (@igvivy) K> (0) ™ = 1 (0) K?[v]* (v) 74,

and also, using the fact that b;(v) = —¢;(v)v; from Lemma 2.1,

- 0 _
b; T;n:—él(v)k|v|2<v> 2,

It follows that
Gm (V) = 2kla (v) (V)72 + kb1 (v) (v) 72 + k(k = 2) £1(v) [v]* ()~
+ k2 01(0) o] (0) ™" = 2k £ (0) [0 0) 72+ T (0),

as well as
Cm(v) = K20 (0)[o]*(0) ™ = k(o) [o]*(0) 72 + T, (0).

Thanks to (2.13), the dominant terms are of order (v)?. We then obtain

lim sup G (v) () ™7 = limsup & (v) (0) ™Y < 2{(v +3)/2 — k},

|[v| =400 |[v| =400

from which we conclude the proof of the first part of point (1). The estimate of (y, ., is similar
as above, and thus we omit it.

Step 2. Ezponential weight. For m = """ we have

Cn(v) = 265 Lo (V) (V)72 4+ ks £y (V) (V) ™2 + ks(s — 2) £1(v)|v]? (V)54
Ny

+ 2x%5% 01 (v) |V (V)7 — 2k 41 (V) [v]2 (V)52 + T, (v)
and also
Gn(v) = =ty (V)]0 () 72 + K201 (0) o] (0)* 7 + T, (v).
In any cases 0 < s < 2, the dominant terms are of order (v)?*¢, and we easily conclude. 0

We conclude this section with a remark about the weighted spaces we have defined in (1.6).
For any admissible weight function m we easily obtain

(2.14) 1) mf (|22 + [Vo(mPZe ~ [mflIZ2 + [mVofl7a,

so that in particular ||f||§{1(m) ~ Hf||%2(m) + ||va||%2(m) when o € [0, 1].
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2.4. Dissipative properties of 5. We prove in this section weakly dissipative properties for
the operator B. These estimates are similar to the estimates established in [12, 14] for —2 <
~v <1, in which case it is proven that the operator B — « is dissipative for some o < 0.

Lemma 2.3. Let m be an admissible weight function such that m = (v)F3)/2 and we recall
that we have defined o = 0 when m is polynomial and o = s when m is exponential. There exist
M, R > 0 large enough such that B is weakly dissipative in L?(m) in the sense:

o Ifm < u~ /2, there holds
(2.15) (Bf, fhrzm) S —l{v)

= = yto
2 2

VoflZamy = 10) 2 Vo(mf)lIZ: = 1) "= flI720m)-

o If u=Y2 <m < pu~', there holds
(2.16) (B, Fram S —10)F Vo(m)[Fz = 10)7 F132m),
Proof. From the definition (2.7)-(2.8) of B, we have
[ £n = [aous foi ~ [erm~ [ M s m?
=T +T2+Ts.

Let us compute the term T7. Writing g = mf and thus 9;; f fm? = 9;;(m™'g) gm, an integration
by parts yields

T =— / {ngm + a;;0igm + @ijg&»m} aj(m_lg).

Using that 9;(m~'g) = m™19;g — m™2d;mg in the last equation, we first get

omom - O;m -
= */ﬁij&gangr/{ﬁij - Jierj]W}gQ */bjgajga

m

and thanks to another integration by parts for the last term, we finally obtain
[y s == [asomposons) + [(Gn - Mxabn.
In a similar (and even simpler) way, we can also obtain
[ st == [agoisosrm® + [16n - M) m
Thanks to Lemma 2.2, we may choose M, R > 0 large enough such that
Cm(v) = MxR(v) S =), Gnlv) = Mxr(v) S —(0)777, ifm <=2
and

Cn(0) = Mxg(v) S —(0)"*7, i 72 <m < 7Y,

and we then conclude using the coercivity of a;; from Lemma 2.1. O

For any admissible weight function m, we define the operator B,,g = mB(m~'g), which
writes

9im

_ _ aym d;m di;;m
Bmg = aij&-jg — 2aij m ! 2 Y

@-g—l—{?dij . m (_Lij m —E—MXR}Q

(2.17)
=:0ij0ijg + B;059 + (6 — Mxr)g.
We then define its formal adjoint operator B}, that verifies

i

X _ _om - _ m — Oim
(2.18) B¢ = aijaij¢+2{aij? +bj}aj¢+ {am# + 20,

L M jo.
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Observe that if f satisfies the equation d;f = Bf then g = mf satisfies 9;g = B,,g, and also
that (Bf, f)2(m) = (Bmg, g)r>. Moreover there holds by duality

Vit 2 07 <SBm(t)ga¢>L2 = <ga SB;L(t)¢>L27

where we recall that Sp, (f) is the semigroup generated by B,, and Sgz: (t) the semigroup
generated by B;,.

We now prove weakly dissipative properties of the adjoint B;,. Here, we restrict ourselves
to the case of a polynomial weight function in order to simplify the presentation and because
it will be sufficient for our purpose. Indeed, the final estimates we will deduce of the analysis
we are starting here will be used on “perturbation terms” and we will not destroy the possible
faster rate of decay we get for stronger weight functions.

Lemma 2.4. Let m and w be two admissible polynomial weight functions such that m >
(0)O+D/2 and 1 < w < m (v)~OF3)/2,

(1) We can choose M, R > 0, large enough, such that B}, is weakly dissipative in L?(w) in
the following sense:

(2.19) (B¢, ¢>L2(w) < _”(bH%?(w(v)w/?) - H%vquzm(w(vw/zy

(2) For any n > 0, we define the equivalent norm || - || g1 (., on H'(w), and the associated
scalar product (-, ") g (), by

1600 = 16132y + Vo613
We can choose M, R,n > 0, such that B, is weakly dissipative in H'(w) in the following sense:
(2200 (B sy S 161 yrroy = V000 oorey = IV (Vud) 2 yrray

Proof. We split the proof into three steps. In what follows we shall use the equivalence (2.14)
since w is a polynomial weight function.

Step 1. We have

/(BZ¢)¢W2 = / (a"aijm +25j8j7m —MXR> ¢* w?

©j m
+/ (aija;;n-i-bi> ai(¢2>w2+/dijaij¢¢w2
=1+ 1+ Is.

Performing one integration by parts, we obtain

I, = —/& (&ijajﬁm + Bi> ¢ w? — / (Elij Ojm + Bi)Qw(?iw ¢

m

:/{_aijai;m +aij@#8jm _Bjajm —c} 5 02
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Using that ;¢ ¢ = 39;;(¢%) — 0;00;¢, it follows
I; = f/aijaz—q&ajgbwz + % /aij(mjwz)&
—/dij3i¢5j¢w2 + % /ai(l;iwz + @ 2w0;w) ¢
- _/aijamaj(ﬁw? + % / {c+ 461»8%" + 2a; 8;‘”%” + 24, 6’;“}(;52 w?.

Finally, we get

/ (B,0) du” = — / 410,00, + / (e + G — MR} 62
< )3 Tu8 12y — 10} Bl2a,

by choosing M, R > 0 large enough and using that (, (V) + (m,w(v) — Mxpr(v) S —(v)7 thanks
to Lemma 2.2. That completes the proof of point (1).

(2.21)

Step 2. Now, we introduce the notation ¢, := 0%¢ where a € N and |a| = 1. There holds

o;m

0%(Bz, ) = By + O° { dumop aﬂ - MXR} ¢+ 20° {a” b} ;¢
+ 051059,

which implies that

[ 25,0160 = [ (510 00? +/8a{ G op, S }mw?

o.m -
v2 for {a; B0 1 0 onu+ / (0317)(00) 60
=: T1 —|—T2+T3—|—T4

Using Step 1 of the proof, we have, for some constant A > 0,
Ty < A0} Fuallay + [ (G + G = Mn) 63
For the term T5, we have straightforwardly from Lemma 2.1
T, 5 [0l 1908l < 10200 om0 90820 -,
and similarly
T 5 [ IVa8P 0 = 9,003, oy
For the last term, we use one first integration by part, in order to get
T =~ [05)(00) 6~ [(0505)(0:0) 0,007

—/(asam( 0:6) b0 0305 = Uy + Us + U,

In the above expression, the first term and last term can be bounded exactly as 73. For the
middle term, we perform one more integration with respect to the 9, derivative, and we get

Uy = /(Avdij)3i¢3j¢w2 + /(33@ij)(3i¢a)3j¢w2 + /(aﬁdij)(@fb) 9;0 05w
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We recognize the middle term as —Us, from what we deduce

U, = 1 /(Avdij)ai¢aj¢w2 + %/(agaij)(aiqg) 3j¢83w2

2
SN R

All the estimates together, we have established, for some constants \,C' > 0,
(2:22) (Vo(Br¢): Vo) L2(w) < _>‘||%v(vv¢)”%,2(w<v>w/2) + CloN T oz
Step 3. We gather estimates (2.21) and (2.22), we observe that
||¢||§{1(w<y>w/2) S ||¢||2L2(w(v>w/2) + H%’Ung%?(w(v)“f/?)
and we conclude choosing n > 0 small enough. O
2.5. Estimates on the operator A. We prove boundedness properties for the operator A.

Lemma 2.5. For any 6 € (0,1), £ =0,1 and p € [1,0], there holds A € B(W P, WP (u=9)).

Proof. We only prove the case £ = 0, the case £ = 1 being similar. We only investigate 4, since
A= Ao+ Mxg, and we recall that Ayg = (ai; * )01+ (c* g)pn. We decompose a and ¢ into a
bounded part and a singular part. More precisely, we split a;;(2) = a;;(2)1]2>1 +ai(2)1)2<1 =:
a;"j(z) + a;;(2), and similarly for c(z).
Assume first v € (—3, —2). For the bounded parts a™ and c*, we easily have
(@3 % 9) ()| + (" * g)(v)] < llgllrr
and therefore
I(az; * 9)0l Lo (u-oy + (™ % @il Lo -0y S llgllrr-
We now turn to the singular terms. We first have

iy + 00stlisey S [ o] ([ o= 0072 10 =00)) 5 Nl
Vx v

and similarly,

I = gullsuny & [ lato-) ( JR 1.M|<1ul—9<v>) < lgllor.

v

As a consequence, we already obtain that A is a bounded operator from L' — L'(u~%). More-
over, we can estimate

(a5 * ) ()] < lgllo~ ( JIE 1vv*|<1dv*) < gl

and in a similar way

[(c™ *g) (W) S llgllze </ [0 =0T Ly i< dﬂ*) S lglizes,
which imply
I(ai; * 9)0ijpll oo =0y S llglloes  [I(c™ x gl oo o) S llgllLoe-

These estimates prove that A is bounded from L™ — L*>(u~%). We can then conclude to the
boundedness of A for any p € [1, o0] by Riesz-Thorin interpolation theorem.

Assume now vy = —3. In that case the term (a;; * g)0;;1 can be treated exactly in the same
way as above, but now we have ¢ = —§y and then ¢ x g = —g. Therefore, for any p € [1, o],

1(c* @ullpogu-oy = llgp e S llgllze,
which completes the proof. O
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3. SEMIGROUP DECAY

This section is devoted to the proof of decay and regularity estimates for the linearized
semigroup S,. Given two admissible weight functions mg < mq, we define

(k1 —Fkx)

Omymo(t) = ) T, for any k. € (ko, k1), if m1 = ()" and mg = (v)*,

and .
Oy o (t) = e 71 for some A >0, if my = V)",

In order to avoid misleading, it is worth emphasizing that when my is a polynomial weight,
O, ,me refers to a class of functions, whereas for m; an exponential weight, ©,,, m, stands for
a fixed function. That somehow usual convention greatly shorten notations and simplify the
exposition. As a consequence, we also emphasize that in both cases, for any 0 < s < t, we have

677Lll,mg (t) S @:ni,mg (t - 5) e:ni,mg (5)

Here and below, we define the time convolution product S * S of two functions S; defined

on the half real line Ry by

¢
(S # S2)(t) = / Sy (t — 5)Sa(s) ds,
0
and we also define S = I and S¢*™ = § % SC(»=1) for any n > 1.

3.1. Decay estimates for Si. We first prove decay estimates for the semigroup Sg.

For any admissible weight function m, we define the space H}(m) associated to the norm
3.1) 1A Z2 my = 1 FI T2 oy vy + V() 12 (0729

and we easily observe that H!(m(v)"/2) ¢ H'(m) c H!(m). When furthermore m is a
polynomial weight function, we define the negative Sobolev space H_ *(m) in duality with H®(m)
with respect to the duality product on L?(m), more precisely

(3.2) Ut = 510 (f,dhioem = s {mfymd)z,
DMl a1 () <1 DMl a1 () <1
and observe that || f[| ;-1 (,,) = [[mf|l 51

Lemma 3.1. Let mg, m; be two admissible weight functions such that my = mg > <v>(7+3)/2.
For any t > 0, there holds

(3~3) ||SB(t)||L2(m1)—>L2(mo) 5 @ml,mo (t)

Let mg, my, m be admissible polynomial weight functions such that m = my = mg > <v>(7+3)/2.
For any t > 0, there holds

(3.4) 158z, (| L2 (w1) = L2(wo) S Oma,mo (£):

where wy :=m/mg and wy := m/mj.

Proof. We denote X (m) = L?(m). We observe that for mq := mqo(v)7F7)/2 < mg < m; (where
we recall that o = 0 if my is a polynomial function and o = s if mg is an exponential function),
there is a positive constant C' = C(mg, m1) such that for any R € (0, 00) we have

m2 m2
S (B (mg) < 110y + O3 BF I ()
mg mi

where we also denote by m the function R — m(v) for |[v| = R. We write that estimate as

(3.5) erllF 1% moy < F 1 (o) + CORIF N (rmr
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with
M Or
ep:=—2(R), 0p:=—2(R), er, — —0 as R— oco.
Ri= D), g = TR(R). e, O

Let us denote fp(t) = Sg(t)fo for any ¢t > 0. Thanks to (2.15) for the weight m;, we have
18 xm) < [lfollx(m,), YE=0.

Writing now (2.15) for myg, using the interpolation (3.5) and the above estimate, for any R > 0,
we get ( for some positive constants A, C' > 0)

d
151 ey < A g0y o)

—Xerl 8% (me) + CORN B % ()
el f81% (mey + CORI foll X (my)»

with egr = (R)Y*9 and 0r/ep = mZ(R)/m3(R). Integrating that last differential inequality, we
obtain

IN

IA

_ Or
175 O oy S € Wolscme) + 2 IMolcms)

5 F72n1,m0 (t) ||f0||§((m1)’
with

6
2 o —Aert R
Loy () == II%I;fO (e fRY 4 512) :

We can complete the proof of (3.3) by establishing 'y, mo(t) S Omyme (t) for the different
choices of weight functions mgy < m;.

Case 1: mo = (V)% and m; = (v)** with ko < k1. We have

2 () = inf (67)\<R>’Yt 4 <R>2(k:07k1)) _

mi,mo RS>0
We take (R) = ((t)0(t))"/1"| with 6(t) := [log(1 +t)]~2 and we get
2 (t) < e~ MM llog(1 + £)] 4k —ko)/ Il () =2(k1—ko) /17|

mi,mo

from which we easily obtain 'y, o (£) S Oy me (£)-
Case 2: mo = eV and my = ") with ky < k1. We have

L2, (8) = Inf (7274 2o ()7

We take (R) = /1"l and we get

2 (t) < e~y o2 (ma—ro)t/ 1!

mi,mo ’

which is nothing but ©7, . (¢). The general case my > mq follows from that estimate, and the

proof of (3.3) is complete.

Case 3: my = (v)ko and my = eF1()*  We define m = ") with k < k1 so that mg < m < m;.
Using Case 2 above with m and m; we obtain

s/ 1
18O | x(mo) < 180 xm) S Oman (Dl foll x(ma) S €l follx ()
and conclude with the estimate of Case 2 above.

Case 4: mo = €)™ and my = e )" with sy < s. We first define m = e"(*)" with k < k1, so
that mg < m < mq, and we argue as in Case 3.
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Estimate (3.4) can be proven similarly as above by using the estimates of Lemma 2.4, where
we remark that in this case we have O, o, (t) = O, .m, (t), because mg, mq, m are polynomial
weight functions and wy = m/mg, wg = m/m;. O

3.2. Regularity properties of Siz. We now prove that the semigroup S enjoys some regu-
larization properties.

Lemma 3.2. Let my, m be admissible polynomial weight functions such that <U>3/2 <mp < m.
Then the following regularization estimate holds

Gm’ml (t)

t/2A17
Proof. We define wy := 1, wy := ()72 and w := m/(m; (v)?/?), so that 1 < w < m(v)~(1+3)/2,
We write ¢, := Sz (t)¢ for a giving function ¢ € L?(w1). Thanks to (2.19) and (2.20) together
with H}(w;) C Hl(wo) we have for some constant A > 0

(3'6) ||SB(t)||H*_1(m)4>L2(m1<’U>'Y/2) < Vt>0.

<0,

(wo) —

@ 1043n0ny + 100 ) < ~ADe 1 )+l
forn >0 small enough. We deduce that
3.7) Mt 10eli o) S 617200y, V>0
For large values of time ¢ > 1, we can use (3.7) and (3.4) to obtain
Pellar (wo) S NDt-1ll22(01) S Omma (8 = DIl 12(0) S Omoma (DI L2 ()
Both estimates together with H'(wy) C H}(wp), we have proved

Om,m, (1)
I1S8;, (Dol o) S <5757

We then get (3.6) by duality. More precisely, recalling that that
Vt>0, mSp(t)f==5s,{t)g, (5B, (t)g,¢)r2 = g,5B; ()d)r2,

ol Vit>0.

we first have ||Sp(t) fl| L2 (1, (0)7/2) = lw=tSp, (t)g|/z> and then we can compute
lw™ 'S, (gll2 = sup (Sg,, (H)g,w ") L

]2 <1

= sup  (g,5B; (t)d)r
H¢HL2(“))§1

< sup gl gt ) 1585, (D)l 2 (w)
H¢HL2(w)S1

Om.m, (1)

S osup — =gl g ) 19122 @),

I8l 2yt E/2AT en)

which completes the proof of (3.6) by coming back to the function f =m™1g. O

3.3. Decay estimates for S,. We first prove decay estimates in a family of small reference
spaces included in L2(u~'/2).

Proposition 3.3. For any admissible weight v such that p=/? < v < u~*, there holds
2
vVt >0, ||Sﬁ(t)HHL2(y)4}L2( ~1/2) ,S @V’M_lm (t) = C’e*)‘th‘ .

Proof. Let us denote for simplicity Eq = L*(u~'/?) D E; = L?(v). We already know from (2.6)
and (2.15) that

t= [1Se® Bo—ros t = 1980 B—m € L7(Ry).
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We then write, thanks to Duhamel’s formula,
Sell = Sl + SpA x SII,
and using Lemma 2.5 and Lemma 3.1, we obtain that ¢ — [|Sp.A(t)|| g,—r, € L'(R4), whence
(38)  ScUg e, S S8W)E—E + [198A) | o By * 1S (O] By~ By € LT (R4).
Defining I1f,(t) = ILSL(t) fo and using (2.6), (3.8) and the same interpolation argument as
in the proof of Lemma 3.1, we obtain
ST, < A2 T (1),
< Aer|ILfr ()5, + COrIISL() follE,
< “Aer|fL ()%, + COrIMfollE,,
with eg = (R)?*? and 0r/eg = p~/?(R)/v(R). We conclude as in the proof of Lemma 3.1. [J

As an immediate consequence, we prove uniform in time bounds for the semigroup S, in
large spaces.
Lemma 3.4. For any admissible weight function m > (U>L;3, there holds
t = 1S L2(m)»L2(m) € L7 (R4).
Proof. Let us denote E = L*(u~'/?), E; = L?(v) and X = L?(m), with p='/2 < v < u~'. We

only need to treat the case <’U>WT+3 < m < p~Y? so that E C X (the other cases have already
been treated in (3.8)). We first write

S,II =115 + SI1 + ASpg,

and observe that t — ||Sg(t)||x—x € L>®(Ry) from (2.15) and t — ||Se ()| g, »r € LY (Ry)
from Proposition 3.3. Moreover, Lemma 2.5 and Lemma 3.1 yield ¢ — | ASg(t)||x—E €
L>(R), so that

[Sc®Ulx-x S IS8 x—x + [1ScOU]| gy~ E-x * [ ASB() || x> B € L (Ry),
and the proof is complete. O

We can now prove that S inherits the decay and regularity estimates already established for
the semigroup Sj.

Theorem 3.5. Let mg, my be two admissible weight functions such that (v)+3)/2 < my < my
and mgy = ,u_l/Q. There holds

(3.9) 12O L2y L2 0m0) S Oy g (), W > 0.

Let mg, my be two admissible polynomial weight functions such that (v)
holds

3/2 < mgo < my. There

Omymo (1)
t2a1

Proof. We fix an admissible weight function v such that = /2 < v < p~

split the proof into two steps.

Step 1. We denote Xo = L?(my), X1 = L*(m1), By = L*(u~/?) and E; = L*(v). We write

the factorization identity

(310) ”Sﬁ(t)H”H;l(ml)%LZ(mo(v)“//z) 5 Vit > 0.

L and v = my, and we

S, =11Sg + S.I1 + ASg,
which implies

Ggmll,mo ”SCHHXlﬁXo SJ Ggmll,mo ||SBH||X1%X0 + (Ggmi,mo ||HS£HE1%X0 * @gzll,mo ”ASB”XlﬁEJ .
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Thanks to Lemma 3.1, Proposition 3.3 and Lemma 2.5, we have
t = O me () 150 |x, - x, € L= (Ry),
t = O mo () TS (t)l| 2y B x0 € LT (Ry),
£ 00 mo (1) [ ASB(1)l|x, > x0— 5, € L¥(Ry),
which concludes the proof of (3.9).
Step 2. Denote Zy = H;'(my) and Xo = L%(mg(v)?/2). Writing the factorization identity as

in Step 1 and denoting ©,,, o (t) = Oy .o (£)/(t/2 A1), we have

Ot o 12T, 5, S 00t 1981,y + (Bt g 152 T 5, 5, % 85t g I A4Sl 2,5, ) -
Thanks to Lemma 2.5, Lemma 3.2, and Proposition 3.3, we deduce
t = O o () 1Sl 5, 5, € L7 (Ry),

t 1= 05 mo () IS (D) g, -y s %, € L' (R),
t1= 00 mo () A4S (M)l 7, %05, € L7 (RY),
which implies (3.10). O

3.4. Weak dissipativity of L. As a final step, we establish that £ is weakly dissipative in
some appropriate spaces. In order to do that, we define the spaces

(3.11) X :=1L*(m), Y:=Hm), Z:=H"m), Xo:=L?

where we recall that H!(m) and H_!(m) have been introduced in (3.1) and (3.2). For any
7 > 0, we also define the norm || - || x on IIX by

(3.12) I ==l F1% + / 1Sc() 1%, dr,

and we denote by (-, ) x the associated duality product.

Proposition 3.6. Let m be an admissible weight function such that m = <v>% The norm ||| - ||| x
is equivalent to || - ||x on IIX , and, moreover, there exists n > 0 small enough such that

d
(3.13) SISO fl% S =185, vV felX.

Proof. We easily observe that, thanks to Theorem 3.5,
| Isen, i < s [ et ean,

for some decay function © € L*(R, ) under the condition m > (v)3/2, thus || - || x is equivalent
to || - |lx on IIX . Now denote fr(t) = Sc(t)fo, fo € IIX, so that f-(t) € IX for any ¢t > 0,
recall that £ = A+ B and write

%%”lfﬁ(t)”l%( =n(Bfc(t), fo(t)x +n(Afe(t), fo(t)x + ;/000 %HSE(T)JCL(t)H?XO dr.

Thanks to Lemma 2.3 and Lemma 2.5, we have

n(Bfe(t), fe(®)x < —nK'l eI n(Afe(®), fe(t)x < nCllfeB)%,-

Moreover, for the last term, we have

< d
| a1Se 01, dr = lim 152(0) o0, ~ 12Ol = I £e(0),
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where we have used
VE2 0, [Se(r) e, < COnfollx with Tim ©,,(r) =0,

thanks to Lemma 3.4 and Theorem 3.5. We conclude the proof of (3.13) gathering previous
estimates and taking n > 0 small enough. O

3.5. Summarizing the decay and dissipativity estimates. We summarize the set of in-
formation we have established in this section and that we will use in order to get our main
existence, uniqueness and stability result for the nonlinear equation in Section 5 (in the spa-
tially homogeneous case). Consider the spaces defined in (3.11).

Corollary 3.7. Consider an admissible weight function m such that m > (v)?t3/2. With the
above assumptions and notation, there exists n > 0 such that the norm || - ||x defined in (3.12)
s equivalent to the initial norm on 11X and

(3.14) (Cf,mfhx < —IfI3, ¥ feXf,
(3.15) t = |ScOMly - x, 1S (O] 2 x, € LY (R,
where we recall that XF is the domain of L when acting on X.

It is worth observing again that the polynomial decay rate (3.10) in Theorem 3.5 has been
established in polynomial weighted Sobolev spaces and thus immediately extends with same
decay rate to exponential weighted Sobolev spaces. That remark is used in the proof of the
second estimate in (3.15) which is valid for any (polynomial or not) admissible weight function.

Proof. Using the identity
1d

S ISCOMFI: = (L7 T x,
we see that estimate (3.14) is just a reformulation of (3.13) in Proposition 3.6.
We now prove estimate (3.15). We fix admissible polynomial weight functions mgy and m,
such that (v)O0+3/2 < mg < m; < (v)7/?m. Then estimate (3.9) in Theorem 3.5 and the
embeddings L?(mg) C Xo and Y C L%(m;y) imply

HSﬁ(t)H||Y—>X0 S emhmo (t)a vt > 0.

~

Now consider admissible polynomial weight functions m{, and m/ so that (v)3/2 < m{ < m} < m.

Thanks to estimate (3.10) in Theorem 3.5 together with the embeddings L?(m}(v)?/?) C X,
and Z C H;'(m)), we obtain

Se(t) < Omi0) -y
1Sc@OUfllz-x0 S ARAL > 0.
We finally obtain (3.15) by observing that ¢ ~— (t)~(k=3)/l(t A 1)=Y/2 ¢ LY(R,) for any

k > 24 3/2 and that we may thus choose mg,m1, my and m) adequately in such a way that
t— @m17m0 (t) G)m’l,mg (t) (t A 1)71/2 S Ll(R+) O

4. NONLINEAR ESTIMATES

In this section, we present some estimates on the nonlinear Landau operator Q. We start
with two auxiliary results.

Lemma 4.1. ([14, Lemma 3.2]) Let —3 < a < 0 and 0 > 3. Then

Ay (v) = . v — v, ]® (v.) "% dv, < ().

Lemma 4.2. There holds
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(i) For any3/(3+~v+2)<p<ooand >2+3(1—-1/p)
[(aij % f) () vivs| + |(as; * F)(w) vil + [(azg * F)©)] S @) 1 f Loy
(i) For any3/(3+~v+1) <p<oo and any 0’ > 3(1 —1/p)
(b5 % £)@)] S @) 1 f ooy

Proof. (i) Recall that 0 is an eigenvalue of the matrix a;;(2) so that a;;(v—v.)v; = a;;(v—vs)vss
and a;;(v — v4)0;U; = @i;(V — V4)V40s;. Thanks to Holder’s inequality and using Lemma 4.1,
we obtain for any 3/(3+v+2) < p < oo and any 0 > 3(1 — 1/p),

|Wu*ﬂ@ﬁmwiﬂ/(w@*W0wwwﬁl

N / o — 077 (0,) 70 (0,) 2| £
Vs

o)z Gz (r—1)/p
< ( o = 0| OFDFE ()" “) 11l 2o oy o2

S <U>V+2||f||LP((v>§+2)'
We can get the estimates for (a;; * f)(v)v; and (a;; * f)(v) in a similar way. Remark that we
can choose p = 2 since 7 € [—3, —2).
(ii) For the term (b* f) we recall that b;(z) = —2|z|7z;. Thanks to Holder’s inequality and
Lemma 4.1, we obtain for any 3/(3 ++v+ 1) <p < oo and any ¢ > 3(1 —1/p),

G NOIS [ o= )™ ()71

Vg

e o2 (r=1)/p
5( v—m°”>r1@»—v4) TP

SO Nl oo (qoyery-

Remark now that we have 3/(3 +v + 1) € (3/2,3], thus we can choose p = 4 for any v €
[-3,-2). 0

We establish our main estimate on the Landau collision operator.

Lemma 4.3. Consider any admissible weight function m »= 1. Then, for any 0 > 2+ 3/2 and
0" > 9/4, there holds

(41 QU9 Phraam S (I gl + 1 s qopsry Nlzzcmy ) 1

Proof. Let us denote G = mg and H = mh. We write

<QU@LMBWQ:/5Awm*ﬁ@w4%*ﬂ%hm2

H(m)-

= /aj{(aij * [)0;(m™'G)y Hm — /6_7'{(17]' * fYm'\GYHm =: A+ B.

Performing an integration by parts and developing terms, we easily get A = A1 + Ay + Az + Ay
and B = By + By, with

Ay o= —/(aij « )G O;H, Ay = —/(aij L Yeyed
m
om O;m O;m
As :z/(aij*f) -~ GO;H, A4::/(aij*f) - JWGH,
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ajﬂl
By:= [(bj*x f)GO;H, By:= [(bjxf)—=—GH.
m
We then estimate each term separately.

Step 1. Term A;. We only consider the case |v| > 1, since the estimate for |v| < 1 is evident.
We decompose 0,G = P,0;G+ (I — P,)0;G =: azl‘G—i—af'G, and similarly for 0; H = 8J|-|H+8j»'H.
We write

AF = /| @) (AlGolu +dlGorH +ofGolH + oG ot iy
=T+ T +T5+ Ty
Using Lemma 4.2-(i) with p = 2, for any 6 > 2 4+ 3/2, we have
(0-VoG) (v- V,H)
T :/ a;; * fluv;
L A L A T T

<117z, / (o) o] 2 |V, G| |V, H]

|lv|>1

S fllz2 ey [(0) 2 Vo(mg) |2 [[(v) 2 Vo (mh)]| 2.
On the other hand, we have

<17 llx (o) / (0) 7oL [V, G| VLA

|lv]>1
3 42
S fllzzwyey 10)2 Vo (mg) | e [(v) ™ Vi (mh) | e,
and similarly
yt2 ol
Ts SN fllzqwyey 1(0) 2 Vi (mg) |22 [ (v) 2 Vo (mh) | L2
For the term T}, we have

Ty <117 oy / (o) VLG VA

g2 1t2
SIfllz2 oy 1) 7= Vi (mg)llze () "= Vi (mh) | 2.

All in all, we obtain

AT S ez cwyoy lglle my 10 e m).-

Step 2. Term As. Recall that 9;m? = Cv;(v)°?m?. The case |v| < 1 is evident so we only
consider |v| > 1. The same argument as for A; gives us

Af =C (agj * f) o0y 2{0)G +ofGV H

ol>1
S Wl [ {7 19.61+ @461 A
~+20-2

4 a2
S 22 wyoy {H@)g Vy(mg)|pe + [[{v) 2 V#(WJ)HLZ} ()2 hllL2(m)
Sl zzwyey gl 22 (my 17

Hy(m)-

Step 3. Term As. In a similar way as for the term A, we also have
yto

Az S 11z gwyey (o) 72 gl 2 (m) [11]

H1(m) S Hf||L2(<v>9) gl H1(m) |1 HY(m)-
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Step 4. Term A,. Arguing as before, we easily get

AI =C (aij * f)viv; <v>2"*4 GH
|v]>1

swmﬂ@a/@WH“ﬂmuﬂ

y+20—2 y+20—-2

Sl e2qyey 10) ™2 gllzagm) 1K0) 2 hllL2gm)
S lez ey gl

w1 (m) 1Pl 2 (m) -

Step 5. Term B;. Thanks to Lemma 4.2-(ii) with p = 4, for any ' > 9/4, it follows

By S fllssqupry [ (007 16119,

yt2 ol
S W oyery 1€0) 72 gllLzmy [[{0) 2 Vo (mh)]| L2
y+2

S I qoyery 1) 72 gllz2my [15]
where we have used the embedding H'((v)?) € L4((v)?").

H1(m)>

Step 6. Term Bs. Using 9;m = Cv;{v)° ?m, we have

Ba 5 sy [ @) 1G1IH
rte rte
S Wl gy 16005 iz 1405 il

yto

S e yery 10} 7= gllz2my 1A

Hi(m)-

Step 7. Conclusion. Gathering previous estimates and using that ||(v) %UgHLz(m) and ||(v) WTHgHLz(m)
can be controlled by ||g||z2(m), we obtain, for any § > 2 +3/2 and ¢ > 9/4,

(QUf;9); M) L2amy S M1 fllz2qwye) llgl
which concludes the proof of (4.1). O

a1(m) 1M B2 (m) + ||f||H1(<v>9’) g1l z2my 1P Er2 ()

Corollary 4.4. Consider an admissible weight function m such that m = (v)>*3/2. With the
notation (3.11), there holds

(4.2) (Q(f.9).1x S (I711x glly + 11y gl ) IRy
and in particular
(4.3) QU 9)l 2 S Ifllx Nlglly + £y llgllx

Proof. The proof of (4.2) easily follows from (4.1) observing that, since m = (v)?+3/2 we can
choose 6 and ¢’ in Lemma 4.3 such that L2(m) < L2((v)?) and H!(m) — H'((v)?") (see (3.1)).
The proof of (4.3) is then straightforward by the definition of Z = H_!(m) (see (3.2)). O

5. NONLINEAR STABILITY

This section is devoted to the proof of the spatially homogeneous version of Theorem 1.1.

Consider a solution F' to the homogeneous Landau equation (1.2) and define the variation
f = F — p, which satisfies,

(5.1) {atfﬁerQ(f,f)

Jit=0 = fo = Fo — p.
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We observe that, Iy fo = 0 and therefore, thanks to the conservation laws,

o f(t) = ToQ(f(2), f(t)) =0 for any ¢ > 0.

Hereafter in this section, we fix an admissible weight function m satisfying m > (v)?*3/2 and
consider the spaces X,Y, Z and X, defined in (3.11). We also recall the norm || - [|x defined in
(3.12), which is equivalent to || - || x.

We first prove a stability estimate.

Proposition 5.1. There exist some constants C; K € (0,00) such that any solution f to (5.1)
satisfies, at least formally, the following differential inequality

d
% < (Clfllx = K) I£115-

Proof. We write

1d, .
S 7%

(CFF)x +m(QUE ) Fx + / (S (OQU. £, Se(r)TTf) x, dr
=: T1 + T2 + T3.

On the one hand, thanks to (3.14) in Corollary 3.7 and to Corollary 4.4, there exist K,C’" > 0
such that

T+ To < —K|IfI5 + C'lIfllx I 13-
On the other hand, we have

/ (S (OTQU. f), Se ()T x, dr
</ IS OMQU )l xo ISl x, dr
0

S HQ(ﬁf)lleflly/0 1S (T 2 x0 1S (T)ly— x, dT

S A A1
where we have used (3.15) in Corollary 3.7 as well as Corollary 4.4 again in the last line. We
conclude the proof by gathering theses two estimates. O

A consequence of the stability estimate in Proposition 5.1 we obtain the spatially homoge-
neous version of Theorem 1.1.

Proof of Theorem 1.1. The spatially homogeneous case. We split the proof into three steps.

Step 1. Uniqueness. We still denote by K and C' the constants exhibited in Proposition 5.1 and
we set € := (2—+/2)K/C. Consider two solutions f; and fa to (5.1) with same initial data such
that

(52) Vi= 1,2, H|fl|||%°°(07oo,X) + K ||fi||%2(07oo;Y) < 252'
The difference p := f; — fo satisfies

Op=Lp+Q(f1,p) +Qp, f2), p(0)=0.

Repeating the same computation as in Proposition 5.1, we get

d C
S el < =Kllplly + 5 ((|||f1|||x +L0x)lel5 + (£l + ||szy)H|p|||prlly).
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Integrating in time the above differential inequality and using the Cauchy-Schwarz inequality,
we obtain

A = ol 0,00x) + EllPlIL2(0 0007

C
< O + 5 (Il o.o0) + 12l 000 ) 1212200,

C
+5 (Iil20 ey + 12l 220,000 ) Dol 0,001 loll 20,001
We assume by contradiction that p Z 0. Thanks to estimate (5.2) and the Young inequality, we
deduce

1/2 2e%\1/2
A < C2) ol ooy + € (52) " ol ©,00) 1Pl 220,001

CQ
< Mol ooy +{CV2e+ 32 & Hlpl 2000wy < A,

and a contradiction. We conclude that f; = fo.

Step 2. Erxistence. The proof follows a classical argument based on an iterative scheme that
approximates (5.1) (see e.g. [43, 21] or [20, Proof of Theorem 5.3]) that we sketch for the sake
of completeness. We consider the iterative scheme
atfn — Lfn 4 Q(fnflhfn)
[ =0 = Jo
with the convention f=! = Q(f~!, f°) = 0 when n = 0. We claim that for g := || fol|x < &,

with ¢ defined as in Step 1, we may build by an induction argument a sequence (f™),>0 of
solutions of the above scheme such that

(5:3) VneN, A= sl O+ K [0 de< 26

Vn eN,

We only prove the a priori estimate (5.3) by an induction argument, the construction at each
step of the solution of the above linear equation being very classical. We assume that 7!
satisfies (5.3). Repeating the same argument as in Step 1, we have

n ¢ n— n
A" < folli + 5 I e 0.00i0) 17 122 0,00v)

C _
Jr§||f" M 220,00v) ™ 2o (0,00:) 1™ 1l 20,0057

Thanks to estimate (5.3) at rank n — 1 and the Young inequality, as in Step 1 again, we deduce

At < Bt g W M) +{ g S0 F 17 P E I W0
1
< 2 Z AT
> & + 9 )

from what f™ satisfies (5.3) and the stability of the scheme is proven. We now turn to the
convergence of the scheme and we define p" := ! — f7 for all n € N, which satisfies

0° = Lp" + Q% f1);
Opp™ = Lp" +Q(f", p") + Q"1 fM), Vne Ny
with p";—y = 0. We define

VneN,  BY:i=sup ™% + K/O "™ ()15 dt,
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so that in particular B® < A' 4+ AY < (2g9)2. For n > 1, we compute as in the previous steps
B < Sy o2 + s o™l o

= 5 Lo°(0,00;X) 1P 11 L2(0,00;Y) D) f L2(0,00;Y) IIP I L2 (0,00;X) [P |IL2(0,00;Y)

C n n— n— n n
+§{|||f Il o 0,005) 112"l L2 0,005y + 2"l Low (0,00:) I1f HLZ(o.,oo;Y)} 1p"™ 1 22(0,00:Y)-

Arguing similarly as in the previous steps by using the Young inequality, estimate (5.3) and
choosing gy < V2K/(3C), we easily get
n C? 1
B S 715337171"_53717
where the constant C; := 3C/(v/2K) only depends on C' and K. That readily implies that
B" S (0160)2n Bo, Vn Z 1,

with Cyep < 1. It then follows that (f™)nen is a Cauchy sequence in L°(0, 00; X), its limit f
is a weak solution to (5.1) and, passing to the limit n — oo in (5.3), f also satisfies (5.3), from
which one deduces (1.12).

Step 3. Decay. Let m be an admissible weight function such that <v>2+3/ 2 < m < m, and denote
X = L?(m) and Y = H!(m). Thanks to the estimate (5.3) (or (1.12)) and Proposition 5.1 in
both spaces X and X, it follows

d /
S IFl% < (CV2e0 = K)IIFIR < =K'II£1} <0,

d
@IIIJ"III2~ < (CV2e0 = K)|fI13 < —K'|IfI}-
These two estimates together imply (see the proof of Lemma 3.1) the decay
IOl < Omm(®) ll foll x-

We hence obtain

1f®)llxo S Om(t) [l follx,
where we recall that ©,, is defined in (1.9), and that completes the proof. O

We conclude the section by presenting a proof of our improvement of the speed of conver-
gence to the equilibrium for solutions to the spatially homogenous Landau equation in a non
perturbative framework.

Proof of Corollary 1.3. We claim that for some time tg > 0 (smaller than some explicit constant
T > 0) we have

(5.4) 1 (to)ll 2 (my) < €0,

where we denote m; = m!/2(v)=9/2 and &y > 0 is given in Theorem 1.1. Indeed, thanks to [16]
there holds

t+T
Vt, T >0, / £ ()L (uy—sydT ST+ T,
t

and from [13, Theorem 2] we have the convergence

s el
]

||f(t)||L1(m) 5 9(t), e(t):e—/\tSH'vl (log(l—&-t))_T’

for some constant A > 0. Thanks to the interpolation inequality

1/4 3/4
1122 6may < DI Gy L2 a2
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we obtain, for any ¢ > 0,
t+1 t+1
o0 [ IOz dr S [ 0 @A)
t t
which proves (5.4). Therefore, observing that m

satisfying (1.8), we can apply Theorem 1.1 with m
convergence

t+1
L1 (m) dT+/ () L8 (y-3y dT S 1,
t

1/3 3

~< my and m'/? is an exponential weight
1/3 starting from tg > 0 and we deduce the

If Bz S Omrss(t)-
The proof is then complete by remarking that, since m is an exponential weight, ©,,,1,s and O,,
have the same type of asymptotic behaviour (up to a change in the constants in (1.9)). O

6. THE SPATIALLY INHOMOGENEOUS CASE
In this section, we explain how we may adapt to the spatially inhomogeneous case the argu-
ments presented in the previous sections. The novelties come from the facts that:

(1) We establish a first weak hypocoercivity estimate in the (small) space M2 ,(u='/?) (see
(6.3) below);

(2) We prove a set of weak dissipativity estimates on an appropriate operator B and of regu-
larization results on the time functions (ASg)*™ and (Sg.A)*% in order to transfer the above
information to the space H2L?(m), which is suitable for establishing our existence, uniqueness
and stability results.

6.1. The linearized inhomogeneous operator. We denote by £ the inhomogeneous lin-
earized Landau operator given by

(6.1) L:=L—v -V,
where we recall that £ is defined in (2.3). We have

ker(L) = span{y, vi s, vaps, vape, [0}
and the projection Iy onto ker(£) is given by

3
= ([ raea) w35 (ontirar) s ([ P22 ) P2,
j=1

Hereafter we denote II := I — IIy the projection onto the orthogonal of ker(£). Recall the
factorization for the homogeneous operator £ = A + B in (2.8), then we write

L=A+B, B:=B-v-V,.
6.2. Functional spaces. We denote by L? , = L2 (T3 x R?) the standard Lebesgue space on

T3 x R3. For a velocity weight function m = m(v) : R> — R,, we then define the weighted
Lebesgue spaces Lﬁyv (m) and weighted Sobolev spaces H*L2(m), n € N, associated to the norms

1022 somy = Imfllzz s 1z = 3 IV .
0<j<n
We similarly define the weighted Sobolev space H',(m), n € N, through the norm
(6.2) 1l my 2= I f iz
where Hy',, = H, (T2 x R3) denotes the usual Sobolev space on T3 x R3. We also define the

space 7—[1137U(m), for an admissible weight m, as the space associated to the norm defined by

(6.3) 1B, oy = Imflliz , + IVe(mfIITs | + 1{0)* Vo(mh)IZz

x,v
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with

(6.4) a = a(m) := max {’y + o, % + %} < 0.

We easily observe that
(6.5) Hy ,(m) C My, (m) C Hy ,((v)*m),
and also that, for any v € [-3, —2),

a:%+% if 0€[0,4/3], a=~+2if o =2,

where we recall that o has been defined at the beginning of Section 2.3. We remark that we shall
use the spaces #},  (m) (instead of H} ,(m)) in order to obtain weakly dissipative estimates for
B, and the reason for that will be explained in Lemma 6.4.

Recall the space H} ,(m) defined in (3.1), then we define the space H2(H, ,(m)) associated
to the norm

(6.6) ||f|\§fg(H,g,*(m)) = Z vacfHZLi(H}h*(m)) = Z / ||Vif||§{;*(m)-
0<j<2 o<j<2 /T2
When furthermore m is a polynomial weight function, we also define the negative weighted
Sobolev space HZ(H, }(m)) in duality with HZ(H, ,(m)) with respect to the H2L?(m) duality
product, more precisely
||f||Hg(H;1(m)) = sup (f, P m2r2(m)

Hd’HH‘%(H,})Y*(m))Sl

= sup Z <V?c (mf)a V; (m¢)>Lg,v’
W0l a1, (ST 0<j<2

and observe that ||f||H3(H;1(m)) = ”mf”Hg(H;i)'

6.3. Weak coercivity estimate of £. Starting from the weak coercivity estimate (2.6) for
the homogeneous linearized operator £ in L2(p~*/2), we can exhibit an equivalent norm to the
usual norm in Hglw(/fl/ 2) such that £ is weakly coercive related to that norm. Our method
of proof follows the method developed in [35] for proving (strong) coercivity estimate and then
spectral gap estimate in the case of the linearized Landau equation for harder potentials. We
also refer to [21, 45] where related arguments have been introduced.

Lemma 6.1. There exists a Hilbert norm || - |7 (u-1/2) (which associated scalar product is
denoted by <.’.>7?‘i,1;(#’1/2)) equivalent to || - |lys (12 such that, for any f € HL (n=Y?),
there holds

(67) <Zfa f>’;-[alcm(ufl/2) 5 _Hﬁf||3.~[;’v(<v>(w+2)/2#—1/2)'

Proof. We only sketch the proof presenting the main steps, and we refer to [35] for more details.
We define
Lh = Y2 L(u/?h).
Observe that f = pu'/?h satisfies Lh = p~Y/2Lf and (Lh,h)p2 = <£f,f>L%(lfl/z). Following
[21, Section 2] we can decompose L = A + K such that the following properties holds:
(7) Generalized coercivity estimate (see (2.6)): there holds, for some constant A > 0,
(Lhyh)pz < =M|h =TphlF

where Tz, is the projection onto ker(L) in L2, and we denote

L‘FQ
1Rl1Zs . ) = I{0) = Al

vk

%g(w) +[|(v) 2 th”%%(w)‘
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(#4) [21, Lemma 5]: For § € R and § > 0, there holds
((v)* Kh,h)2 < 6||h||%{,,}’**(<v>") + CORZz (o)

and also
() Lhy, ho)rz S Wl wyoy 1hellms (wyo)-

v, ** v,

(79¢) [21, Lemma 6]: For 6 € R and n > 0, there holds ( for some A, C' > 0)
((0)*'V(Ah), Vyh) 2 < —)\vahH%I;,**((v)e) + 770||h||§{g,**(<v>9) + 77_10||Mh||%g7
and also

()Y, (Kh), Voh) 2 S thH%?TH})’**((v)WJﬂ) + "7||Vvh||%§H})’**(<v)"r+2) + 77_1||Mh||2ng-

We now consider the inhomogeneous operator L := L — v - V, we denote II; the projection

onto ker(L) in Li’v and we consider a solution A to the evolution equation d;h = Lh with
initial datum h(0) = hg € ker(L)*. Thanks to (i) and the fact that V, commutes with L, we
immediately have
1d
2 dt
We next look to the v-derivative.
We first compute
1d
2. dt

(HhHQLgm + HvachH%gJJ) < =Allh - HLhH%g(HgY**) = Al[Vh — HL(Vxh)H%g(H;M)-

()2 Vuh72 = (0)*OTIVL(KR), Vb2 |+ ((0)* 02V, (AR), Vb L2 |

— (V)00 Vo (Voh), Vo) e — (0)2O0FIV,h, Vo) s
= T1 +T2+T3 +T4

Terms T3 and T» satisfy estimates of point (iii) above, moreover, we easily observe that T3 = 0
and we also get
Ty S 77||V’Uh||ig)v((v)3“f/2+3) + 7771||th||2Lg‘U(<v)w/2+1)~
We know observe that
luhllez , S WhlLz | (wysvzreys IVohlinz | (wsverey S IVohliiza: (wyr2),

v,k

wr2) S Al | (wysrrzrsy + IVobllLzms wyr+2)-

U,k

12l 22 1

vk

Therefore, putting together previous estimates and taking n > 0 small enough, we already
obtain, for (other) constants A, C > 0,

d _ _
%H<U>V+2 th”%?m, < _AHV”hH%i(H%,**(<”>W+2)) +n 1C||h||2Lg’v(<y>3w/2+3) +1 1C||vmh||2Lgm(<v>w/2+1)~
We also compute the evolution of the mixed term
d

TP Vah, Voh)ps | = —[[(0)™F Vahllz | +2((v) "2 VoLh, Voh)rs
+ (Vo lv) ) Valh, h)rs
Thanks to (i) and V,Lh = L(V,h —IIL(V3h)), for any n > 0, in follows that
() T2V Lh, Voh) 2 |+ (Vo (0) ) Vo Lh, h) 2 |
S0 HIVeh - HL(vzh)H%g(H%y**(@)(wﬂ)ﬂ))
+ 77||Vuh||2Lg(Hgy**((U)<v+2>/2)) + 77||h||%§(H11)M(<U><w+2>/2))

We finally introduce the norm
IR = 1812, + onl[Vahl3s | +aall ()2 Vuhl3s | +as((0)™*? Vah, Voh) sz,
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for positive constants a; with ag < 2,/a7 az, so that [|h[|? is equivalent to
18125+ IVahIZe + 1@+ V Rl
Observe that II;h has zero mean on the torus T2 hence Poincaré’s inequality implies
||HLh||%gyv(w) + ”HLhH%i(Hl @) SV h||L2 (W)
and splitting h = (h — Hph) + L h we get

||h||%gyu((v)3w/2+a) S e = HLh||2L2 L(wysrrz+ay t ||Vxh||2Lg‘v((v>Sw/2+s)
T s oy remrrayy S IB =MLl Ta g1 (yerenrrayy + IVahlTa | ((uyarraea):
Finally, gathering previous estimates we obtain
done 2 2
S Il < =Allh = Tphlzs ) = eadMVeh = (Vah)zz @y )
- a2)\||vvh||%§(f1;m(<v>w+2)) - a?’||v$h||ii’v(<v>(’Y+2)/2)
+ aon 'C|h — HLh||%gm(<U>3w/2+a) + 04277_10”Vzh||2Lgm(<v>3w/z+3)
+ 0‘277710||th||%gw((U><w+2)/2) + aznC|lh - HLh||2Lg(Hg‘**(@)(wz)/z)) + OéBUC”Vth%%U(<v><w+2)/2)
+ 043770”Vvh||2Lg(H5,**((U><w+2)/2)) +azn 'C||Vh — HL(th)||i§(H%y**((q;)(’v+2)/2))'

We choose the constants a;,n > 0 small enough, and we get
d 2 < 2 2
a|||h||| S =l =Tehlze ) =l Vah =L (V)72 g )
—asl|Vahlls (oo = a2l Volllzz gy ey

Because II;h = 0, the function II;h has zero mean on the torus T3 and Poincaré’s inequality
implies

||h||L2 (v <v+2)/2)5Hh_HLhHQLg,v((U)(wH)M ||V h”L'z L ((uy(r+2)/2)-

We put together the two last estimates and we get

d
ZNBIZ S 10125 quyersany = IVablZs (aycrnray = IVoblZs upscrenra
—|\|<v><7+2>/2h\||2.

Coming back to the function f = pu!/2h and defining

10z ey 1= ™21,

we have 0, f = Lf and

= d
<£f7 f>7.~[;v(‘u71/2) = %Hf”%}” 1/2) ”fH W ((vy(r+2)/2-1/2)

from which (6.7) immediately follows. O
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6.4. Weak dissipativity properties on B. We prove in this section weak dissipativity proper-
ties of B using the analogous results already proven in Lemmas 2.3 and 2.4 for the homogeneous
operator B.

Lemma 6.2. Let m be an admissible weight function such that m > () +3)/2 gndn € N. There
exist M, R > 0 large enough such that B is weakly dissipative in HL2(m) in the following sense:

o If m < u~1/2, there holds

%] 1S 1S yto
(6:8) (Bf, Frpraomy S —100)F Vol lim 12 my = 1002 Vom ) i zz = 1002 £ 310 13 my-

o If p=%2 < m < pu~', there holds
> y+to
(6.9) Bf, Puyraomy S =10) 2 Va(mfllm 2 — ()2

Proof. Since the operator B commutes with V, we only need to treat the case n = 0. The proof
follows the same argument as for the homogeneous case in Lemma 2.3 thanks to the divergence
structure of the transport operator. O

7 (m)

We define the operator
(6.10) Bng=mB(m ™ tg) = Bng —v-Vag,

where we recall that B,, is defined in (2.17), as well as its formal adjoint operator B, that
verifies

(6.11) B¢ =B6+v Vo,

with B}, defined in (2.18). Observe that if f satisfies 9, f = Bf, then g = mf satisfies 9,9 = B,g
and (Bf, f)u1  (m) = (Bmg, 9)n1 - Moreover, we have by duality

Vi=0, (53, (t)97¢>Hng = <97Sé:n (t)¢>H;ng~

Lemma 6.3. Let m,w be admissible polynomial weight functions such that m - <v>(7+3)/2,
1 <w=<m)y~0F3/2 and n € N. We can choose M, R large enough such that B, is weakly
dissipative in H™L? in the sense

(Brd: ) rprz) S —10) 2 Vodlltmpzw) — I0) 2

Proof. The proof follows the same arguments as in the proof of Lemma 2.4, thanks to the
divergence structure of the transport operator and since V, commutes with B, . d

7+0

¢HHnL2(w)

We turn now to weakly dissipative properties of B in the spaces H, ,(m) defined in (6.3).

Lemma 6.4. Let m be an admissible weight function such that m > (v)("’+3)/2. For any n > 0,
we define the norm

1y = ImflIZe, + V(A |+l ) Vo(mIZ

and its associated scalar product (-, '>ﬁ1 which is equivalent to the standard H), ,(m)-norm

»(m)?

defined in (6.3). There exist M, R,n > 0 such that B is weakly dissipative in ’Hy U( ) in the
sense

(Bf, f>ﬁi»,u ||f||7_[1 L (m{v)y(r+e)/2) ||<U>%%v(mf)”2Lgv
) FVu(Talm) B, —nll )3 T (Vo (mf) 2 .
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Proof. We remark that we have introduced the spaces (6.3), in which the term V,(mf) has a
weight (v)® with a < 0, in order to treat the terms coming from the derivative in the v-variable
of the transport operator. In what follows we shall denote A, C' > 0 positive constants that can
change from line to line.

For the sake of simplicity, we shall equivalently prove that
d
dt (”%m 72, +ll(v)*Vogg,, Hiz,,,)

2o 2o 2o
S = (160 g, I3, + 110} Vg, s | +nll(0) 5 Vg 13 )

1) ¥ Vg, 32— 1) TV (Vaa, Bz, — all(0) 3 Vo(Voga, s .

x,v

%gm +1IVags

m

for any solution gz to the equation 0;g5 = Bmggm, so that, with gg = mfg, fg is a solution
to Ot fg = Bfg. We now use the shorthand g = gg_ and split the proof into three steps.

Step 1. We first obtain from Lemma 6.2 (for M, R > 0 large enough)

d 15 2te
(6.12) ZllollZe , S =) Vogllza | = I0) = gllis |
and
d 15 ato
(6.13) S 1VagllZz | S =M1} Vo(Vag)lZz | — ()7 VagllZz -

Step 2. We write
1d

sl @l = [ VilBag) Tug o - [ Vag Vgl

z,v

where we have
Vo(Bmg) = Bn(Vug) + (Voaij)0ij9 + (V)09 + (Vb — MV, XR)g-
We first compute
/ Vo(Bng) - Vg (0)** =Ty + T + Ts + Ty,

where

T = /(Bmvvg) - Vag (0)>7, T = /(Vvdij)aijg Vg (v)*,

Ty = / (VoB)) 039 Vg (0)2, Ty = / (Vo — MV, x)g Vg (02

From Lemma 6.2, we have
Ty < =Al|(0) 2+ Vo (Vog)lI7: + /{5m — Mxg}[Vogl? (v)*.

Terms T3 and Ty are easy to estimate. As in the proof of Lemma 2.2, we can compute explicitly
B;j(v) and é(v), thus we easily deduce

VoBi(v)] +[Vud(v)] S (v)7 7

Therefore

— M a o— M «
T To S [{0 7+ lnaian} [Vogl 0%+ ({07477 4 Pnguicant® (0.

Thanks to Lemma 2.2, for M, R > 0 large enough, we have

yto

Ty +Ts+ Ty < =A|(0) 27 Vo (Vog) |72, = M) = T VoglZa |+ Cll(v)

yto—1
2

2
+a9||ng~
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Performing an integration by parts, we first obtain

T =- /(Vvl;j) ;g Vg (0)* — /(Vv@ij) ;9 9;V g (v)** — /(Vv@ij) 9;9 Vg i(v)**
=U+V+W
Thanks to Lemma 2.1, we easily have
U+W S [[(0)* VogliZs .

We make another integration by parts for V' (now with respect to V, ), we get
V= /(Av@ij) 819 9jg (v)** + /(Vv@ij) 9;g 0; Vg (V)™ + /(Vv@ij) 9;9 059 Vo (0)*,

and we recognize that the middle term is equal to —V, so that
1 _ o, 1 _ a 2ta
V= 5/(Avaij)aigajg (v)? + 5 /(vvaij)aigajg Vo) S II(0) 2+ Voglz -

We finally obtain (for M, R > 0 large enough)

Jy+o

/ Vo(Bing) - Vg (0)2 < ~N[{0) 3 Vo(Vog) 32— Mi{w) 57 Vog|2,

(6.14)

yto—1
2

+ Cl|{v)
By Cauchy-Schwarz inequality, we also get

Fgls, + Clw) e VogllZs -

yto 20— 1t

(6.15) / Vog - Vg (0)2 < O 2 (0) 5 Vgl | + O] (0)2* 5 Voge .

Remark that the first term in the right-hand side of (6.15) can be controlled by the second term
in the right-hand side of (6.13), as well as

Yyto _ v .. 7,0
2c0 — == if —4+->
« 5 9 1 2—1—4_74—0,
Yy+o ~y+o 3 . Y O
o 5 5 T 2(7+0) if g+ <vto

As a consequence, the last term in (6.15) can be controlled by the first term in the right-hand
side of (6.12) or by the second term in the right-hand-side of (6.14).

Step 3. Putting together previous estimates, it follows that for any n > 0,

a+o yto—1

= gll7s +nClI0)E g2,
_ L
Vuglliz | +nClw) 2+ VoglZ, |

a+ Jto

(v)
~ M0) " Vagl3e | + 0 2CN0) " Vagl?s |
(v)

\
>
—~

<
~

d o
%HQHQ;’U <

y+to

Vgl 2O ) Vgl

v

yto

Vogllte — mAl ()
A0 Vu(Vag) 2~ ) 3 V(T3
and we conclude the proof by taking n > 0 small enough. O

Corollary 6.5. Let mg,m; be admissible weight functions such that my = mqy > (v)(7T3)/2,
There hold

(6'16) H‘S’B(t)||H§L%(m1)%H2L%(mo) S eml,mo (t)v Vit >0,

(617> ||SB(t)||Hiyv(m1)%7{;,v(mo) S ®m1,m0 (t)> Vit >0,
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Let mo, m1, m be admissible polynomial weight functions such that m = mq = mg > (v)(7T3)/2,
Then there holds

(6.18) 158s (Dl #2L02 (w1)— H2L2 (w00) S Omymo(B),  VE20,
where wy 1= m/mgy and wy :=m/my.

Proof. The proof follows the same arguments of Lemma 3.1, using the weakly dissipative esti-
mates of Lemmas 6.2, 6.3 and 6.4. O

6.5. Regularisation properties of Sz and (ASz)*™. We start proving regularisation prop-
erties of the semigroup Sz in some large weighted Lebesgue and Sobolev spaces in the spirit
of Hérau’s quantitative version [22] of the Hormander hypoellipticity property of the kinetic
Fokker-Planck equation.

Lemma 6.6. Let m,my be admissible polynomial weight functions such that <v>3/2 <mi <m
with my < pw='/2. Then the following reqularity estimates hold:

(¢) For any n € N*, there holds

O mm, ()
(6.19) Vi >0, 15O 2z, omy— 2 (ma () 772) S W
(13) For any £ € N, there holds
O, m, (1)

Proof. We split the proof into two steps.

Step 1. Proof of (i). We only prove (6.19) in the case n = 1, the other cases can be obtained by
iterating the case n = 1. In what follows we shall denote A\, C > 0 positive constants that can
change from line to line.
Let us denote mg := my(v)?/? and f; = Sz(t)f. Define g9 = mof; and g} = myf:, which
verify g = 5B, (t)g° and g} = SBon, (t)g'. We define the functional
F() 1= gt +art1V.g?12 | + a2t (Vagl, Vuglhss | + ot [Vagll2a

and choose a;, i = 1,2,3 such that 0 < azg < as < a; <1 and a% < ajaz. We already observe
that we have the following lower bounds

(6.21) vie 0.0, FO) 2ot + ot [Vaugfllla, 20t (693 .
and also
(622) Veel0,1], F) 2ol +artIVugdlBs, 2 artlofBeim 2 artloflZam -

where we have used the embedding L2(H,)) C L2(H, ) in the last inequality.
We derive the functional F in time to obtain
d d d
7O =Zloiliz +arlVogilliz | +oxt 2 IVogillzs |

d
+ 200t (Vag), Vogi)rz , + a2 t® 2 (Vagl, Vogi)rz

d
+ 305 [ Vagfl3s | +ast LIVagfls
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Recall that B,, is defined in (6.10), so that we compute

dt<
= /dijaij(vmgo) vao + Bj 8j(vmgo) vao + (5 - MXR)VIQO vvgo —U- Vz(vxgo) vao

d _ _
Vmg va > = /Vz(BmQO) : vvgo + Vv(Bmgo) : vzgo

+ /dijaij(vvgo) vzgo + B; aj(vvgo) vzgo + (0 — MXR)vao Vmgo - U vz(vvgo) vzgo
+ /(Vu@ij)&gg Veg” + (Vb)) 059° Vag® + V(6 = Mxr)g’ Vag® — Vg’

Gathering terms and integrating by parts in last expression, we obtain (with the same type of
arguments as in step 2 of Lemma 6.4)

d
dt<vacg vvg > = _Q/aijai(vxg )a (vvgv /{ 8]6] +C+26_2MXR} ng vvg

/V 9;9° V29" — | Vag" ||L2

From that equation, we deduce

~

<U> 5%1) (vvgt )HL2

x,v

ol
2

d
7<vzgj?7vvg?> Lz, <C||< >

(6.23) a v(vzgt)HL?
+Cll()* Vg llrz , 1(0)2 Voglllze , — IVag? Il -

x,v

Recall that from Lemma 6.2, we already have

d v 3
(6.24) Slgt 3z, <~ VugtlZe, — M) ¥l

Moreover, thanks to the proof of Lemma 6.4, we get

d 1 3
TIVugtlZz, < =M@ FVu(Vug))lITz, = M(0)* Vg2,
(6.25) +Cllw) T I3+ Cllw) Y
+C|[ Vg2

T,v

Vougy ”L2

IVog?lice -

Using Lemma 6.2 and the fact that V, commutes with B, we also have

jo
2

d 3
(6.26) CNVagflEs, < M) T (Vag)) 3, — M)Vl

Let us denote Dy := A(||(v)? V,g] ||L2 + [(v) 2 g HLZ ) the absolute value of the dissipative
terms in (6.24), Dy := A(|[{v >% v(V vgt)lliz L+ )2 Vg
dissipative terms in (6 25), D3 = ||V,¢?|2 2 the absolute value of the dissipative terms in

(6.23), and finally Dy := )\(||< VIV, (V rgt)HLM + ||<v>%VIg?||%§ ) the absolute value of the

,v

|z ) the absolute value of the

dissipative terms in (6.26). Observe that

2=
IVugl2: + )3 ¥0gfl3, . < Du.
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Gathering estimates (6.23), (6.24), (6.25) and (6.26), we obtain, for any ¢ € (0, 1],
d
%F(t) < (—1 + Coaq + O()élt)Dl + (C()qt + Caot + 0a2t2) D}/z D§/2

—aitDy — a2t2 Ds + COZQtQ D;/Q Di/Q + CO&th D3 — 043t3 Dy
< (=14 Cay)D; + Cayt DY? Di/?
—a1tDs + (—ag + Ca3)t2 Ds + Ca2t2 D;/Z Di/Z — a3t3 Dy.

Using Cauchy-Schwarz inequality we first get, for some 0 < a4 < a3 to be chosen later,
2 2
@ @
a1t D2 DY? < ZL Dy 4 agt?Ds,  ant? DY? DY? < 224D, + ayt® Dy,
Qa3 Qg

from which it follows, for ¢ € (0, 1],

2 2
%‘/—"(t) < (—1 + Cay + O%)Dl + t(—Oél + O%)DQ + t2(—a2 + OQ3)D3 + tg(—OZ3 + COé4)D4.
3 4

Let € € (0,1). We choose a3 = € > ay = e3/2 > az = €3 > a4 = €'V/6 5o that oz% < a1 as.
Taking € > 0 small enough, we easily conclude to
d
(6.27) Vit e (0,1], &}'(t) <0.
This implies, coming back to the function f; = Sz(t)f and using (6.21),

VEE .1, 2 IS50 s iy S 17132 -

which already gives (6.19) for small times ¢ € (0,1]. For large times ¢ > 1 and m > m; (recall
that mq (v)7/2 = (v)(7+3)/2) we write, using first the last estimate and next (6.16),

1S5l a1, (ma wyrr2y = 195 (SaE = D)) m1  (ma ()72
SIS =D fllzz, om)
g @m,ml(t)HfHL? (m)>»

which completes the proof of (6.19). In a similar way, using (6.27) together with (6.22) (instead
of (6.21)) and (6.16), we obtain

Oy mo (1)
(6.28) 1S5 L2 L2 (m) - 22 (B3 _ (ma () 772)) S ﬁ’ Vi > 0.

Step 2. Proof of (ii). We only need to prove (6.20) for £ = 0, since the operators V, and B
commute.

Define wp := 1, wy := (v)"/2 and w := m/(my (v)7/?) so that 1 < w < m(v)~ 372, Let us
denote f; = Sg(t)f and ¢y = Sp- ¢. Arguing as in Step 1, we define the functional

R(t) == ||¢t||%;v(w1) + a1t||vv¢t||%§m(wg) + aat* (Vo oy, Vv¢t>%gm(w0) + a3t3|‘vw¢t”%ivv(wo)7
and we can choose appropriate constants aj, as,as > 0 such that it follows

Omymo ()
[158:, (Ol 22 L2 (W) L2 (F1 , (r (0)772)) S ﬁ7 Vi>0,

Last estimate implies by duality

Omy,mo (1)
HS[)_’(t)||Li(H;1(m))—>L§L12)(ml<U>'y/2) hS t1/12 /Sl , Vt>0,

which completes the proof. 0

As a consequence of Lemma 2.5, we also obtain an analogous result for high-order Sobolev
spaces.
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Corollary 6.7. For any 6 € (0,1) and n € N, there hold A € #B(H?L2 H*L?(n=%)) and
A BUH? , HE (1)),

T,v
We finally obtain the following regularity properties, as a consequence of Corollary 6.5,
Lemma 6.6 and Corollary 6.7.

Corollary 6.8. Let m,v be admissible weight functions such that (v)(F3)/2 < m < v and
p=? < v < p~t. There hold

A2/l
*2 e
(6.29) Vi >0, [[(AS) P Dlliz,0)omr.00 S JaT
and
(6-3()) Vit >0, ||(S[§A)(*4)(t)”Lﬁ,v(m)ﬁH%v(m) 5 e_’\tz/w_

Proof. We define m; := m(v)l"!/2 = (v)3/2 and observe that with the choice of the weight v we
have ©, . (t) = e~
Step 1. Thanks to Corollary 6.5 and Corollary 6.7, we already have,
[ASz(O 22, )12 ,0) S ALz m)—r2 o) 198O L2 w)—12 , (m) S Ovm(?)
and
158 A L2 (my—r2 ,(m) S 1S5 L2, )12, (m) 1AllL2 )12 () S Ov,m(t)
so that, for any j € N*
H(ASB)(*j)(t)HL;,)(V)—wg,U(V)» H(SBA)(*j)(t)||L§,U(m)—>Lg,U(m) S Oum(t),
and similarly
1(ASE) " (B)laer ,w)—22 0y 1S5 D)l )
Step 2. We prove (6.29). We first write
1(ASE) 2 Bl 2 1) —22 )

t/2
< / IAS5(t — )AS()l22 ()ors .y ds

x,v x,v

1 (m) S @u,m(t)'

x,v

t
+ / | ASp(t — 8)ASE(s)|lL2 , (w)y—nr (v ds = 11 + L.
t/2 ’ ’

Using Corollary 6.5, (6.19) of Lemma 6.6, Corollary 6.7 and Step 1, we have

t/2
I 5 /O Il E1 | mawyrrzysmr o) 1960 = )z @)= a1, (magwyrrzy 1ASB(S) L2 0)—12 ) ds
120, (t—5) 20, (s) O, (1)
< ”’mlieym d <@Vm t/2 v,m ds < 2vm .
~/0 =) pg Qvm()ds S 6, 1(”/0 (t—s)32A1 "~ 12 a1

For the other term I, we use again Corollary 6.5, (6.19) of Lemma 6.6, Corollary 6.7 and Step
1, but in a different order, to obtain

t
IEBS / [AS5(t = $)llr )z, @) 1AL (mywyrr2ysms o) 19602 )= 1 (ma (w)rr2) ds

x,v x,v

t/2

t O, (5) L Oyt —s) Oy m, (1)
< Oyt —s) =22 4s < Oy (12 vm < e
~ t/2 } ( 5) 83/2/\1 SN ) 1(/ )/t/g 83/2/\1 SN t1/2/\1

and the proof of (6.29) is complete.
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Step 3. We now turn to the proof of (6.30). We claim that, for any j € N, there holds

: Oum, ()
* 1 v,m
(6.31) (S5 A I D)2 my— bz (m) S 7#%/2_} oL

so that we can conclude to (6.30) by choosing j = 3 when n = 2.

The case j = 0 follows directly from Lemma 6.6 and Corollary 6.7, and we prove the claim by
induction. Suppose that (6.31) holds for some j then we compute, splitting again the integral
into two parts,

. t/2 .
1(S5AT DB 12 oyt S / 1(S5A) 0Dt = )SgA(S) 12 myosrz . om) d

t
+ [ 185A( = 9S54 TSz ony-rz o
= Tl + TQ.

In a similar way as in Step 2, using Corollary 6.5, (6.19) of Lemma 6.6, Corollary 6.7 and Step 1,
we obtain

t/2 _
A /O 1(SgA) D) (¢ — S)ez ,my—mz ,(m) 158AG) L2 (m)—12 , (m) ds

42 0y (t— O, (t
< / —V’ml( s) OL.m(s)ds < —V’",“( ) .
0 (t— 5)371/2*9 Al ’ $3n/2—(G+1) A1

Moreover,

x,v

t
B3 ~/t/2 1S5A(t = )22, (my—z2 ) 1(SBA I ()2 |y rn, () d

t
Oy.m, () Op.m, (1)
< —g) 2T e < — A
~ 4/ ®V,M(t S) S3n/2_j Al ds ~ t3n/2—(j+1) A 1a
which completes the proof. O

6.6. Decay of the semigroup Sz. With the results above we obtain the decay of the semigroup
S7IL in large spaces as considered in the statement of Theorem 1.1.

We first write a semigroup factorization. Recall that £ = .4 + B and that II commutes with

L. For any ¢,n € N*, we can write the iterated Duhamel formulas

1Sz = Z 1S5 * (ASg)(*j) + 117 * (.ASB)(*Z)
0<j<e—-1
Sell= 37 (S5A)" #5511 + (S5 A) ")« ST,
0<i<n—1
and then deduce

Sell= 3 TS5 (ASE) D+ 3 (954)7 « Syl « (ASg) 0

(6.32) 0<j<e~1 0<i<n—1

Theorem 6.9. Let mg, my be two admissible weight functions such that <v>(7+3)/2 < mg < My
and mo = p~ /2. Then we have the uniform in time bound

(6.33) t = 1Sz 2 L2 (mo)— 222 (mo) € L (Ry),

as well as the decay estimate

(6.34) 1S 2O 2 12 (ma)— 222 (mo) S Omymo(t) V> 0.
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Let mg,my be admissible polynomial weight functions such that (v)3/? < mg < my. Then the
following regularity estimate holds

- Oy me (1)
(6.35) IS2@OW 2 (152 (ona )y 2L2 Gm0t0)72) S 12 pp > TE> 0
Proof. We fix an admissible weight function v such that p=/2 < v < p~! with v > my, and

split the proof into five steps.
Step 1. Decay in the small function space. Let us denote Ey = 7—[31671)(#71/2) and By = H,, ,(v).

Arguing exactly as in Proposition 3.3, using Lemma 6.1 and Lemma 6.4 we obtain

2
VE>0, [Sz0)p—m Se M

Step 2. Factorization. We write the factorization identity thanks to (6.32)
Sell= )" TSz x (ASg)") + > (SA)) « Sall « (ASE) ™)
0<7<2 0<i<3
(6.36) + (S A) Y 5 S0 % (ASz) )

= > S+ > Si+Ss

0<;j<2 0<i<3
Step 3. Proof of (6.33). Let us denote Xog = H2L?(mg) and Xo = H2L?(v). Thanks to
Corollary 6.8, we already have
t = [[(ASe) "D (D xam € L'(R+), ¢ [[(S5A4) ") (D)l mo-x0 € L' (R).
From Corollary 6.5 and Corollary 6.7, it also holds, for any i,j > 1,
t = S5 | xa—x0s = [1(ASE) ) (D) xo x> 1S5 A ()] x0-x0 € L (R4),
moreover
t= [195(0) [ x0-x00 t = [ A5l x0—x, € L7 (Ry).
Gathering these previous estimates and using the factorization (6.36), we first get
”S(l)(t)HXoHXo € L?O(RJr)a
Moreover, for 1 < j <2 and 0 < < 3, we also have
151 (D)l X050 S 1950|5250 * (ASE) UV (1) 255, * [ASE(B) | X052
€ LRy « LL(Ry) * LX(Ry) C LE(Ry),

and
155(8) 10— x0 S 11(S5A) D ()l x0-x0 * 1551 X2 %0 * [1(ASE) ) ()], * [AS5(#)x0- x5

€ L{(Ry) * Ly (Ry) * L{ (Ry) * L°(Ry) C L°(R4.).
Finally, using Step 1, it follows
19381 x50 %0 S 1(S(EA) D 10— x0 * 152 (O] 2,0 * [[(ASE) "D ()]l * [ASE ()] x50

€ Ly (Ry) * Ly (R4 ) * Ly (R4 ) * L (Ry) € L (Ry),
which completes the proof of (6.33).

Step 4. Proof of (6.34). Let us denote Xog = H2L2(mg), X1 = H2L?(my) and Xy = H2L2(v).
From Corollary 6.8 it follows

t = O1) o OI(ASE) D (D) xams by € L'(R), t O41 1 (O][(S54) Y (8)]] 2o x0 € L (R4).

mi,mo mi,Mmo
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Thanks to Corollary 6.5 and Corollary 6.7, it also holds, for any ,j > 1,
t= O, e WISa(0) x5 x, € L' (Ry),
te 0,0 L OI(ASE) " ()] x,-x, € L' (Ry),
t 0.0 L O1(S5A) ) (1) x0-x, € L' (Ry),
and also
t 050 o OS50 x5 x05 t = O o (D] AS5]x, - x, € L (Ry).

We deduce (6.34) by writing the factorization (6.36) and using the above estimates. Indeed,
with © := Oy, m,, Wwe have

@_1HSﬁH”X1HX0
< O71S5llx, - x0

+ D (7Sl xax,) * (O7HI(ASE) YTV Ixuxa) * (O] AS 5] x5 x2)

1<5<2

+ 3 (O7MI(S5A) lxo—x0) * (07 1S5l xamx0) * (O (AS5) [ xamx,) * (O A5 x, - x.)

0<i<3

+(07HI(S5A) lm—x0) * (O ISzl ) * (O7HI(ASE) Il xa ) * (©7 | AS5]|x, -5 x2)-

Step 5. Proof of (6.35). Let us denote Z; = HZ(H, }(my)), Xo = H2L2(mo(v)/?), and also
@ml,mo (t) = Opmy.mo (t)/(t1/% A 1). From Corollary 6.8 it follows

t = Ornt iy (DI(ASH) D ()28, € LRy, £ 050 1, (DI(S5A) D (D], 7, € L' (R)

mi1,Mo

Thanks to Corollary 6.5 and Corollary 6.7, it also holds, for any ¢,j > 1,
= 00 e D950 x, 5, € L' (Ry),
£ 0,0 g (DI(ASE) D ()] x5 x, € LH(Ry),
t= 0.0 OI(S5A (1) 5, %, € L' (R4),
and also, using Lemma 6.6-(ii),
£ Ot e DIS5(0) fll 7%, € LRy, 6, L (D] AS5()] 2,5 x, € LZ(Ry).

We deduce (6.35) by writing the factorization (6.36) and using the above estimates similarly as
in Step 4. O

6.7. Summary of the decay and dissipativity results for £. We introduce the appropriate
functional spaces and we summarize the decay and dissipativity properties of the semigroup Sz
which will be useful in the next section.

From now on, for a given admissible weight function m such that m = (v)273/2 we define
(637) X HLZ(m), Y= BX(HL,(m), Z:= H2(H;1(m), Xo:i= H2LZ.
We also define the norm || - ||+ on ILX, and its associated scalar product ((,-))x, given by

(6.38) llgll% = ?7H9H3<+/0 1S2(7)gll%, dr,

for n > 0 small enough.
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Theorem 6.10. Consider an admissible weight function m such that m > <v>2+3/2. With the
above assumptions and notations, the norm || - ||x is equivalent to the initial norm || - [|x on
I[IX, and moreover, there exists n > 0 small enough such that

(6.39) (CIfIf) e < —0f|3, YV FeXE,
(6.40) t 1Sz lya, 1S 201, € L' (RY),

where we recall that Xli is the domain of L when acting on X .

The same remark as for Corollary 3.7 also works here.

Proof. The proof follows exactly the same arguments as in Proposition 3.6 and Corollary 3.7.
First of all, the equivalence of the norms follows as in Proposition 3.6 since m > (U>3/ 2,

Let us prove (6.40). We fix admissible polynomial weight functions mg, m; such that (v)(7+3)/2 <
mo < my = (v)?7/?m. Thanks to estimate (6.34) in Theorem 6.9 together with the embeddings
H2L%(mgy) C Xp and Y C H2L?(my) we first obtain

1Sz ||ly—xy < Omyime (),  VE>0.

~

We know consider admissible polynomial weight functions mj,m/} so that (v)3/2 < m} < m} <
m. Thanks to (6.35) in Theorem 6.9 and the embeddings H2L?(m}{(v)?/?) C Xy and Z C
HZ(H, [(m})), it follows

@m’1 R (t)
/2 A1
We then deduce (6.40) by arguing similarly as in the proof of Corollary 3.7. g

1Sz zo 2, S . Yt>0.

6.8. Nonlinear estimate. From the nonlinear estimate for the homogeneous case established
in Lemma 4.3 and Corollary 4.4, we deduce the following estimate.

Lemma 6.11. Let m be an admissible weight function such that m = (v)2+3/2. Then

(6.41) @(f 9, < (1 lglly + 1511y lgll) DAl
As a consequence
(6.42) 1Q(9)llz < 11l lally + 1711y lgle.

Proof. We proceed similarly as in [14, Lemma 3.5] and thus only sketch the proof. We remark
however that the estimates here are somewhat simpler than in [14], where the authors considered
different spaces (with 3 derivatives in x and different weight functions in the z-derivatives)
because there the weight function coming from the gain term of the linearized operator was
weaker than the weight function appearing here in the loss term coming from the nonlinear
estimates. For the most difficult term, we have thanks to Lemma 4.3,

(V2Q(£,9),Vah) L2 m) = (Q(V2f,9) +2Q(Vaf, Vag) + Q(f, Vig), Vah) L2 (m)
S /TS <||V3:f||L2(m) 191l a2 (m) + IV F a2 m) 91|22 ()
HIVafllzzomy IVagll mrm) + Vo 1 m) V29l £2(m)
A2 my 1V 29l ez my + 1 1122 (my ||V29HL2(m)) IV2h]

2 (m) 42

Using first the Cauchy-Schwarz inequality in the = variable and next the two Sobolev embeddings
H2 C L and H! C L2, we straightforwardly obtain that the above RHS term is bounded by

x’

the RHS term in (6.41). The proof of (6.42) is then straightforward. O
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6.9. Proof of the main result. For a solution F' to the inhomogeneous Landau equation (1.1),
we consider the perturbation f = F — p that verifies

Ohf=Lf+Q(f, f)
Jo=Fo—p.

Observe that, thanks to the conservation laws, there holds o f(t) = I fo = 0 and also that
oQ(f(t), f(t)) = 0 for any ¢ > 0.

Proof of Theorem 1.1. Consider the spaces and norms defined in (6.37) and (6.38). The proof
then follows the same arguments as in the proof of the spatially homogeneous version of The-
orem 1.1 presented in Section 5, by using the dissipative, decay and regularity estimates of
Theorem 6.10 and the nonlinear estimates in Lemma 6.11.

For the sake of clarity we sketch the proof below.

Let f satisfy (6.43). Thanks to Theorem 6.10 and Lemma 6.11, arguing as in the proof of
Proposition 5.1, we obtain the following uniform in time a priori estimate

d
% < Cllfllx = KA

for some constants C, K > 0. For g > 0 small enough, the existence and uniqueness of a solution
f for equation (6.43) such that (1.12) holds are then a consequence of this last estimate together
with standard arguments (as already presented in the proof of the spatially homogeneous version
of Theorem 1.1 in Section 5). Moreover, using the above estimate for different weight functions
(v)?13/2 < 1 < m, the proof of the decay result (1.13) follows exactly as in the spatially
homogeneous version of Theorem 1.1. O

(6.43)

We conclude the section by presenting a proof of our improvement of the speed of conver-
gence to the equilibrium for solutions to the spatially inhomogeneous Landau equation in a non
perturbative framework.

Proof of Corollary 1.4. Under the assumptions (1.15) and (1.16), [17, Theorem 2 & Section 1.5]
implies that

x

for some explicit constant 6§ > 0. We then write the interpolation inequality

1—8—
1l ey S 1FI IFIEE NS0,

z,v

1F @Oy, <77

where «, 81,82 € (0,1) are explicit constants. We conclude taking to > 0 large enough so
that || f(to)|lz2L2 (me) < €0, applying Theorem 1.1 and observing that ©,,a(t) >~ ©,,(t) (up to
changing the constants in (1.9)). O
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